speed of light c 299,792,458" 
elementary charge e 4.803 x 10°" 

1.602 x 10” 
electron mass m, 9.110 x 10° 
proton mass m, 1.673 x 10°24 
Avogadro’s number No 6.022 x 10” 
Boltzmann constant k 1.381 x 10°" 
Planck constant h 6.626 x 10°’ 
gravitational constant G 6.672 x 10° 
electron magnetic moment 9,285 x 10° 
proton magnetic moment 1.411 x 1073 


PHYSICAL CONSTANTS 


meter sec”! 

esu 

coulomb 

gram 

gram 

mole” 

erg kelvin" 

erg sec 

gram‘ cm’ sec” 
erg gauss 


erg gauss | 


"The assignment of this exact value to c constitutes the new definition of the meter. as explained in 
Appendix E. The values of the other constants have here been arbitrarily rounded off to four digits. 


With the exception of the gravitational constant G they have all been determined experimentally 


with precision considerably better than that. 
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This revision of “Electricity and Magnetism,” Volume 2 of the Berke- 
ley Physics Course, has been made with three broad aims in mind. 
First, I have tried to make the text clearer at many points. In years of 
use teachers and students have found innumerable places where a sim- 
plification or reorganization of an explanation could make it easier to 
follow. Doubtless some opportunities for such improvements have still 
been missed; not too many, I hope. 

A second aim was to make the book practically independent of 
its companion volumes in the Berkeley Physics Course. As originally 
conceived it was bracketed between Volume 1, which provided the 
needed special relativity, and Volume 3, “Waves and Oscillations,” to 
which was allocated the topic of electromagnetic waves. As it has 
turned out, Volume 2 has been rather widely used alone. In recogni- 
tion of that I have made certain changes and additions. A concise 
review of the relations of special relativity is included as Appendix A. 
Some previous introduction to relativity is still assumed. The review 
provides a handy reference and summary for the ideas and formulas 
we need to understand the fields of moving charges and their trans- 
formation from one frame to another. The development of Maxwell’s 
equations for the vacuum has been transferred from the heavily loaded 
Chapter 7 (on induction) to a new Chapter 9, where it leads naturally 
into an elementary treatment of plane electromagnetic waves, both 
running and standing. The propagation of a wave in a dielectric 
medium can then be treated in Chapter 10 on Electric Fields in 


Matter. 
A third need, to modernize the treatment of certain topics, was 


most urgent in the chapter on electrical conduction. A substantially 
rewritten Chapter 4 now includes a section on the physics of homo- 
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PREFACE TO THE SECOND EDITION OF VOLUME 2 


geneous semiconductors, including doped semiconductors. Devices are 
not included, not even a rectifying junction, but what is said about 
bands, and donors and acceptors, could serve as a starting point for 
development of such topics by the instructor. Thanks to solid-state 
electronics the physics of the voltaic cell has become even more rele- 
vant to daily life as the number of batteries in use approaches in order 
of magnitude the world’s population. In the first edition of this book I 
unwisely chose as the example of an electrolytic cell the one cell—the 
Weston standard cell—which advances in physics were soon to render 
utterly obsolete. That section has been replaced by an analysis, with 
new diagrams, of the lead-acid storage battery—ancient, ubiquitous, 
and far from obsolete. 

One would hardly have expected that, in the revision of an ele- 
mentary text in classical electromagnetism, attention would have to 
be paid to new developments in particle physics. But that is the case 
for two questions that were discussed in the first edition, the signifi- 
cance of charge quantization, and the apparent absence of magnetic 
monopoles. Observation of proton decay would profoundly affect our 
view of the first question. Assiduous searches for that, and also for 
magnetic monopoles, have at this writing yielded no confirmed events, 
but the possibility of such fundamental discoveries remains open. 

Three special topics, optional extensions of the text, are intro- 
duced in short appendixes: Appendix B: Radiation by an Accelerated 
Charge; Appendix C: Superconductivity; and Appendix D: Magnetic 
Resonance. 

Our primary system of units remains the Gaussian CGS system. 
The SI units, ampere, coulomb, volt, ohm, and tesla are also intro- 
duced in the text and used in many of the problems. Major formulas 
are repeated in their SI formulation with explicit directions about 
units and conversion factors. The charts inside the back cover sum- 
marize the basic relations in both systems of units. A special chart in 
Chapter 11 reviews, in both systems, the relations involving magnetic 
polarization. The student is not expected, or encouraged, to memorize 
conversion factors, though some may become more or less familiar 
through use, but to look them up whenever needed. There is no objec- 
tion to a “mixed” unit like the ohm-cm, still often used for resistivity, 
providing its meaning is perfectly clear. 

The definition of the meter in terms of an assigned value for the 
speed of light, which has just become official, simplifies the exact rela- 
tions among the units, as briefly explained in Appendix E. 

There are some 300 problems, more than half of them new. 

It is not possible to thank individually all the teachers and stu- 
dents who have made good suggestions for changes and corrections. I 
fear that some will be disappointed to find that their suggestions have 
not been followed quite as they intended. That the net result is a sub- 
stantial improvement I hope most readers familiar with the first edi- 


PREFACE TO THE SECOND EDITION OF VOLUME 2 


tion will agree. Mistakes both old and new will surely be found. Com- 
munications pointing them out will be gratefully received. 

It is a pleasure to thank Olive S. Rand for her patient and skill- 
full assistance in the production of the manuscript. 


Edward M. Purcell 
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The subject of this volume of the Berkeley Physics Course is electricity 
and magnetism. The sequence of topics, in rough outline, is not 
unusual: electrostatics; steady currents; magnetic field; electromag- 
netic induction; electric and magnetic polarization in matter. How- 
ever, our approach is different from the traditional one. The difference 
is most conspicuous in Chaps. 5 and 6 where, building on the work of 
Vol. I, we treat the electric and magnetic fields of moving charges as 
manifestations of relativity and the invariance of electric charge. This 
approach focuses attention on some fundamental questions, such as: 
charge conservation, charge invariance, the meaning of field. The only 
formal apparatus of special relativity that is really necessary is the 
Lorentz transformation of coordinates and the velocity-addition for- 
mula. It is essential, though, that the student bring to this part of the 
course some of the ideas and attitudes Vol. I sought to develop— 
among them a readiness to look at things from different frames of 
reference, an appreciation of invariance, and a respect for symmetry 
arguments. We make much use also, in Vol. II, of arguments based 
on superposition. 

Our approach to electric and magnetic phenomena in matter is 
primarily “microscopic,” with emphasis on the nature of atomic and 
molecular dipoles, both electric and magnetic. Electric conduction, 
also, is described microscopically in the terms of a Drude-Lorentz 
model. Naturally some questions have to be left open until the student 
takes up quantum physics in Vol. IV. But we freely talk in a matter- 
of-fact way about molecules and atoms as electrical structures with 
size, shape, and stiffness, about electron orbits, and spin. We try to 
treat carefully a question that is sometimes avoided and sometimes 
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beclouded in introductory texts, the meaning of the macroscopic fields 
E and B inside a material. 

In Vol. II, the student’s mathematical equipment is extended by 
adding some tools of the vector calculus—gradient, divergence, curl, 
and the Laplacian. These concepts are developed as needed in the 
early chapters. 

In its preliminary versions, Vol. II has been used in several 
classes at the University of California. It has benefited from criticism 
by many people connected with the Berkeley Course, especially from 
contributions by E. D. Commins and F. S. Crawford, Jr., who taught 
the first classes to use the text. They and their students discovered 
numerous places where clarification, or something more drastic, was 
needed; many of the revisions were based on their suggestions. Stu- 
dents’ criticisms of the last preliminary version were collected by Rob- 
ert Goren, who also helped to organize the problems. Valuable criti- 
cism has come also from J. D. Gavenda, who used the preliminary 
version at the University of Texas, and from E. F. Taylor, of Wesleyan 
University. Ideas were contributed by Allan Kaufman at an early 
stage of the writing. A. Felzer worked through most of the first draft 
as our first “test student.” 

The development of this approach to electricity and magnetism 
was encouraged, not only by our original Course Committee, but by 
colleagues active in a rather parallel development of new course mate- 
rial at the Massachusetts Institute of Technology. Among the latter, 
J. R. Tessman, of the MIT Science Teaching Center and Tufts Uni- 
versity, was especially helpful and influential in the early formulation 
of the strategy. He has used the preliminary version in class, at MIT, 
and his critical reading of the entire text has resulted in many further 
changes and corrections. 

Publication of the preliminary version, with its successive revi- 
sions, was supervised by Mrs. Mary R. Maloney. Mrs. Lila Lowell 
typed most of the manuscript. The illustrations were put into final 
form by Felix Cooper. 

The author of this volume remains deeply grateful to his friends 
in Berkeley, and most of all to Charles Kittel, for the stimulation and 
constant encouragement that have made the long task enjoyable. 


Edward M. Purcell 


This is a two-year elementary college physics course for students 
majoring in science and engineering. The intention of the writers has 
been to present elementary physics as far as possible in the way in 
which it is used by physicists working on the forefront of their field. 
We have sought to make a course which would vigorously emphasize 
the foundations of physics. Our specific objectives were to introduce 
coherently into an elementary curriculum the ideas of special relativ- 
ity, of quantum physics, and of statistical physics. 

This course is intended for any student who has had a physics 
course in high school. A mathematics course including the calculus 
should be taken at the same time as this course. 

There are several new college physics courses under develop- 
ment in the United States at this time. The idea of making a new 
course has come to many physicists, affected by the needs both of the 
advancement of science and engineering and of the increasing empha- 
sis on science in elementary schools and in high schools. Our own 
course was conceived in a conversation between Philip Morrison of 
Cornell University and C. Kittel late in 1961. We were encouraged by 
John Mays and his colleagues of the National Science Foundation and 
by Walter C. Michels, then the Chairman of the Commission on Col- 
lege Physics. An informal committee was formed to guide the course 
through the initial stages. The committee consisted originally of Luis 
Alvarez, William B. Fretter, Charles Kittel, Walter D. Knight, Philip 
Morrison, Edward M. Purcell, Malvin A. Ruderman, and Jerrold R. 
Zacharias. The committee met first in May 1962, in Berkeley; at that 
time it drew up a provisional outline of an entirely new physics course. 
Because of heavy obligations of several of the original members, the 
committee was partially reconstituted in January 1964, and now con- 
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sists of the undersigned. Contributions of others are acknowledged in 
the prefaces of the individual volumes. 

The provisional outline and its associated spirit were a powerful 
influence on the course material finally produced. The outline covered 
in detail the topics and attitudes which we believed should and could 
be taught to beginning college students of science and engineering. It 
was never our intention to develop a course limited to honors students 
or to students with advanced standing. We have sought to present the 
principles of physics from fresh and unified viewpoints, and parts of 
the course may therefore seem almost as new to the instructor as to 
the students. 

The five volumes of the course as planned will include: 


1. Mechanics (Kittel, Knight, Ruderman) 
2. Electricity and Magnetism (Purcell) 
3. Waves and Oscillations (Crawford) 

4. Quantum Physics (Wichmann) 

5. Statistical Physics (Reif) 


The authors of each volume have been free to choose that style and 
method of presentation which seemed to them appropriate to their 
subject. 

The initial course activity led Alan M. Portis to devise a new 
elementary physics laboratory, now known as the Berkeley Physics 
Laboratory. Because the course emphasizes the principles of physics, 
some teachers may feel that it does not deal sufficiently with experi- 
mental physics. The laboratory is rich in important experiments, and 
is designed to balance the course. 

The financial support of the course development was provided 
by the National Science Foundation, with considerable indirect sup- 
port by the University of California. The funds were administered by 
Educational Services Incorporated, a nonprofit organization estab- 
lished to administer curriculum improvement programs. We are par- 
ticularly indebted to Gilbert Oakley, James Aldrich, and William 
Jones, all of ESI, for their sympathetic and vigorous support. ESI 
established in Berkeley an office under the very competent direction 
of Mrs. Mary R. Maloney to assist the development of the course and 
the laboratory. The University of California has no official connection 
with our program, but it has aided us in important ways. For this help 
we thank in particular two successive Chairmen of the Department of 
Physics, August C. Helmholz and Burton J. Moyer; the faculty and 
nonacademic staff of the Department; Donald Coney, and many oth- 
ers in the University. Abraham Olshen gave much help with the early 
organizational problems. 
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Your corrections and suggestions will always be welcome. 


Eugene D. Commins 

Frank S. Crawford, Jr. 

Walter D. Knight 

Philip Morrison 

Alan M. Portis 

Edward M. Purcell 

Frederick Reif 

Malvin A. Ruderman 

Eyvind H. Wichmann 
Berkeley, California Charles Kittel, Chairman 
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CHAPTER ONE 


ELECTRIC CHARGE 

1.1 Electricity appeared to its early investigators as an extraordi- 
nary phenomenon. To draw from bodies the “subtle fire,” as it was 
sometimes called, to bring an object into a highly electrified state, to 
produce a steady flow of current, called for skillful contrivance. Except 
for the spectacle of lightning, the ordinary manifestations of nature, 
from the freezing of water to the growth of a tree, seemed to have no 
relation to the curious behavior of electrified objects. We know now 
that electrical forces largely determine the physical and chemical 
properties of matter over the whole range from atom to living cell. For 
this understanding we have to thank the scientists of the nineteenth 
century, Ampère, Faraday, Maxwell, and many others, who discov- 
ered the nature of electromagnetism, as well as the physicists and 
chemists of the twentieth century who unraveled the atomic structure 
of matter. 

Classical electromagnetism deals with electric charges and cur- 
rents and their interactions as if all the quantities involved could be 
measured independently, with unlimited precision. Here classical 
means simply “nonquantum.” The quantum law with its constant A is 
ignored in the classical theory of electromagnetism, just as it is in ordi- 
nary mechanics. Indeed, the classical theory was brought very nearly 
to its present state of completion before Planck’s discovery. It has sur- 
vived remarkably well. Neither the revolution of quantum physics nor 
the development of special relativity dimmed the luster of the electro- 
magnetic field equations Maxwell wrote down 100 years ago. 

Of course the theory was solidly based on experiment, and 
because of that was fairly secure within its original range of applica- 
tion—to coils, capacitors, oscillating currents, and eventually radio 
waves and light waves. But even so great a success does not guarantee 
validity in another domain, for instance, the inside of a molecule. 

Two facts help to explain the continuing importance in modern 
physics of the classical description of electromagnetism. First, special 
relativity required no revision of classical electromagnetism. Histori- 
cally speaking, special relativity grew out of classical electromagnetic 
theory and experiments inspired by it. Maxwell’s field equations, 
developed long before the work of Lorentz and Einstein, proved to be 
entirely compatible with relativity. Second, quantum modifications of 
the electromagnetic forces have turned out to be unimportant down to 
distances less than 107 '° centimeters (cm), 100 times smaller than the 
atom. We can describe the repulsion and attraction of particles in the 
atom using the same laws that apply to the leaves of an electroscope, 
although we need quantum mechanics to predict how the particles will 
behave under those forces. For still smaller distances, a fusion of elec- 
tromagnetic theory and quantum theory, called quantum electrody- 
namics, has been remarkably successful. Its predictions are confirmed 
by experiment down to the smallest distances yet explored. 
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It is assumed that the reader has some acquaintance with the 
elementary facts of electricity. We are not going to review all the 
experiments by which the existence of electric charge was demon- 
strated, nor shall we review all the evidence for the electrical consti- 
tution of matter. On the other hand, we do want to look carefully at 
the experimental foundations of the basic laws on which all else 
depends. In this chapter we shall study the physics of stationary elec- 
tric charges—el/ectrostatics. 

Certainly one fundamental property of electric charge is its exis- 
tence in the two varieties that were long ago named positive and neg- 
ative. The observed fact is that all charged particles can be divided 
into two classes such that all members of one class repel each other, 
while attracting members of the other class. If two small electrically 
charged bodies 4 and B, some distance apart, attract one another, and 
if A attracts some third electrified body C, then we always find that 
B repels C. Contrast this with gravitation: There is only one kind of 
gravitational mass, and every mass attracts every other mass. 

One may regard the two kinds of charge, positive and negative, 
as Opposite manifestations of one quality, much as right and left are 
the two kinds of handedness. Indeed, in the physics of elementary par- 
ticles, questions involving the sign of the charge are sometimes linked 
to a question of handedness, and to another basic symmetry, the rela- 
tion of a sequence of events, a, then b, then c, to the temporally 
reversed sequence c, then b, then a. It is only the duality of electric 
charge that concerns us here. For every kind of particle in nature, as 
far as we know, there can exist an antiparticle, a sort of electrical 
“mirror image.” The antiparticle carries charge of the opposite sign. 
If any other intrinsic quality of the particle has an opposite, the anti- 
particle has that too, whereas in a property which admits no opposite, 
such as mass, the antiparticle and particle are exactly alike. The elec- 
tron’s charge is negative; its antiparticle, called a positron, has a pos- 
itive charge, but its mass is precisely the same as that of the electron. 
The proton’s antiparticle is called simply an antiproton; its electric 
charge is negative. An electron and a proton combine to make an ordi- 
nary hydrogen atom. A positron and an antiproton could combine in 
the same way to make an atom of antihydrogen. Given the building 
blocks, positrons, antiprotons, and antineutrons,t there could be built 
up the whole range of antimatter, from antihydrogen to antigalaxies. 
There is a practical difficulty, of course. Should a positron meet an 
electron or an antiproton meet a proton, that pair of particles will 
quickly vanish in a burst of radiation. It is therefore not surprising that 
even positrons and antiprotons, not to speak of antiatoms, are exceed- 
ingly rare and short-lived in our world. Perhaps the universe contains, 


+Although the electric charge of each is zero, the neutron and its antiparticle are not 
interchangeable. In certain properties that do not concern us here, they are opposite. 


FIGURE 1.1 
Charged particles are created in pairs with equal and 
opposite charge. 
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somewhere, a vast concentration of antimatter. If so, its whereabouts 
is a cosmological mystery. 

The universe around us consists overwhelmingly of matter, not 
antimatter. That is to say, the abundant carriers of negative charge 
are electrons, and the abundant carriers of positive charge are protons. 
The proton is nearly 2000 times heavier than the electron and very 
different, too, in some other respects. Thus matter at the atomic level 
incorporates negative and positive electricity in quite different ways. 
The positive charge is all in the atomic nucleus, bound within a mas- 
sive structure no more than 107}? cm in size, while the negative charge 
is spread, in effect, through a region about 10* times larger in dimen- 
sions. It is hard to imagine what atoms and molecules—and all of 
chemistry—would be like, if not for this fundamental electrical asym- 
metry of matter. 

What we call negative charge, by the way, could just as well 
have been called positive. The name was a historical accident. There 
is nothing essentially negative about the charge of an electron. It is 
not like a negative integer. A negative integer, once multiplication has 
been defined, differs essentially from a positive integer in that its 
square is an integer of opposite sign. But the product of two charges 
is not a charge; there is no comparison. 

Two other properties of electric charge are essential in the elec- 
trical structure of matter: Charge is conserved, and charge is quan- 
tized. These properties involve quantity of charge and thus imply a 
measurement of charge. Presently we shall state precisely how charge 
can be measured in terms of the force between charges a certain dis- 
tance apart, and so on. But let us take this for granted for the time 
being, so that we may talk freely about these fundamental facts. 


CONSERVATION OF CHARGE 
1.2 The total charge in an isolated system never changes. By iso- 
lated we mean that no matter is allowed to cross the boundary of the 
system. We could let light pass into or out of the system, since the 
“particles” of light, called photons, carry no charge at all. Within 
the system charged particles may vanish or reappear, but they always 
do so in pairs of equal and opposite charge. For instance, a thin-walled 
box in a vacuum exposed to gamma rays might become the scene of 
a “pair-creation” event in which a high-energy photon ends its exis- 
tence with the creation of an electron and a positron (Fig. 1.1). Two 
electrically charged particles have been newly created, but the net 
change in total charge, in and on the box, is zero. An event that would 
violate the law we have just stated would be the creation of a positively 
charged particle without the simultaneous creation of a negatively 
charged particle. Such an occurrence has never been observed. 

Of course, if the electric charges of an electron and a positron 
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were not precisely equal in magnitude, pair creation would still violate 
the strict law of charge conservation. That equality is a manifestation 
of the particle—antiparticle duality already mentioned, a universal 
symmetry of nature. 

One thing will become clear in the course of our study of elec- 
tromagnetism: Nonconservation of charge would be quite incompati- 
ble with the structure of our present electromagnetic theory. We may 
therefore state, either as a postulate of the theory or as an empirical 
law supported without exception by all observations so far, the charge 
conservation law: 


The total electric charge in an isolated system, that is, the alge- 
braic sum of the positive and negative charge present at any 


time, never changes. 


Sooner or later we must ask whether this law meets the test of 
relativistic invariance. We shall postpone until Chapter 5 a thorough 
discussion of this important question. But the answer is that it does, 
and not merely in the sense that the statement above holds in any 
given inertial frame but in the stronger sense that observers in differ- 
ent frames, measuring the charge, obtain the same number. In other 
words the total electric charge of an isolated system is a relativistically 
invariant number. 


QUANTIZATION OF CHARGE 

1.3 The electric charges we find in nature come in units of one mag- 
nitude only, equal to the amount of charge carried by a single electron. 
We denote the magnitude of that charge by e. (When we are paying 
attention to sign, we write —e for the charge on the electron itself.) 
We have already noted that the positron carries precisely that amount 
of charge, as it must if charge is to be conserved when an electron and 
a positron annihilate, leaving nothing but light. What seems more 
remarkable is the apparently exact equality of the charges carried by 
all other charged particles—the equality, for instance, of the positive 
charge on the proton and the negative charge on the electron. 

That particular equality is easy to test experimentally. We can 
see whether the net electric charge carried by a hydrogen molecule, 
which consists of two protons and two electrons, is zero. In an exper- 
iment carried out by J. G. King,f hydrogen gas was compressed into 


tJ. G. King, Phys. Rev. Lett. 5:562 (1960). References to previous tests of charge 
equality will be found in this article and in the chapter by V. W. Hughes in “Gravi- 
tation and Relativity,” H. Y. Chieu and W. F. Hoffman (eds.), W. A. Benjamin, New 
York, 1964, chap. 13. 
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a tank that was electrically insulated from its surroundings. The tank 
contained about 5 X 10% molecules [approximately 17 grams (gm)] 
of hydrogen. The gas was then allowed to escape by means which pre- 
vented the escape of any ion—a molecule with an electron missing or 
an extra electron attached. If the charge on the proton differed from 
that on the electron by, say, one part in a billion, then each hydrogen 
molecule would carry a charge of 2 X 107°e, and the departure of the 
whole mass of hydrogen would alter the charge of the tank by 10'°e, 
a gigantic effect. In fact, the experiment could have revealed a resid- 
ual molecular charge as small as 2 X 10° 7°e, and none was observed. 
This proved that the proton and the electron do not differ in magni- 
tude of charge by more than 1 part in 10”. 

Perhaps the equality is really exact for some reason we don’t yet 
understand. It may be connected with the possibility, suggested by 
recent theories, that a proton can, very rarely, decay into a positron 
and some uncharged particles. If that were to occur, even the slightest 
discrepancy between proton charge and positron charge would violate 
charge conservation. Several experiments designed to detect the decay 
of a proton have not yet, as this is written in 1983, registered with 
certainty a single decay. If and when such an event is observed, it will 
show that exact equality of the magnitude of the charge of the proton 
and the charge of the electron (the positron’s antiparticle) can be 
regarded as a corollary of the more general law of charge 
conservation. 

That notwithstanding, there is now overwhelming evidence that 
the internal structure of all the strongly interacting particles called 
hadrons—a class which includes the proton and the neutron—involves 
basic units called guarks, whose electric charges come in multiples of 
e/3. The proton, for example, is made with three quarks, two of 
charge %e and one with charge — že. The neutron contains one quark 
of charge %e and two quarks with charge — že. 

Several experimenters have searched for single quarks, either 
free or attached to ordinary matter. The fractional charge of such a 
quark, since it cannot be neutralized by any number of electrons or 
protons, should betray the quark’s presence. So far no fractionally 
charged particle has been conclusively identified. There are theoretical 
grounds for suspecting that the liberation of a quark from a hadron is 
impossible, but the question remains open at this time. 

The fact of charge quantization lies outside the scope of classical 
electromagnetism, of course. We shall usually ignore it and act as if 
our point charges q could have any strength whatever. This will not 
get us into trouble. Still, it is worth remembering that classical theory 
cannot be expected to explain the structure of the elementary parti- 
cles. (It is not certain that present quantum theory can either!) What 
holds the electron together is as mysterious as what fixes the precise 
value of its charge. Something more than electrical forces must be 
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involved, for the electrostatic forces between different parts of the 
electron would be repulsive. 

In our study of electricity and magnetism we shall treat the 
charged particles simply as carriers of charge, with dimensions so 
small that their extension and structure is for most purposes quite 
insignificant. In the case of the proton, for example, we know from 
high-energy scattering experiments that the electric charge does not 
extend appreciably beyond a radius of 107'? cm. We recall that Ruth- 
erford’s analysis of the scattering of alpha particles showed that even 
heavy nuclei have their electric charge distributed over a region 
smaller than 107'' cm. For the physicist of the nineteenth century a 
“point charge” remained an abstract notion. Today we are on familiar 
terms with the atomic particles. The graininess of electricity is so con- 
spicuous in our modern description of nature that we find a point 
charge less of an artificial idealization than a smoothly varying distri- 
bution of charge density. When we postulate such smooth charge dis- 
tributions, we may think of them as averages over very large numbers 
of elementary charges, in the same way that we can define the mac- 
roscopic density of a liquid, its lumpiness on a molecular scale 
notwithstanding. 


COULOMB’S LAW 
1.4 As you probably already know, the interaction between electric 
charges at rest is described by Coulomb’s law: Two stationary electric 
charges repel or attract one another with a force proportional to the 
product of the magnitude of the charges and inversely proportional to 
the square of the distance between them. 

We can state this compactly in vector form: 


F, = k LIA (1) 
F21 
Here g, and q, are numbers (scalars) giving the magnitude and sign 
of the respective charges, fa; is the unit vector in the direction} from 
charge | to charge 2, and F, is the force acting on charge 2. Thus Eq. 
| expresses, among other things, the fact that like charges repel and 
unlike attract. Also, the force obeys Newton’s third law; that is, F, = 
—F,. 

The unit vector f,, shows that the force is parallel to the line 
joining the charges. It could not be otherwise unless space itself has 
some built-in directional property, for with two point charges alone in 
empty and isotropic space, no other direction could be singled out. 


+The convention we adopt here may not seem the natural choice, but it is more con- 
sistent with the usage in some other parts of physics and we shall try to follow it 
throughout this book. 


FIGURE 1.2 

Coulomb's law expressed in CGS electrostatic units 
(top) and in SI units (bottom). The constant eo and the 
factor relating coulombs to esu are connected, as we 
shall learn later, with the speed of light. We have 
rounded off the constants in the figure to four-digit 


accuracy. The precise values are given in Appendix E. 
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If the point charge itself had some internal structure, with an 
axis defining a direction, then it would have to be described by more 
than the mere scalar quantity q. It is true that some elementary par- 
ticles, including the electron, do have another property, called spin. 
This gives rise to a magnetic force between two electrons in addition 
to their electrostatic repulsion. This magnetic force does not, in gen- 
eral, act in the direction of the line joining the two particles. It 
decreases with the inverse fourth power of the distance, and at atomic 
distances of 1078 cm the Coulomb force is already about 10* times 
stronger than the magnetic interaction of the spins. Another magnetic 
force appears if our charges are moving—hence the restriction to sta- 
tionary charges in our statement of Coulomb’s law. We shall return 
to these magnetic phenomena in later chapters. 

Of course we must assume, in writing Eq. 1, that both charges 
are well localized, each occupying a region small compared with r34. 
Otherwise we could not even define the distance rz, precisely. 

The value of the constant k in Eq. 1 depends on the units in 
which r, F, and q are to be expressed. Usually we shall choose to mea- 
sure r2; in cm, F in dynes, and charge in electrostatic units (esu). Two 
like charges of 1 esu each repel one another with a force of 1 dyne 
when they are 1 cm apart. Equation 1, with k = 1, is the definition 
of the unit of charge in CGS electrostatic units, the dyne having 
already been defined as the force that will impart an acceleration of 
one centimeter per second per second to a one-gram mass. Figure 1.2a 
is just a graphic reminder of the relation. The magnitude of e, the 
fundamental quantum of electric charge, is 4.8023 X 107" esu. 

We want to be familiar also with the unit of charge called the 
coulomb. This is the unit for electric charge in the Systéme Interna- 
tionale (SI) family of units. That system is based on the meter, kilo- 
gram, and second as units of length, mass, and time, and among its 
electrical units are the familiar volt, ohm, ampere, and watt. 

The SI unit of force is the newton, equivalent to exactly 10° 
dynes, the force that will cause a one-kilogram mass to accelerate at 
one meter per second per second. The coulomb is defined by Eq. | with 
F in newtons, r2, in meters, charges q, and q, in coulombs, and k = 
8.988 X 10°. A charge of 1 coulomb equals 2.998 X 10° esu. Instead 
of k, it is customary to introduce a constant éo, which is just (44k)~', 
with which the same equation is written 


l qiq ; 

j Amey rÊ, (1%) 
Refer to Fig. 1.2b for an example. The constant ¢ will appear in sev- 
eral SI formulas that we’ll meet in the course of our study. The exact 
value of é and the exact relation of the coulomb to the esu can be 
found in Appendix E. For our purposes the following approximations 
are quite accurate enough: k = 9 X 10°; 1 coulomb = 3 X 10° esu. 
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Fortunately the electronic charge e is very close to an easily remem- 
bered approximate value in either system: e = 4.8 X 107" esu = 1.6 
X 107'? coulomb. 

The only way we have of detecting and measuring electric 
charges is by observing the interaction of charged bodies. One might 
wonder, then, how much of the apparent content of Coulomb’s law is 
really only definition. As it stands, the significant physical content is 
the statement of inverse-square dependence and the implication that 
electric charge is additive in its effect. To bring out the latter point, 
we have to consider more than two charges. After all, if we had only 
two charges in the world to experiment with, qı and gz, we could never 
measure them separately. We could verify only that F is proportional 
to 1/r3,. Suppose we have three bodies carrying charges qı, g2, and 
q3. We can measure the force on q, when q, is 10 cm away from q; 
and q3 is very far away, as in Fig. 1.3a. Then we can take q, away, 
bring q; into gy’s former position, and again measure the force on qı. 
Finally, we bring qz and q, very close together and locate the combi- 
nation 10 cm from q;. We find by measurement that the force on q; 
is equal to the sum of the forces previously measured. This is a signif- 
icant result that could not have been predicted by logical arguments 
from symmetry like the one we used above to show that the force 
between two point charges had to be along the line joining them. The 
force with which two charges interact is not changed by the presence 
of a third charge. 

No matter how many charges we have in our system. Coulomb’s 
law (Eq. 1) can be used to calculate the interaction of every pair. This 
is the basis of the principle of superposition, which we shall invoke 
again and again in our study of electromagnetism. Superposition 
means combining two sets of sources into one system by adding the 
second system “on top of” the first without altering the configuration 
of either one. Our principle ensures that the force on a charge placed 
at any point in the combined system will be the vector sum of the 
forces that each set of sources, acting alone, causes to act on a charge 
at that point. This principle must not be taken lightly for granted. 
There may well be a domain of phenomena, involving very small dis- 
tances or very intense forces, where superposition no longer holds. 
Indeed, we know of quantum phenomena in the electromagnetic field 
which do represent a failure of superposition, seen from the viewpoint 
of the classical theory. 

Thus the physics of electrical interactions comes into full view 
only when we have more than two charges. We can go beyond the 
explicit statement of Eq. 1 and assert that, with the three charges in 
Fig. 1.3 occupying any positions whatever, the force on any one of 
them, such as q3, is correctly given by this equation: 


F, = Bhi 4 CELLED (2) 
r31 r32 
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The force on q; in (c) is the sum of the forces on q; in 


(a) and (b). 
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The experimental verification of the inverse-square law of elec- 
trical attraction and repulsion has a curious history. Coulomb himself 
announced the law in 1786 after measuring with a torsion balance the 
force between small charged spheres. But 20 years earlier Joseph 
Priestly, carrying out an experiment suggested to him by Benjamin 
Franklin, had noticed the absence of electrical influence within a hol- 
low charged container and made an inspired conjecture: “May we not 
infer from this experiment that the attraction of electricity is subject 
to the same laws with that of gravitation and is therefore according to 
the square of the distances; since it is easily demonstrated that were 
the earth in the form of a shell, a body in the inside of it would not be 
attracted to one side more than the other.” t The same idea was the 
basis of an elegant experiment in 1772 by Henry Cavendish. Caven- 
dish charged a spherical conducting shell which contained within it, 
and temporarily connected to it, a smaller sphere. The outer shell was 
then separated into two halves and carefully removed, the inner sphere 
having been first disconnected. This sphere was tested for charge, the 
absence of which would confirm the inverse-square law. Assuming 
that a deviation from the inverse-square law could be expressed as a 
difference in the exponent, 2 + 6, say, instead of 2, Cavendish con- 
cluded that 6 must be less than 0.03. This experiment of Cavendish 
remained largely unknown until Maxwell discovered and published 
Cavendish’s notes a century later (1876). At that time also Maxwell 
repeated the experiment with improved apparatus, pushing the limit 
down to 6 < 1076. The latest of several modern versions of the Cav- 
endish experiment, if interpreted the same way, yielded the fantas- 
tically small limit ô < 107". 

During the second century after Cavendish, however, the ques- 
tion of interest changed somewhat. Never mind how perfectly Cou- 
lomb’s law works for charged objects in the laboratory—is there a 
range of distances where it completely breaks down? There are two 
domains in either of which a breakdown is conceivable. The first is the 
domain of very small distances, distances less than 107'* cm where 
electromagnetic theory as we know it may not work at all. As for very 
large distances, from the geographical, say, to the astronomical, a test 
of Coulomb’s law by the method of Cavendish is obviously not feasi- 
ble. Nevertheless we do observe certain large-scale electromagnetic 
phenomena which prove that the laws of classical electromagnetism 
work over very long distances. One of the most stringent tests is pro- 
vided by planetary magnetic fields, in particular, the magnetic field of 
the giant planet Jupiter, which was surveyed in the mission of Pioneer 


tJoseph Priestly, “The History and Present State of Electricity,” vol. H, London, 
1767. 


tE. R. Williams, J. G. Faller, and H. Hill. Phys. Rev. Lett. 26:721 (1971). 
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10. The spatial variation of this field was carefully analyzed? and 
found to be entirely consistent with classical theory out to a distance 
of at least 10° kilometers (km) from the planet. This is tantamount to 
a test, albeit indirect, of Coulomb’s law over that distance. 

To summarize, we have every reason for confidence in Cou- 
lomb’s law over the stupendous range of 24 decades in distance, from 
10-'* to 10'° cm, if not farther, and we take it as the foundation of 
our description of electromagnetism. 


ENERGY OF A SYSTEM OF CHARGES 

1.5 In principle, Coulomb’s law is all there is to electrostatics. 
Given the charges and their locations we can find all the electrical 
forces. Or given that the charges are free to move under the influence 
of other kinds of forces as well, we can find the equilibrium arrange- 
ment in which the charge distribution will remain stationary. In the 
same sense, Newton’s laws of motion are all there is to mechanics. But 
in both mechanics and electromagnetism we gain power and insight 
by introducing other concepts, most notably that of energy. 

Energy is a useful concept here because electrical forces are con- 
servative. When you push charges around in electric fields, no energy 
is irrecoverably lost. Everything is perfectly reversible. Consider first 
the work which must be done on the system to bring some charged 
bodies into a particular arrangement. Let us start with two charged 
bodies or particles very far apart from one another, as indicated at the 
top of Fig. 1.4, carrying charges q, and gq. Whatever energy may have 
been needed to create these two concentrations of charge originally we 
shall leave entirely out of account. Bring the particles slowly together 
until the distance between them is r;>. How much work does this take? 

It makes no difference whether we bring q, toward q, or the 
other way around. In either case the work done is the integral of the 
product: force times displacement in direction of force. The force that 
has to be applied to move one charge toward the other is equal to and 
opposite the Coulomb force. 


ri? — 
W = | force X distance = | q19A— dr) = unh (3) 


r=% r Fi? 


Because r is changing from © to rj2, the increment of displacement 
is —dr. We know the work done on the system must be positive for 
charges of like sign; they have to be pushed together. With q, and q> 
in esu, and r in cm, Eq. 3 gives the work in ergs. 


tL. Davis, Jr., A. S. Goldhaber, M. M. Nieto, Phys. Rev. Lett. 35:1402 (1975). For 
a review of the history of the exploration of the outer limit of classical clectromagne- 
tism, see A. S. Goldhaber and M. M. Nieto, Rev. Mod. Phys. 43:277 (1971). 
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FIGURE 1.4 
Three charges are brought near one another. First q> is 
brought in; then with q, and Q; fixed, qa is brought in. 


12 


FIGURE 1.5 

Because the force is central, the sections of different 
paths between r + ar and r require the same amount 
of work. 
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This work is the same whatever the path of approach. Let’s 
review the argument as it applies to the two charges qı and q; in Fig. 
1.5. There we have kept q, fixed, and we show q, moved to the same 
final position along two different paths. Every spherical shell such as 
the one indicated between r and r + dr must be crossed by both paths. 
The increment of work involved, —F - ds in this bit of path, is the 
same for the two paths.t The reason is that F has the same magnitude 
at both places and is directed radially from qı, while ds = dr/cos 6; 
hence F - ds = F dr. Each increment of work along one path is 
matched by a corresponding increment on the other, so the sums must 
be equal. Our conclusion holds even for paths that loop in and out, like 
the dotted path in Fig. 1.5. (Why?) 

Returning now to the two charges as we left them in Fig. 1.48, 
let us bring in from some remote place a third charge q, and move it 
to a point P, whose distance from charge 1 is r3,; cm, and from charge 
2, r32 cm. The work required to effect this will be 


P3 
W, = — | F, - ds (4) 


Thanks to the additivity of electrical interactions, which we have 
already emphasized, 


- [ F; + ds = — | (Fsi + Fo) as 
= — [Fy dr— | Faar (5) 


That is, the work required to bring q, to P3 is the sum of the work 
needed when q, is present alone and that needed when q, is present 
alone. 


_ 4143 4 4243 
F31 F32 


W, (6) 


The total work done in assembling this arrangement of three charges, 
which we shall call U, is therefore 


_ 4192 4 q143 4 4293 
r\2 F13 F23 


U (7) 

We note that q1, q2, and q; appear symmetrically in the expres- 
sion above, in spite of the fact that q3 was brought up last. We would 
have reached the same result if q, had been brought in first. (Try it.) 
Thus U is independent of the order in which the charges were assem- 


tHere we use for the first time the scalar product, or “‘dot product,” of two vectors. A 
reminder: the scalar product of two vectors A and B, written A - B, is the number 
A B cos 0. A and B are the magnitudes of the vectors A and B, and @ is the angle 
between them. Expressed in terms of cartesian components of the two vectors, A - B 
= A,B, + A,B, + A-B.. 
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bled. Since it is independent also of the route by which each charge 
was brought in, U must be a unique property of the final arrangement 
of charges. We may call it the electrical potential energy of this par- 
ticular system. There is a certain arbitrariness, as always, in the def- 
inition of a potential energy. In this case we have chosen the zero of 
potential energy to correspond to the situation with the three charges 
already in existence but infinitely far apart from one another. The 
potential energy belongs to the configuration as a whole. There is no 
meaningful way of assigning a certain fraction of it to one of the 
charges. 

It is obvious how this very simple result can be generalized to 
apply to any number of charges. If we have WN different charges, in 
any arrangement in space, the potential energy of the system is cal- 
culated by summing over all pairs, just as in Eq. 7. The zero of poten- 
tial energy, as in that case, corresponds to all charges far apart. 

As an example, let us calculate the potential energy of an 
arrangement of eight negative charges on the corners of a cube of side 
b, with a positive charge in the center of the cube, as in Fig. 1.6a. 
Suppose each negative charge is an electron with charge —e, while 
the central particle carries a double positive charge, 2e. Summing over 
all pairs, we have 


xs 8(—2e’) n 12e? $ 12e? n 4e? 432e (8) 
(V3/2)b b  V2b V3b b 


Figure 1.6b shows where each term in this sum comes from. The 
energy is positive, indicating that work had to be done on the system 
to assemble it. That work could, of course, be recovered if we let the 
charges move apart, exerting forces on some external body or bodies. 
Or if the electrons were simply to fly apart from this configuration, 
the total kinetic energy of all the particles would become equal to U. 
This would be true whether they came apart simultaneously and sym- 
metrically, or were released one at a time in any order. Here we see 
the power of this simple notion of the total potential energy of the 
system. Think what the problem would be like if we had to compute 
the resultant vector force on every particle at every stage of assembly 
of the configuration! In this example, to be sure, the geometrical sym- 
metry would simplify that task; even so, it would be more complicated 
than the simple calculation above. 

One way of writing the instruction for the sum over pairs is this: 


gu qk 
ak PP Bgans 9) 


The double-sum notation, Dj.,L,,;, says: Take j = 1 and sum over 
k = 2,3,4,..., N; then take j = 2 and sum over k = 1,3,4,..., 
N; and so on, through j = N. Clearly this includes every pair twice, 
and to correct for that we put in front the factor 4. 
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FIGURE 1.6 

(a) The potential energy of this arrangement of nine 
point charges is given by Eq. 9. (b) Four types of pairs 
are involved in the sum. 
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FIGURE 1.7 

A portion of a sodium chloride crystal, with the ions 
Na* and C17 shown in about the right relative 
proportions (a), and replaced by equivalent point 
charges (b). 
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ELECTRICAL ENERGY IN A CRYSTAL LATTICE 

1.6 These ideas have an important application in the physics of 
crystals. We know that an ionic crystal like sodium chloride can be 
described, to a very good approximation, as an arrangement of positive 
ions (Na*) and negative ions (C17) alternating in a regular three- 
dimensional array or lattice. In sodium chloride the arrangement is 
that shown in Fig. 1.7a. Of course the ions are not point charges, but 
they are nearly spherical distributions of charge and therefore (as we 
shall presently prove) the electrical forces they exert on one another 
are the same as if each ion were replaced by an equivalent point 
charge at its center. We show this electrically equivalent system in 
Fig. 1.7b. The electrostatic potential energy of the lattice of charges 
plays an important role in the explanation of the stability and cohesion 
of the ionic crystal. Let us see if we can estimate its magnitude. 

We seem to be faced at once with a sum that is enormous, if not 
doubly infinite, for any macroscopic crystal contains 107° atoms at 
least. Will the sum converge? Now what we hope to find is the poten- 
tial energy per unit volume or mass of crystal. We confidently expect 
this to be independent of the size of the crystal, based on the general 
argument that one end of a macroscopic crystal can have little influ- 
ence on the other. Two grams of sodium chloride ought to have twice 
the potential energy of | gm, and the shape should not be important 
so long as the surface atoms are a small fraction of the total number 
of atoms. We would be wrong in this expectation if the crystal were 
made out of ions of one sign only. Then, | gm of crystal would carry 
an enormous electric charge, and putting two such crystals together 
to make a 2-gm crystal would take a fantastic amount of energy. (You 
might estimate how much!) The situation is saved by the fact that the 
crystal structure is an alternation of equal and opposite charges, so 
that any macroscopic bit of crystal is very nearly neutral. 

To evaluate the potential energy we first observe that every pos- 
itive ion is in a position equivalent to that of every other positive ion. 
Furthermore, although it is perhaps not immediately obvious from 
Fig. 1.7, the arrangement of positive ions around a negative ion is 
exactly the same as the arrangement of negative ions around a positive 
ion, and so on. Hence we may take one ion as a center, it matters not 
which kind, sum over its interactions with all the others, and simply 
multiply by the total number of ions of both kinds. This reduces the 
double sum in Eq. 9, to a single sum and a factor-N; we must still 
apply the factor 4 to compensate for including each pair twice. That 
is, the energy of a sodium chloride lattice composed of a total of N 
ions 1s 


Lag 
U=5N> Nak (10) 
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Taking the positive ion at the center as in Fig. 1.75, our sum runs over 
all its neighbors near and far. The leading terms start out as follows: 


l 6e? 12e? 8e? 
U=-N\— — + + ose: (11) 


2 a Va V3a 


The first term comes from the 6 nearest chlorine ions, at distance a, 
the second from the 12 sodium ions on the cube edges, and so on. It 
is clear, incidentally, that this series does not converge absolutely; if 
we were so foolish as to try to sum all the positive terms first, that sum 
would diverge. To evaluate such a sum, we should arrange it so that 
as we proceed outward, including ever more distant ions, we include 
them in groups which represent nearly neutral shells of material. Then 
if the sum is broken off, the more remote ions which have been 
neglected will be such an even mixture of positive and negative 
charges that we can be confident their contribution would have been 
small. This is a crude way to describe what is actually a somewhat 
more delicate computational problem. The numerical evaluation of 
such a series is easily accomplished with a computer. The answer in 
this example happens to be 


_ — 0.8738 Ne? 


U = (12) 


a 
Here N, the number of ions, is twice the number of NaCl molecules. 
The negative sign shows that work would have to be done to take 
the crystal apart into ions. In other words, the electrical energy helps 
to explain the cohesion of the crystal. If this were the whole story, 
however, the crystal would collapse, for the potential energy of the 
charge distribution is obviously /owered by shrinking all the distances. 
We meet here again the familiar dilemma of classical—that is, non- 
quantum—physics. No system of stationary particles can be in stable 
equilibrium, according to classical laws, under the action of electrical 
forces alone. Does this make our analysis useless? Not at all. Remark- 
ably, and happily, in the quantum physics of crystals the electrical 
potential energy can still be given meaning, and can be computed very 
much in the way we have learned here. 


THE ELECTRIC FIELD 

1.7 Suppose we have some arrangement of charges, q1, q2, - - - , dN, 
fixed in space, and we are interested not in the forces they exert on 
one another but only in their effect on some other charge gp which 
might be brought into their vicinity. We know how to calculate the 
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FIGURE 1.8 
The field at a point is the vector sum of the fields of 
each of the charges in the system. 
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resultant force on this charge, given its position which we may spccify 
by the coordinates x, y, z. The force on the charge go is 


N A 
Fo = 2 Jojo (13) 
j=1 "Oj 

where ro; is the vector from the jth charge in the system to the point 
(x, y, z). The force is proportional to go, so if we divide out gg we 
obtain a vector quantity which depends only on the structure of our 
original system of charges, qı, . . . , Gy, and on the position of the point 
(x, y, z). We call this vector function of x, y, z the electric field aris- 
ing from the qı, ... , gw and use the symbol E for it. The charges 
Gis - - -, Qn we Call sources of the field. We may take as the definition 
of the electric field E of a charge distribution, at the point (x, y, z 


N a 
E(x, y, z) = J qj¥oj (14) 
j=) 


2 
roj 


Figure 1.8 illustrates the vector addition of the field of a point charge 
of 2 esu to the field of a point charge of — 1 esu, at a particular point 
in space. In the CGS system of units, clectric ficld strength is 
expressed in dynes per unit charge, that is, dynes/esu. 

In SI units with the coulomb as the unit of charge and the new- 
ton as the unit of force, the electric field strength E can be expressed 
in newtons/coulomb, and Eq. 14 would be written like this: 


i a ihe 
E = — J ui (14) 


Amey jz rj 
each distance ro; being measured in meters. 

After the introduction of the electric potential in the next chap- 
ter, we shall have another, and completely equivalent, way of express- 
ing the unit of electric field strength; namely, statvolts/cm in the CGS 
system of units and volts/meter in SI units. 

So far we have nothing really new. The electric ficld is merely 
another way of describing the system of charges; it does so by giving 
the force per unit charge, in magnitude and direction, that an explor- 
ing charge qo would experience at any point. We have to be a little 
careful with that interpretation. Unless the source charges are really 
immovable, the introduction of some finite charge gy may cause the 
source charges to shift their positions, so that the field itself, as defined 
by Eq. 14, is different. That is why we assumed fixed charges to begin 
our discussion. People sometimes define the field by requiring gy to be 
an “infinitesimal” test charge, letting E be the limit of F/q as qo > 
0. Any flavor of rigor this may impart is illusory. Remember that in 
the real world we have never observed a charge smaller than e! 
Actually, if we take Eq. 14 as our definition of E, without reference 
to a test charge, no problem arises and the sources need not be fixed. 
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If the introduction of a new charge causes a shift in the source 
charges, then it has indeed brought about a change in the electric field, 
and if we want to predict the force on the new charge, we must use 
the new electric field in computing it. 

Perhaps you still want to ask, what is an electric field? Is it 
something real, or is it merely a name for a factor in an equation 
which has to be multiplied by something else to give the numerical 
value of the force we measure in an experiment? Two observations 
may be useful here. First, since it works, it doesn’t make any differ- 
ence. That is not a frivolous answer, but a serious one. Second, the 
fact that the electric field vector at a point in space is all we need know 
to predict the force that will act on any charge at that point is by no 
means trivial. It might have been otherwise! If no experiments had 
ever been done, we could imagine that, in two different situations in 
which unit charges experience equal force, test charges of strength 2 
units might experience different forces, depending on the nature of the 
other charges in the system. If that were true, the field description 
wouldn’t work. The electric field attaches to every point in a system a 
local property, in this sense: If we know E in some small neighbor- 
hood, we know, without further inquiry, what will happen to any 
charges in that neighborhood. We don’t need to ask what produced 
the field. 

To visualize an electric field, you need to associate a vector, that 
is, a magnitude and direction, with every point in space. We shall use 
various schemes, none of them wholly satisfactory, to depict vector 
fields in this book. 

It is hard to draw in two dimensions a picture of a vector func- 


(a) 
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FIGURE 1.9 

(a) Field of a charge q, = 3. (b) Field of a charge Q 
= —1. Both representations are necessarily crude and 
only roughly quantitative. 


® Charge + 3 
© Charge — 1 (b) 
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è Charge + 3 
o Charge — 1 


FIGURE 1.10 

The field in the vicinity of two charges, gq; = + 3, Q2 
= — 1, is the superposition of the fields in Fig. 1.9a 
and b. 
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tion in three-dimensional space. We can indicate the magnitude and 
direction of E at various points by drawing little arrows near those 
points, making the arrows longer where E is larger.t Using this 
scheme, we show in Fig. 1.9a the field of an isolated point charge of 
3 units and in Fig. 1.96 the field of a point charge of — 1 unit. These 
pictures admittedly add nothing whatever to our understanding of the 
field of an isolated charge; anyone can imagine a simple radial inverse- 
square field without the help of a picture. We show them in order to 
combine the two fields in Fig. 1.10, which indicates in the same man- 
ner the field of two such charges separated by a distance a. All that 
Fig. 1.10 can show is the field in a plane containing the charges. To 
get a full three-dimensional representation one must imagine the fig- 


tSuch a representation is rather clumsy at best. It is hard to indicate the point in space 
to which a particular vector applies, and the range of magnitudes of E is usually so 
large that it is impracticable to make the lengths of the arrows proportional to E. 
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ure rotated around the symmetry axis. In Fig. 1.10 there is one point 
in space where E is zero. How far from the nearest charge must this 
point lie? Notice also that toward the edge of the picture the field 
points more or less radially outward all around. One can see that at a 
very large distance from the charges the field will look very much like 
the field from a positive point charge. This is to be expected because 
the separation of the charges cannot make very much difference for 
points far away, and a point charge of 2 units is just what we would 
have left if we superimposed our two sources at one spot. 

Another way to depict a vector field is to draw field lines. These 
are simply curves whose tangent, at any point, lies in the direction of 


the field at that point. Such curves will be smooth and continuous FIGURE 1.11 
Some field lines in the electric field around two 


charges, Qq = + 3,q2 = —1. 
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FIGURE 1.12 


Each element of the charge distribution p(x’, y’, z’) 
makes a contribution to the electric field E at this point 
(x, y, Z). The total field at this point is the sum of all 
such contributions (Eq. 15). 
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except at singularities such as point charges, or points like the one in 
the example of Fig. 1.10 where the field is zero. A field line plot does 
not directly give the magnitude of the field, although we shall see that, 
in a general way, the field lines converge as we approach a region of 
strong field and spread apart as we approach a region of weak field. 
In Fig. 1.11 are drawn some field lines for the same arrangement of 
charges as in Fig. 1.10, a positive charge of 3 units and a negative 
charge of | unit. Again, we are restricted by the nature of paper and 
ink to a two-dimensional section through a three-dimensional bundle 
of curves. 


CHARGE DISTRIBUTIONS 

1.8 This is as good a place as any to generalize from point charges 
to continuous charge distributions. A volume distribution of charge is 
described by a scalar charge-density function p, which is a function of 
position, with the dimensions charge/volume. That is, p times a volume 
element gives the amount of charge contained in that volume element. 
The same symbol is often used for mass per unit volume, but in this 
book we shall always give charge per unit volume first call on the sym- 
bol p. If we write p as a function of the coordinates x, y, z, then p(x, 
y, z) dx dy dz is the charge contained in the little box, of volume dx 
dy dz, located at the point (x, y, z). 

On an atomic scale, of course, the charge density varies enor- 
mously from point to point; even so, it proves to be a useful concept in 
that domain. However, we shall use it mainly when we are dealing 
with large-scale systems, so large that a volume element dv = dx dy 
dz can be quite small relative to the size of our system, although still 
large enough to contain many atoms or elementary charges. As we 
have remarked before, we face a similar problem in defining the ordi- 
nary mass density of a substance. 

If the source of the electric field is to be a continuous charge 
distribution rather than point charges, we merely replace the sum in 
Eq. 14 with the appropriate integral. The integral gives the electric ficld 
at (x, y, Z), which is produced by charges at other points (x^, y’, z’). 

/ / Nw S af / / 

TAE E | ES dy’ dz (15) 
This is a volume integral. Holding (x, y, z) fixed we let the variables . 
of integration, x’, y’, and z’, range over all space containing charge, 
thus summing up the contributions of all the bits of charge. The unit 
vector fF points from (x’, y’, z’) to (x, y, z)—unless we want to put a 
minus sign before the integral, in which case we may reverse the direc- 
tion of f. It is always hard to keep signs straight. Let’s remember that 

the electric field points away from a positive source (Fig. 1.12). 
In the neighborhood of a true point charge the electric field 
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grows infinite like 1 /r? as we approach the point. It makes no sense to 
talk about the field at the point charge. As our ultimate physical 
sources of field are not, we believe, infinite concentrations of charge in 
zero volume but instead finite structures, we simply ignore the math- 
ematical singularities implied by our point-charge language and rule 
out of bounds the interior of our elementary sources. A continuous 
charge distribution p(x’, y’, z’) which is nowhere infinite gives no trou- 
ble at all. Equation 15 can be used to find the field at any point within 
the distribution. The integrand doesn’t blow up at r = 0 because the 
volume element in the numerator is in that limit proportional to r? dr. 
That is to say, so long as p remains finite, the field will remain finite 
everywhere, even in the interior or on the boundary of a charge 
distribution. 


FLUX 

1.9 The relation between the electric field and its sources can be 
expressed in a remarkably simple way, one that we shall find very use- 
ful. For this we need to define a quantity called flux. 

Consider some electric field in space and in this space some arbi- 
trary closed surface, like a balloon of any shape. Figure 1.13 shows 
such a surface, the field being suggested by a few field lines. Now 
divide the whole surface into little patches which are so small that over 
any one patch the surface is practically flat and the vector field does 
not change appreciably from one part of a patch to another. In other 
words, don’t let the balloon be too crinkly, and don’t let its surface 
pass right through a singularityt of the field such as a point charge. 
The area of a patch has a certain magnitude in cm’, and a patch 
defines a unique direction—the outward-pointing normal to its sur- 
face. (Since the surface is closed, you can tell its inside from its out- 
side; there is no ambiguity.) Let this magnitude and direction be rep- 
resented by a vector. Then for every patch into which the surface has 
been divided, such as patch number j, we have a vector a; giving its 
area and orientation. The steps we have just taken are pictured in Fig. 
1.135 and c. Note that the vector a; does not depend at all on the shape 
of the patch; it doesn’t matter how we have divided up the surface, as 
long as the patches are small enough. 

Let E; be the electric field vector at the location of patch number 
j. The scalar product E; - a; is a number. We call this number the 
flux through that bit of surface. To understand the origin of the name, 


+By a singularity of the field we would ordinarily mean not only a point source where 
the field approaches infinity, but any place where the field changes magnitude or direc- 
tion discontinuously, such as an infinitesimally thin layer of concentrated charge. 
Actually this latter, milder, kind of singularity would cause no difficulty here unless 
our balloon’s surface were to coincide with the surface of discontinuity over some finite 
area. 
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FIGURE 1.13 

(a) A closed surface in a vector field is divided (b) into 
small elements of area. (c) Each element of area is 
represented by an outward vector. 
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FIGURE 1.14 

The flux through the frame of area ais v - a, where v 
is the velocity of the fluid. The flux is the volume of fluid 
passing through the frame, per unit time. 
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imagine a vector function which represents the velocity of motion in a 
fluid—say in a river, where the velocity varies from one place to 
another but is constant in time at any one position. Denote this vector 
field by v, measured, say, in meters/sec. Then, if a is the oriented area 
in square meters of a frame lowered into the water, v - a is the rate 
of flow of water through the frame in cubic meters per second (Fig. 
1.14). We must emphasize that our definition of flux is applicable to 
any vector function, whatever physical variable it may represent. 

Now let us add up the flux through all the patches to get the 
flux through the entire surface, a scalar quantity which we shall 
denote by ©: 


© = a E; - a; (16) 


Letting the patches become smaller and more numerous without limit, 
we pass from the sum in Eq. 16 to a surface integral: 


$ = i= E - da (17) 


surface 


A surface integral of any vector function F, over a surface S, means 
just this: Divide S into small patches, each represented by a vector 
outward, of magnitude equal to the patch area; at every patch, take 
the scalar product of the patch area vector and the local F; sum all 
these products, and the limit of this sum, as the patches shrink, is the 
surface integral. Do not be alarmed by the prospect of having to per- 
form such a calculation for an awkwardly shaped surface like the one 
in Fig. 1.13. The surprising property we are about to demonstrate 
makes that unnecessary! 


GAUSS’S LAW 
1.10 Take the simplest case imaginable; suppose the field is that of 
a single isolated positive point charge g and the surface is a sphere of 
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radius r centered on the point charge (Fig. 1.15). What is the flux ® 
through this surface? The answer is easy because the magnitude of E 
at every point on the surface is q/r? and its direction is the same as 
that of the outward normal at that point. So we have 


$ = E X total area = k X 4rr? = 4rq (18) 


The flux is independent of the size of the sphere. 

Now imagine a second surface, or balloon, enclosing the first, 
but not spherical, as in Fig. 1.16. We claim that the total flux through 
this surface is the same as that through the sphere. To see this, look 
at a cone, radiating from q, which cuts a small patch a out of the 
sphere and continues on to the outer surface where it cuts out a patch 
A at a distance R from the point charge. The area of the patch A is 
larger than that of the patch a by two factors: first, by the ratio of the 
distance squared (R/r)*; and second, owing to its inclination, by the 
factor |/cos 0. The angle 0 is the angle between the outward normal 
and the radial direction (see Fig. 1.16). The electric field in that neigh- 
borhood is reduced from its magnitude on the sphere by the factor 
(r/R) and is still radially directed. Letting E;x) be the field at the 
outer patch and E;p be the field at the sphere, we have 


Flux through outer patch = Ex - A = EA cosh (19) 
Flux through inner patch = E,,,- a = Ena 


2 
r R | 
ERA cos # = Ew R a pa one? cos # = Ena 


This proves that the flux through the two patches is the same. 

Now every patch on the outer surface can in this way be put into 
correspondence with part of the spherical surface, so the total flux 
must be the same through the two surfaces. That is, the flux through 
the new surface must be just 4mrq. But this was a surface of arbitrary 
shape and size.t We conclude: The flux of the electric field through 
any surface enclosing a point charge q is 4mq. As a corollary we can 
say that the total flux through a closed surface is zero if the charge 
lies outside the surface. We leave the proof of this to the reader, along 
with Fig. 1.17 as a hint of one possible line of argument. 

There is a way of looking at all this which makes the result seem 
obvious. Imagine at g a source which emits particles—such as bullets 
or photons—in all directions at a steady rate. Clearly the flux of par- 
ticles through a window of unit area will fall off with the inverse 
square of the window’s distance from g. Hence we can draw an anal- 
ogy between the electric field strength £ and the intensity of particle 


tTo be sure, we had the second surface enclosing the sphere, but it didn’t have to, 
really. Besides, the sphere can be taken as small as we please. 
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FIGURE 1.15 
In the field E of a point charge g, what is the outward 
flux over a sphere surrounding q? 
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FIGURE 1.16 
Showing that the flux through any closed surface 
qround q is the same as the flux through the sphere. 
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(a) 


(b) 


FIGURE 1.17 
To show that the flux through the closed surface in (a) 
is zero, you can make use of (b). 
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flow in bullets per unit area per unit time. It is pretty obvious that the 
flux of bullets through any surface completely surrouding q is inde- 
pendent of the size and shape of that surface, for it is just the total 
number emitted per unit time. Correspondingly, the flux of E through 
the closed surface must be independent of size and shape. The com- 
mon feature responsible for this is the inverse-square behavior of the 
intensity. 

The situation is now ripe for superposition! Any electric field is 
the sum of the fields of its individual sources. This property was 
expressed in our statement, Eq. 13, of Coulomb’s law. Clearly flux is 
an additive quantity in the same sense, for if we have a number of 
sources, q1, q2, ---, Gn, the fields of which, if each were present alone, 
wculd be E,, E>... , Ep, the flux ẹ through some surface S in the 
actual field can be written 


S S 


We have just learned that | E, - da equals 4rq, if the charge 
S 


g, is inside S and equals zero otherwise. So every charge q inside the 
surface contributes exactly 47g to the surface integral of Eq. 20 and 
all charges outside contribute nothing. We have arrived at Gauss’s 
law: 


The flux of the electric field E through any closed 


surface, that is, the integral ic - da over the sur- 


face, equals 4r times the total charge enclosed by 
the surface: 


(21) 


|E- da = ar Dg = 4 | pao 


We call the statement in the box a law because it is equivalent 
to Coulomb’s law and it could serve equally well as the basic law of 
electrostatic interactions, after charge and field have been defined. 
Gauss’s law and Coulomb’s law are not two independent physical laws, 
but the same law expressed in different ways.t 


tThere is one difference, inconsequential here, but relevant to our later study of the 
fields of moving charges. Gauss’ law is obeyed by a wider class of fields than those 
represented by the electrostatic field. In particular, a field that is inverse-square in r 
but not spherically symmetrical can satisfy Gauss’ law. In other words, Gauss’ law 
alone does not imply the symmetry of the field of a point source which is implicit in 
Coulomb’s law. 
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Looking back over our proof, we see that it hinged on the 
inverse-square nature of the interaction and of course on the additivity 
of interactions, or superposition. Thus the theorem is applicable to any 
inverse-square field in physics, for instance, to the gravitational field. 

It is easy to see that Gauss’s law would not hold if the law of 
force were, say, inverse-cube. For in that case the flux of electric field 
from a point charge q through a sphere of radius R centered on the 
charge would be 


q 4rq 
b= |E- da =£. are? = S 


(22) 
By making the sphere large enough we could make the flux through 
it as small as we pleased, while the total charge inside remained 
constant. 

This remarkable theorem enlarges our grasp in two ways. First, 
it reveals a connection between the field and its sources that is the 
converse of Coulomb’s law. Coulomb’s law tells us how to derive the 
electric field if the charges are given; with Gauss’s law we can deter- 
mine how much charge is in any region if the field is known. Second, 
the mathematical relation here demonstrated is a powerful analytic 
tool; it can make complicated problems easy, as we shall see. 


FIELD OF A SPHERICAL CHARGE DISTRIBUTION 

1.11 We can use Gauss’s law to find the electric field of a spheri- 
cally symmetrical distribution of charge, that is, a distribution in 
which the charge density p depends only on the radius from a central 
point. Figure 1.18 depicts a cross section through some such distri- 
bution. Here the charge density is high at the center, and is zero 
beyond rp. What is the electric field at some point such as P, outside 
the distribution, or P» inside it (Fig. 1.19)? If we could proceed only 
from Coulomb’s law, we should have to carry out an integration which 
would sum the electric field vectors at P, arising from each elementary 
volume in the charge distribution. Let’s try a different approach which 
exploits both the symmetry of the system and Gauss’s law. 

Because of the spherical symmetry, the electric field at any point 
must be radially directed—no other direction is unique. Likewise, the 
field magnitude E must be the same at all points on a spherical surface 
S, of radius r, for all such points are equivalent. Call this field mag- 
nitude E,. The flux through this surface S, is therefore simply 4mr7{E), 
and by Gauss’s law this must be equal to 4m times the charge enclosed 
by the surface. That is, 4ar7E, = 4r (charge inside S,) or 

E, = charge oo Sı (23) 


ri 


FIGURE 1.18 
A charge distribution with spherical symmetry 


FIGURE 1.19 
The electric field of a spherical charge distribution. 
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FIGURE 1.20 
The field is zero inside a spherical shell of charge. 
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Comparing this with the field of a point charge, we see that the 
field at all points on S, is the same as if all the charge within S, were 
concentrated at the center. The same statement applies to a sphere 
drawn inside the charge distribution. The field at any point on S, is 
the same as if all charge within S, were at the center, and all charge 
outside S, absent. Evidently the field inside a “hollow” spherical 
charge distribution is zero (Fig. 1.20). 

The same argument applied to the gravitational field would tell 
us that the earth, assuming it is spherically symmetrical in its mass 
distribution, attracts outside bodies as if its mass were concentrated 
at the center. That is a rather familiar statement. Anyone who is 
inclined to think the principle expresses an obvious property of the 
center of mass must be reminded that the theorem is not even true, in 
general, for other shapes. A perfect cube of uniform density does not 
attract external bodies as if its mass were concentrated at its geomet- 
rical center. 

Newton didn’t consider the theorem obvious. He needcd it as the 
keystone of his demonstration that the moon in its orbit around the 
earth and a falling body on the earth are responding to similar forces. 
The delay of nearly 20 years in the publication of Newton’s theory of 
gravitation was apparently due, in part at least, to the trouble he had 
in proving this theorem to his satisfaction. The proof he eventually 
devised and published in the Principia in 1686 (Book I, Section XII, 
Theorem XXXI) is a marvel of ingenuity in which, roughly speaking, 
a tricky volume integration is effected without the aid of the integral 
calculus as we know it. The proof is a good bit longer than our whole 
preceding discussion of Gauss’s law, and more intricately rcasoncd. 
You see, with all his mathematical resourcefulness and originality, 
Newton lacked Gauss’s theorem—a relation which, once it has been 
shown to us, seems so obvious as to be almost trivial. 


FIELD OF A LINE CHARGE 

1.12 A long, straight, charged wire, if we neglect its thickness, can 
be characterized by the amount of charge it carries per unit length. 
Let A, measured in esu/cm, denote this /inear charge density. What is 
the electric field of such a line charge, assumed infinitely long and with 
constant linear charge density A? We’ll do the problem in two ways, 
first by an integration starting from Coulomb’s law. 

To evaluate the field at the point P, shown in Fig. 1.21, we must 
add up the contributions from all segments of the line charge, one of 
which is indicated as a segment of length dx. The charge dq on this 
element is given by dq = à dx. Having oriented our x axis along the 
line charge, we may as well let the y axis pass through P, which is r 
cm from the nearest point on the line. It is a good idea to take advan- 
tage of symmetry at the outset. Obviously the electric field at P must 
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point in the y direction, so that E, and E. are both zero. The contri- 
bution of the charge dg to the y component of the electric field at P 
IS 


àd 
dE, = pe COS 0 = -o7 608 0 (24) 


where @ is the angle the vector field of dg makes with the y direction. 
The total y component is then 


2 A cos 6 
E, = | ae, = I. p? dx (25) 


It is convenient to use @ as the variable of integration. Since R = 
r/cos 0 and dx = R d@/cos 0, the integral becomes 


1/2 1/2 
E= | notea] cos 9 do = = (26) 
—n/2 r r J-x/2 r 
We see that the field of an infinitely long, uniformly dense line charge 
is proportional to the reciprocal of the distance from the line. Its direc- 
tion is of course radially outward if the line carries a positive charge, 
inward if negative. 
Gauss’ law leads directly to the same result. Surround a segment 


Nd 


FIGURE 1.21 
(a) The field at P is the vector sum of contributions 
from each element of the line charge. (b) Detail of (a) 
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FIGURE 1.22 
Using Gauss’ law to find the field of a line charge. 
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of the line charge with a closed circular cylinder of length L and radius 
r, as in Fig. 1.22, and consider the flux through this surface. As we 
have already noted, symmetry guarantees that the field is radial, so 
the flux through the ends of the “tin can” is zero. The flux through 
the cylindrical surface is simply the area, 2arL, times E, the field at 
the surface. On the other hand, the charge enclosed by the surface is 
just AL, so Gauss’s law gives us 2arLE, = 4rAL or 


_2 
r 


E, (27) 


in agreement with Eq. 26. 


FIELD OF AN INFINITE FLAT SHEET OF CHARGE 

1.13 Electric charge distributed smoothly in a thin sheet is called 
a surface charge distribution. Consider a flat sheet infinite in extent, 
with the constant surface charge density o. The electric field on either 
side of the sheet, whatever its magnitude may turn out to be, must 
surely point perpendicular to the plane of the sheet; there is no other 
unique direction in the system. Also because of symmetry, the field 
must have the same magnitude and the opposite direction at two 
points P and P’ equidistant from the sheet on opposite sides. With 
these facts established, Gauss’s law gives us at once the field intensity, 
as follows: Draw a cylinder, as in Fig. 1.23, with P on one side and P’ 
on the other, of cross-section area A. The outward flux is found only 
at the ends, so that if Ep denotes the magnitude of the field at P, and 
Ep. the magnitude of P’, the outward flux is AEp + AEp = 2AEp. 
The charge enclosed is oA. Hence 2AEp = 4A, or 


Ep = 2x0 (28) 


We see that the field strength is independent of r, the distance from 
the sheet. Equation 28 could have been derived more laboriously by 
calculating the vector sum of the contributions to the field at P from 
all the little elements of charge in the sheet. 

The field of an infinitely long line charge, we found, varies 
inversely as the distance from the line, while the field of an infinite 
sheet has the same strength at all distances. These are simple conse- 
quences of the fact that the field of a point charge varies as the inverse 
square of the distance. If that doesn’t yet seem compellingly obvious, 
look at it this way: Roughly speaking, the part of the line charge that 
is mainly responsible for the field at P, in Fig. 1.21, is the near part— 
the charge within a distance of order of magnitude r. If we lump all 
this together and forget the rest, we have a concentrated charge of 
magnitude q œ= Ar, which ought to produce a field proportional to 
q/r’, or \/r. In the case of the sheet, the amount of charge that is 
“effective,” in this sense, increases proportionally to r’ as we go out 
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o(esu/cm”) 


from the sheet, which just offsets the | Ir decrease in the field from 
any given element of charge. 


THE FORCE ON A LAYER OF CHARGE 

1.14 The sphere in Fig. 1.24 has a charge distributed over its sur- 
face with the uniform density ø, in esu/cm?. Inside the sphere, as we 
have already learned, the electric field of such a charge distribution is 
zero. Outside the sphere the field is Q/r’, where Q is the total charge 
on the sphere, equal to 4rrõo. Just outside the surface of the sphere 
the field strength is 4mo. Compare this with Eq. 28 and Fig. 1.23. In 
both cases Gauss’ law is obeyed: The change in E, from one side of 
the layer to the other, is equal to 47. 

What is the electrical force experienced by the charges that 
make up this distribution? The question may seem puzzling at first 
because the field E arises from these very charges. What we must 
think about is the force on some small element of charge dg, such as 
a small patch of area dA with charge dq = o dA. Consider, sepa- 
rately, the force on dq due to all the other charges in the distribution, 
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FIGURE 1.23 
Using Gauss’ law to find the field of an infinite flat sheet 
of charge. 


FIGURE 1.24 
A spherical surface with uniform charge density a. 
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FIGURE 1.25 


The net change in field at a charge layer depends only 


on the total charge per unit area. 
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and the force on the patch due to the charges within the patch itself. 
This latter force is surely zero. Coulomb repulsion between charges 
within the patch is just another example of Newton’s third law; the 
patch as a whole cannot push on itself. That simplifies our problem, 
for it allows us to use the entire electric field E, including the field due 
to all charges in the patch, in calculating the force dF on the patch of 
charge dq: 


dF = E dq = E o dA (29) 


But what E shall we use, the field E = 4rø outside the sphere or the 
field E = O inside? The correct answer, as we shall prove ina moment, 
is the average of the two fields. 


dF = 4(4n0 + 0) 0 dA = 2n0° dA (30) 


To justify this we shall consider a more general case, and one 
that will introduce a more realistic picture of a layer of surface charge. 
Real charge layers do not have zero thickness. Figure 1.25 shows some 
ways in which charge might be distributed through the thickness of a 
layer. In each example the value of ø, the total charge per unit area 
of layer, is the same. These might be cross sections through a small 
portion of the spherical surface in Fig. 1.24 on a scale such that the 
curvature is not noticeable. To make it more general, however, we 
have let the field on the left be E£, (rather than 0, as it was inside the 
sphere), with E; the field strength on the right. The condition imposed 
by Gauss’s law, for given ø, is in cach case 


E, — E, = 4ro (31) 


Now let us look carefully within the layer where the field is 
changing continuously from £, to E» and there is a volume charge 
density p(x) extending from x = 0 to x = xo, the thickness of the 
layer (Fig. 1.26). Consider a much thinner slab, of thickness dx « Xo, 
which contains per unit area an amount of charge p dx. The force on 
it is 

dF = Ep dx (32) 


Thus the total force per unit area of our charge layer is 
Xo 
F = | Ep dx (33) 
0 


But Gauss’s law tells us that dE, the change in E through the thin 
slab, is just 4rp dx. Hence p dx in Eq. 33 can be replaced by dE /4z, 
and the integral becomes 


1 f” 


4r Ey 


| , 
E dE = — (E$ — Ej) (34) 
87 
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Since E, — E, = 4m, the result in Eq. 34, after being factored, can 
be expressed as 


We have shown, as promised, that for given o the force per unit area 
on a charge layer is determined by the mean of the external field on 
one side and that on the other.f This is independent of the thickness 
of the layer, as long as it is small compared to the total area, and of 
the variation p(x) in charge density within the layer. 

The direction of the electrical force on an element of the charge 
on the sphere is, of course, outward whether the surface charge is pos- 
itive or negative. If the charges do not fly off the sphere, that outward 
force must be balanced by some inward force, not included in our 
equations, which can hold the charge carriers in place. To call such a 
force “‘nonelectrical” would be misleading, for electrical attractions 
and repulsions are the dominant forces in the structure of atoms and 
in the cohesion of matter generally. The difference is that these forces 
are effective only at short distances, from atom to atom, or from elec- 
tron to electron. Physics on that scale is a story of individual particles. 
Think of a charged rubber balloon, say, 10 cm in radius, with 20 esu 
of negative charge spread as uniformly as possible on its outer surface. 
It forms a surface charge of density e = 20/400a = 0.016 esu/cm”*. 
The resulting outward force, per cm* of surface charge, is 
2n0°, or 0.0016 dynes/cm*. In fact our charge consists of about 4 X 
10'° electrons attached to the rubber film. As there are about 30 mil- 
lion extra electrons per cm’, “graininess” in the charge distribution is 
hardly apparent. However, if we could look at one of these extra elec- 
trons, we would find it roughly 1074 cm—an enormous distance on an 
atomic scale—from its nearest neighbor. This electron would be stuck, 
electrically stuck, to a local molecule of rubber. The rubber molecule 
would be attached to adjacent rubber molecules, and so on. If you pull 
on the electron, the force is transmitted in this way to the whole piece 
of rubber. Unless, of course, you pull hard enough to tear the electron 
loose from the molecule to which it is attached. That would take an 
electric field many thousands of times stronger than the field in our 
example. 


ENERGY ASSOCIATED WITH THE ELECTRIC FIELD 

1.15 Suppose our spherical shell of charge is compressed slightly, 
from an initial radius of ro to a smaller radius, as in Fig. 1.27. This 
requires that work be done against the repulsive force, 270° dynes for 


tNote that this is not necessarily the same as the average field within the layer, a 
quantity of no special interest or significance. 
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FIGURE 1.26 
Within the charge layer of density p(x), E(x + dx) — 
E(x) = 4mp dx. 


FIGURE 1.27 
Shrinking a spherical shell or charged balloon. 
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each square centimeter of surface. The displacement being dr, the 
total work done is (4r r X(2ro° ) dr, or 8x°rg0" dr. This represents an 
increase in the energy required to assemble the system of charges, the 
energy U we talked about in Section 1.5: 


dU = 8x°rjo° dr (36) 


Notice how the electric field E has been changed. Within the shell of 
thickness dr the field was zero and is now 4a. Beyond rọ the field is 
unchanged. In effect we have created a field of strength E = 420 
filling a region of volume 4arg dr. We have done so by investing an 
amount of energy given by Eq. 36 which, if we substitute £/4a for 
g, can be written like this: 


pe 


dU = — 4rro dr (37) 

Si 

This is an instance of a general theorem which we shall not prove 

now: The potential energy U of a system of charges, which is the total 

work required to assemble the system, can be calculated from the elec- 

tric field itself simply by assigning an amount of energy (E*/8x) dv 

to every volume element dv and integrating over all space where there 
is electric field. 


| , 
U = -— I. Edo (38) 
ntire 


field 


E? is a scalar quantity, of course: E> = E - E. 

One may think of this energy as “stored” in the field. The system 
being conservative, that amount of energy can of course be recovered 
by allowing the charges to go apart; so it is nice to think of the energy 
as “being somewhere” meanwhile. Our accounting comes out right if 
we think of it as stored in space with a density of E?/8z, in ergs/cm’*. 
There is no harm in this, but in fact we have no way of identifying, 
quite independently of anything else, the cnergy stored in a particular 
cubic centimeter of space. Only the total energy is physically measur- 
able, that is, the work required to bring the charge into some config- 
uration, starting from some other configuration. Just as the concept of 
electric field serves in place of Coulomb’s law to explain the behavior 
of electric charges, so when we use Eq. 38 rather than Eq. 9 to express 
the total potential energy of an electrostatic system, we are mercly 
using a different kind of bookkeeping. Sometimes a change in view- 
point, even if it is at first only a change in bookkeeping, can stimulate 
new ideas and deeper understanding. The notion of the electric field 
as an independent entity will take form when we study the dynamical 
behavior of charged matter and electromagnetic radiation. 
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We run into trouble if we try to apply Eq. 38 to a system that 
contains a point charge, that is, a finite charge g of zero size. Locate 
q at the origin of the coordinates. Close to the origin E* will approach 
q’/r*. With dv = 4nr° dr, the integrand £E? dv will behave like dr/ 
r’, and our integral will blow up at the limit r = 0. That simply tells 
us that it would take infinite energy to pack finite charge into zero 
volume—which is true but not helpful. In the real world we deal with 
particles like electrons and protons. They are so small that for most 
purposes we can ignore their dimensions and think of them as point 
charges when we consider their electrical interaction with one another. 
How much energy it took to make such a particle is a question that 
goes beyond the range of classical electromagnetism. We have to 
regard the particles as supplied to us ready-made. The energy we are 
concerned with is the work done in moving them around. 

The distinction is usually clear. Consider two charged particles, 
a proton and a negative pion, for instance. Let E, be the electric field 
of the proton, E, that of the pion. The total field is E = E, + E,, 
and E- Eis £E} + E}? + 2E, - E,. According to Eq. 38 the total 
energy in the electric field of this two-particle system is 


l 
— | E dv 
Sar (39) 


l l l 
| fea — fed +f 
+ | p vto Z vt E, - E, dv 


The value of the first integral is a property of any isolated proton. It 
is a constant of nature which is not changed by moving the proton 
around. The same goes for the second integral, involving the pion’s 
electric field alone. It is the third integral that directly concerns us, 
for it expresses the energy required to assemble the system given a 
proton and a pion as constituents. 

The distinction could break down if the two particles interact so 
strongly that the electrical structure of one is distorted by the presence 
of the other. Knowing that both particles are in a sense composite (the 
proton consisting of three quarks, the pion of two), we might expect 
that to happen during a close approach. In fact, nothing much hap- 
pens down to a distance of 107"? cm. At shorter distances, for strongly 
interacting particles like the proton and the pion, nonelectrical forces 
dominate the scene anyway. 

That explains why we do not need to include “self-energy” terms 
like the first two integrals in Eq. 39 in our energy accounts for a sys- 
tem of elementary charged particles. Indeed, we want to omit them. 
We are doing just that, in effect, when we replace the actual distri- 
bution of discrete elementary charges (the electrons on the rubber bal- 
loon) by a perfectly continuous charge distribution. 
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PROBLEMS 


1.1 Inthe domain of elementary particles, a natural unit of mass is 
the mass of a nucleon, that is, a proton or a neutron, the basic massive 
building blocks of ordinary matter. Given the nucleon mass as 1.6 X 
107% gm and the gravitational constant G as 6.7 X 107° cm?/gm- 
sec’, compare the gravitational attraction of two protons with their 
electrostatic repulsion. This shows why we call gravitation a very weak 
force. The distance between the two protons in the helium nucleus 
could be at one instant as much as 107!" cm. How large is the force 
of electrical repulsion between two protons at that distance? Express 
it in newtons, and in pounds. Even stronger is the nuclear force that 
acts between any pair of hadrons (including neutrons and protons) 
when they are that close together. 


1.2 On the utterly unrealistic assumption that there are no other 
charged particles in the vicinity, at what distance below a proton 
would the upward force on an electron (electron mass ~ 107?’ gm) 
equal the electron’s weight? 


1.3 Two volley balls, mass 0.3 kilogram (kg) each, tethered by 
nylon strings and charged with an electrostatic generator, hang as 
shown in the diagram. What is the charge on each in coulombs, 
assuming the charges are equal? (Reminder: the weight of a I-kg 
mass on earth is 9.8 newtons, just as the weight of a 1-gm mass is 980 
dynes.) 


1.4 At each corner of a square is a particle with charge q. Fixed at 
the center of the square is a point charge of opposite sign, of magni- 
tude Q. What value must Q have to make the total force on each of 
the four particles zero? With Q set at that value, the system, in the 
absence of other forces, is in equilibrium. Do you think the equilib- 
rium is stable? 

Ans. Q = 0.957 . 


1.5 A thin plastic rod bent into a semicircle of radius R has a 
charge of Q, in esu, distributed uniformly over its length. Find the 
strength of the electric field at the center of the semicircle. 


1.6 Three positive charges, A, B, and C, of 3 X 107°, 2 X 107°, 
and 2 X 10-° coulombs, respectively, are located at the corners of an 
equilateral triangle of side 0.2 meter. 
(a) Find the magnitude in newtons of the force on each charge. 
(b) Find the magnitude in newtons/coulomb of the electric field 
at the center of the triangle. 
Ans. (a) 2.34 newtons on A, 1.96 newtons on B and C; 
(b) 6.74 X 10° newtons/coulomb. 
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1.7 Find a geometrical arrangement of one proton and two elec- 
trons such that the potential energy of the system is exactly zero. How 
many such arrangements are there with the three particles on the 
same straight line? 


1.8 Calculate the potential energy, per ion, for an infinite one- 
dimensional ionic crystal, that is, a row of equally spaced charges of 
magnitude e and alternating sign. [ Hint: The power-series expansion 
of In (1 + x) may be of use.] 


1.9 A spherical volume of radius a is filled with charge of uniform 
density pọ. We want to know the potential energy U of this sphere of 
charge, that is, the work done in assembling it. Calculate it by building 
the sphere up layer by layer, making use of the fact that the field 
outside a spherical distribution of charge is the same as if all the 
charge were at the center. Express the result in terms of the total 
charge Q in the sphere. 

Ans. U = %(Q?/a). 


1.10 At the beginning of the century the idea that the rest mass of 
the electron might have a purely electrical origin was very attractive, 
especially when the equivalence of energy and mass was revealed by 
special relativity. Imagine the electron as a ball of charge, of constant 
volume density out to some maximum radius rọ. Using the result of 
Problem 1.9, set the potential energy of this system equal to mc’ and 
see what you get for ro. One defect of the model is rather obvious: 
Nothing is provided to hold the charge together! 


1.11 A charge of 1 esu is at the origin. A charge of —2 esu is at x 
= ] on the x axis. 
(a) Find a point on the x axis where the electric field is zero. 
(b) Locate, at least approximately, a point on the y axis where 
the electric field is parallel to the x axis. [A calculator should help 
with (5). ] 


1.12 Another problem for your calculator: Two positive ions and 
one negative ion are fixed at the vertices of an equilateral triangle. 
Where can a fourth ion be placed so that the force on it will be zero? 
Is there more than one such place? 


1.13 The passage of a thundercloud overhead caused the vertical 
electric field strength in the atmosphere, measured at the ground, to 
rise to 0.1 statvolt/cm. 

(a) How much charge did the thundercloud contain, in esu per 
cm? of horizontal area? 

(b) Suppose there was enough water in the thundercloud in the 
form of 1-millimeter (mm)-diameter drops to make 0.25 cm of rain- 
fall, and that it was those drops which carried the charge. How large 
was the electric field strength at the surface of one of the drops? 
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1.14 A charge Q is distributed uniformly around a thin ring of 
radius b which lies in the xy plane with its center at the origin. Locate 
the point on the positive z axis where the electric field is strongest. 


1.15 Consider a spherical charge distribution which has a constant 
density p from r = 0 out tor = a and is zero beyond. Find the electric 
field for all values of r, both less than and greater than a. Is there a 
discontinuous change in the field as we pass the surface of the charge 
distribution at r = a? Is there a discontinuous change at r = 0? 


1.16 The sphere of radius a was filled with positive charge at uni- 
form density p. Then a smaller sphere of radius a/2 was carved out, 
as shown in the figure, and left empty. What are the direction and 
magnitude of the electric field at A? At B? 


1.17 (a) A point charge q is located at the center of a cube of edge 
length d. What is the value of fE - da over one face of the cube? 


(b) The charge q is moved to one corner of the cube. What is 
now the value of the flux of E through each of the faces of the cube? 


1.18 Two infinite plane sheets of surface charge, of density o = 6 
esu/cm’ and o = — 4 esu/cm’, are located 2 cm apart, parallel to one 
another. Discuss the electric field of this system. Now suppose the two 
planes, instead of being parallel, intersect at right angles. Show what 
the field is like in each of the four regions into which space is thereby 
divided. 


1.19 An infinite plane has a uniform surface charge distribution o 
on its surface. Adjacent to it is an infinite parallel layer of charge of 
thickness d and uniform volume charge density p. All charges are 
fixed. Find E everywhere. 


1.20 Consider a distribution of charge in the form of a circular cyl- 
inder, like a long charged pipe. Prove that the field inside the pipe is 
zero. Prove that the field outside is the same as if the charge were all 
on the axis. Is either statement true for a pipe of square cross section 
on which the charge is distributed with uniform surface density? 


1.21 The neutral hydrogen atom in its normal state behaves in 
some respects like an electric charge distribution which consists of a 
point charge of magnitude e surrounded by a distribution of negative 
charge whose density is given by —p(r) = Ce’. Here ay is the 
Bohr radius, 0.53 X 107% cm, and C is a constant with the value 
required to make the total amount of negative charge exactly e. What 
is the net electric charge inside a sphere of radius aj? What is the 
electric field strength at this distance from the nucleus? 


1.22 Consider three plane charged sheets, A, B, and C. The sheets 
are parallel with B below A and C below B. On each sheet there is 
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surface charge of uniform density: —4 esu/cm’ on A, 7 esu/cm” on 
B, and —3 csu/cm? on C. (The density given includes charge on both 
sides of the sheet.) What is the magnitude of the electrical force on 
cach sheet, in dynes/cm*? Check to see that the total force on the 
three sheets is zero. 

Ans. 32r dynes/cm* on A; 14r dynes/cm? on B; 18a dynes/cm* on C. 


1.23 A sphere of radius R has a charge Q distributed uniformly 
over its surface. How large a sphere contains 90 percent of the cnergy 
stored in the electrostatic field of this charge distribution? 

Ans. Radius: 10R. 


1.24 A thin rod 10cm long carries a total charge of 8 esu uniformly 
distributed along its length. Find the strength of the electric ficld at 
each of the two points A and B located as shown in the diagram. 


1.25 The relation in Eq. 27 expressed in SI units becomes 
1 2a 

7 4treg F 
with r in meters, \ in coulombs/meter, and F in newtons/coulomb. 
Consider a high-voltage direct current power line which consists of 
two parallel conductors suspended 3 meters apart. The lines are oppo- 
sitely charged. If the electric field strength halfway between them is 
15,000 newtons/coulomb, how much excess positive charge resides on 
a l-km length of the positive conductor? 


Ans. 6.26 X 10°47 coulomb. 


1.26 Two long, thin parallel rods, a distance 25 apart, are joined 
by a semicircular piece of radius b, as shown. Charge of uniform linear 
density A is deposited along the whole filament. Show that the field E 
of this charge distribution vanishes at the point C. Do this by com- 
paring the contribution of the clement at A to that of the element at 
B which is defined by the same values of 0 and d0. 


1.27 An infinite chessboard with squares of side s has a charge e 
at the center of every white square and a charge —e at the center of 
every black square. We arc interested in the work W required to trans- 
port one charge from its position on the board to an infinite distance 
from the board, along a path perpendicular to the plane of the board. 
Given that W is finite (which ts plausible but not so easy to prove), do 
you think it is positive or negative? To calculate an approximate value 
for W, consider removing the charge from the central square of a 7 X 
7 board. (Only 9 different terms are involved in that sum.) Or write a 
program and compute the work to remove the central charge from a 
much larger array, for instance a 101 X 101 board. Comparing the 
result for the 101 X 101 board with that for a 99 X 99 board, and 
fora 103 X 103 board, should give some idea of the rate of conver- 
gence toward the value for the infinite array. 
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1.28 Three protons and three electrons are to be placed at the ver- 
tices of a regular octahedron of edge length a. We want to find the 
energy of the system, that is, the work required to assemble it starting 
with the particles very far apart. There are two essentially different 
arrangements. What is the energy of each? 

Ans. —3.879e?/a; —2.121e?/a. 


1.29 The figure shows a spherical shell of charge, of radius a and 
surface density o, from which a small circular piece of radius b « a 
has been removed. What is the direction and magnitude of the field 
at the midpoint of the aperture? There are two ways to get the answer. 
You can integrate over the remaining charge distribution to sum the 
contributions of all elements to the field at the point in question. Or, 
remembering the superposition principle, you can think about the 
effect of replacing the piece removed, which itself is practically a little 
disk. Note the connection of this result with our discussion of the force 
on a surface charge—perhaps that is a third way in which you might 
arrive at the answer. 


1.30 Concentric spherical shells of radius a and b, with b > a, 
carry charge Q and —Q, respectively, each charge uniformly distrib- 
uted. Find the energy stored in the electric field of this system. 


1.31 Like the charged rubber balloon described on page 31, a 
charged soap bubble experiences an outward electrical force on every 
bit of its surface. Given the total charge Q on a bubble of radius R, 
what is the magnitude of the resultant force tending to pull any hem- 
ispherical half of the bubble away from the other half? (Should this 
force divided by 2r R exceed the surface tension of the soap film inter- 


esting behavior might be expected!) 
Ans. Q?/8R?. 


1.32 Suppose three positively charged particles are constrained to 
move on a fixed circular track. If the charges were all equal, an equi- 
librium arrangement would obviously be a symmetrical one with the 
particles spaced 120° apart around the circle. Suppose that two of the 
charges are equal and the equilibrium arrangement is such that these 
two charges are 90° apart rather than 120°. What is the relative mag- 


nitude of the third charge? 
Ans. 3.154. 


1.33 Imagine a sphere of radius a filled with negative charge of 
uniform density, the total charge being equivalent to that of two elec- 
trons. Imbed in this jelly of negative charge two protons and assume 
that in spite of their presence the negative charge distribution remains 
uniform. Where must the protons be located so that the force on each 
of them is zero? (This is a surprisingly realistic caricature of a hydro- 
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gen molecule; the magic that keeps the electron cloud in the molecule 
from collapsing around the protons is explained by quantum 
mechanics!) 


1.34 Four positively charged bodies, two with charge Q and two 
with charge g, are connected by four unstretchable strings of equal 
length. In the absence of external forces they assume the equilibrium 
configuration shown in the diagram. Show that tan? 6 = q*/Q’. This 
can be done in two ways. You could show that this relation must hold 
if the total force on each body, the vector sum of string tension and 
electrical repulsion, is zero. Or you could write out the expression for 
the energy U of the assembly (like Eq. 7 but for four charges instead 
of three) and minimize it. 


1.35 Consider the electric field of two protons b cm apart. Accord- 
ing to Eq. 1.38 (which we stated but did not prove) the potential 
energy of the system ought to be given by 


l l 
— E? dv = = | (Œ, + By)? du 
ST BT 


l l l 
E [Eav t E [Edot E |E E do 
Sar Sa 4r 


where E, is the field of one particle alone and E, that of the other. 
The first of the three integrals on the right might be called the “elec- 
trical self-energy” of one proton; an intrinsic property of the particle, 
it depends on the proton’s size and structure. We have always disre- 
garded it in reckoning the potential energy of a system of charges, on 
the assumption that it remains constant; the same goes for the second 
integral. The third integral involves the distance between the charges. 
The third integral is not hard to evaluate if you set it up in spherical 
polar coordinates with one of the protons at the origin and the other 
on the polar axis, and perform the integration over r first. Thus, by 
direct calculation, you can show that the third integral has the value 
e*/b, which we already know to be the work required to bring the two 
protons in from an infinite distance to positions a distance b apart. So 
you will have proved the correctness of Eq. 38 for this case, and by 
invoking superposition you can argue that Eq. 38 must then give the 
energy required to assemble any system of charges. 
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Showing the division of the path into path elements ds. 


CHAPTER TWO 


LINE INTEGRAL OF THE ELECTRIC FIELD 
2.1 Suppose that E is the field of some stationary distribution of 


electric charges. Let P, and P, denote two points anywhere in the field. 
P> 


The line integral of E between the two points is | E - ds, 


Pi 

taken along some path that runs from P, to P», as in Fig. 2.1. This 
means: Divide the chosen path into short segments, each segment 
being represented by a vector connecting its ends; take the scalar prod- 
uct of the path-segment vector with the field E at that place; add these 
products up for the whole path. The integral as usual is to be regarded 
as the limit of this sum as the segments are made shorter and more 
numerous without limit. 

Let’s consider the field of a point charge q and some paths run- 
ning from point P, to point P» in that field. Two different paths are 
shown in Fig. 2.2. It is easy to compute the line integral of E along 
path A, which is made up of a radial segment running outward from 
P, and an arc of radius r. Along the radial segment of path A, E and 
ds are parallel, the magnitude of E is g/r’, and E - ds is simply 
(q/r°) ds. Thus the line integral on that segment is 


n qdr l l 
| e ee ee (1) 

ry r Fi Fa 
The second leg of path A, the circular segment, gives zero because E 
is perpendicular to ds everywhere on that arc. The entire line integral 


is therefore 
Pe | | 
| E- ds = (4-1) (2) 
Pi F) rs 


Now look at path B. Because E is radial with magnitude q/r’, 
E - ds = (q/r’) dr even when ds is not radially oriented. The corre- 
sponding pieces of path A and path B indicated in the diagram make 
identical contributions to the integral. The part of path B that loops 
beyond r makes a net contribution of zero; contributions from cor- 
responding outgoing and incoming parts cancel. For the entire line 
integral, path B will give the same result as path A. As there is nothing 
special about path B, Eq. 1 must hold for any path running from P, 
to P3. 

Here we have essentially repeated, in different language, the 
argument in Section 1.5, illustrated in Fig. 1.5, concerning the work 
done in moving one point charge near another. But now we arc inter- 
ested in the total electric field produced by any distribution of charges. 
One more step will bring us to an important conclusion. The line inte- 
gral of the sum of fields equals the sum of the line integrals of the 
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fields calculated separately. Or, stated more carefully, if E = E, + 
E» Tai then 


P2 P2 P2 
E-ds= | E-ds + | F,-ds+::-: (3) 
Pi P| Py 

where the same path is used for all the integrations. Now any electro- 
static field can be regarded as the sum of a number (possibly enor- 
mous) of point-charge fields, as expressed in Eq. 1.14 or 1.15. There- 
fore if the line integral from P, to P, is independent of path for each 
of the point-charge fields E;, E2, . . . , the total field E must have this 


property: 


P) 
The line integral E - ds for any electrostatic 
pi (4) 


field E has the same value for all paths from P, to 
P, 
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FIGURE 2.2 

The electric field E is that of a positive point charge q. 
The line integral of E from P, to P, along path A has 
the value g(1/r,; — 1/r2). It will have exactly the same 
value if calculated for path B, or for any other path 
from P, to Po. 
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The points P, and P, may coincide. In that case the paths are 
all closed curves, among them paths of vanishing length. This leads to 
the corollary: 


The line integral | E - ds around any closed path 


in an electrostatic field is zero 


By electrostatic field is meant, strictly speaking, the electric field 
of stationary charges. Later on, we shall encounter electric fields in 
which the line integral is not path-independent. Those fields will usu- 
ally be associated with rapidly moving charges. For our present pur- 
poses we can say that, if the source charges are moving slowly enough, 


the field E will be such that | E - ds is practically path-independent. 
Of course, if E itself is varying in time, the E in Je - ds must be 


understood as the field that exists over the whole path at a given 
instant of time. With that understanding we can talk meaningfully 
about the line integral in a changing electrostatic field. 


POTENTIAL DIFFERENCE AND 
THE POTENTIAL FUNCTION 
2.2 Because the line integral in the electrostatic field is path-inde- 
pendent, we can use it to define a scalar quantity %21, without speci- 
fying any particular path: 

P2 


ĝa = — E - ds (6) 
P| 
Thus >, is the work per unit charge done in moving a positive charge 
from P; to P in the field E. Thus ¢2, is a single-valued scalar function 
of the two positions P, and P. We call it the electric potential differ- 
ence between the two points. 

In our CGS system of units, potential difference is measured in 
erg/esu. This unit has a name of its own, the statvolt (“stat” comes 
from “‘electrostatic’’). The volt is the unit of potential difference in SI 
units, the system in which the coulomb is the unit of charge and the 
joule the unit of energy. One joule (10’ ergs) of work is required to 
move a charge of one coulomb through a potential difference of one 
volt. The exact relations between CGS and SI electrical units are 
given in Appendix E, taking into account the very recent official redef- 
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inition of the meter in terms of the speed of light. Those exact relations 
need not concern us now. Two approximate relations are all we shall 
usually need: One coulomb is equivalent to 3 X 10° esu. One volt is 
equivalent to %o statvolt. These are accurate to better than 0.1 per- 
cent, thanks to the accident that c is that close to 3 X 10° meters /sec. 

Suppose we hold P, fixed at some reference position. Then ¢», 
becomes a function of P, only, that is, a function of the spatial coor- 
dinates x, y, z. We can write it simply ¢(x, y, z), without the sub- 
script, if we remember that its definition still involves agreement on a 
reference point P,. We can say that ¢ is the potential associated with 
the vector field E. It is a scalar function of position, or a scalar field 
(they mean the same thing). Its value at a point is simply a number 
(in units of work per unit charge) and has no direction associated with 
it. Once the vector field E is given, the potential function ¢ is deter- 
mined, except for an arbitrary additive constant allowed by the arbi- 
trariness in our choice of P}. 

As an example, let us find the potential associated with the elec- 
tric field described in Fig. 2.3, the components of which are: FE, = Ky, 
E, = Kx, E, = 0, with K a constant. This is a possible electrostatic 
field. Some field lines are shown. Since E. = 0, the potential will be 
independent of z and we need consider only the xy plane. Let xı, yı 
be the coordinates of P,, and x», y the coordinates of P}. It is conve- 


nient to locate P, at the origin: x; = 0, yı = 0. To evaluate — | E- 


ds from this reference point to a general point (x2, y2) it is easiest to 
use a path like the dotted path ABC in Fig. 2.3. 


(x2,y2) 


¢(X2, Y2) = — | E - ds 


(0.0) 
(2,0) (x2,y2) 
-- Í E. dx — | E, dy (7) 
( ( 


0,0) x2,0) 


The first of the two integrals on the right is zero because E, is zero 
along the x axis. The second integration is carried out at constant x, 
with E; E Kx3: 


(X2,¥2) y2 

— | E, dy = — | Kx, dy = —Kxy2 (8) 
(x2,0) 0 

There was nothing special about the point (x2, y2) so we can drop the 

subscripts: 


@ = —Kxy (9) 


for the potential at any point (x, y) in this field, with zero potential at 
the origin. Any constant could be added to this. That would only mean 
that the reference point to which zero potential is assigned had been 
located somewhere else. 


—— me am om am m oe oe ee 
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FIGURE 2.3 
(a) A particular path, ABC, in the electric field E, 
Ky, E, = Kx. Some field lines are shown. 
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We must be careful not to confuse the potential @ associated 
with a given field E with the potential energy of a system of charges. 
The potential energy of a system of charges is the total work required 
to assemble it, starting with all the charges far apart. In Eq. 1.8, for 
example, we expressed U, the potential energy of the charge system 
in Fig. 1.6. The electric potential ¢(x, y, z) associated with the field 
in Fig. 1.6 would be the work per unit charge required to move a unit 
positive test charge from some chosen reference point to the point (x, 
y, z) in the field of that structure of eight charges. 


GRADIENT OF A SCALAR FUNCTION 
2.3 Given the electric field, we can find the electric potential func- 
tion. But we can also proceed in the other direction; from the potential 
we can derive the field. It appears from Eq. 6 that the field is in some 
sense the derivative of the potential function. To make this idea pre- 
cise we introduce the gradient of a scalar function of position. Let f (x, 
y, z) be some continuous, differentiable function of the coordinates. 
With its partial derivatives 0f/0x, ðf/ĉy, and ðf/ðz we can construct 
at every point in space a vector, the vector whose x, y, z components 
are equal to the respective partial derivatives.t This vector we call the 
gradient of f, written “grad f,” or Vf. 
of YS YS 

VERA TYG az (10) 
Vf is a vector that tells how the function f varies in the neighborhood 
of a point. Its x component is the partial derivative of f with respect 
to x, a measure of the rate of change of fas we move in the x direction. 
The direction of the vector Vf at any point is the direction in which 
One must move from that point to find the most rapid increase in the 
function f. Suppose we were dealing with a function of two variables 
only, x and y, so that the function could be represented by a surface 
in three dimensions. Standing on that surface at some point, we see 
the surface rising in some direction, sloping downward in the opposite 
direction. There is a direction in which a short step will take us higher 
than a step of the same length in any other direction. The gradient of 


+We remind the reader that a partial derivative with respect to x, of a function of x, 
y, Z, written simply 0f/0x, means the rate of change of the function with respect to x 
with the other variables y and z held constant. More precisely, 

of f(x + Ax, y, z) — f (x, y, 2) 


— = lim 
Ox Ax—0 Ax 


As an example, if f = xyz’, 


of 


ð 
ay 2xyz? Z- x?z = = 3x?yz 
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f(x,y) 


(xy) Direction of | 
steepest slope, 


the function is a vector in that direction of steepest ascent, and its 
magnitude is the slope measured in that direction. 

Figure 2.4 may help you to visualize this. Suppose some partic- 
ular function of two coordinates x and y is represented by the surface 
f(x, y) sketched in Fig. 2.4a. At the location (xı, yı) the surface rises 
most steeply in a direction that makes an angle of about 80° with the 
positive x direction. The gradient of f(x, y), Vf, is a vector function 
of x and y. Its character is suggested in Fig. 2.46 by a number of 
vectors at various points in the two-dimensional space, including the 
point (x), yı). The vector function Vf defined in Eq. 10 is simply an 
extension of this idea to three-dimensional space. [Be careful not to 
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FIGURE 2.4 

The scalar function f(x, y) is represented by the surface 
in (a). The arrows in (b) represent the vector function, 
grad f. 
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FIGURE 2.5 
The shortest step for a given change in f is the radial 
step AB, if fis a function of r only. 
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confuse Fig. 2.4a with real three-dimensional xyz space; the third 
coordinate there is the value of the function f (x, y).] 

As one example of a function in three-dimensional space, sup- 
pose f is a function of r only, where r is the distance from some fixed 
point O. On a sphere of radius rọ centered about O, f = f (ro) is con- 
stant. On a slightly larger sphere of radius ro + dr it is also constant, 
with the value f = f (rọ + dr). If we want to make the change from 
f(r) tof (ro + dr), the shortest step we can make is to go radially (as 
from A to B) rather than from A to C, in Fig. 2.5. The “slope” of f is 
thus greatest in the radial direction, so Vf at any point is a radially 
pointing vector. In fact Vf = f (df/dr) in this case, f denoting, for 
any point, a unit vector in the radial direction. 


DERIVATION OF THE FIELD FROM THE POTENTIAL 
2.4 It is now easy to see that the relation of the scalar function f to 
the vector function Vf is the same, except for a minus sign, as the 
relation of the potential ọ to the field E. Consider the value of » at 
two nearby points, (x, y, z) and (x + dx, y + dy, z + dz). The 
change in », going from the first point to the second, is in first-order 
approximation 

do = dx + ÎE dy + ÎE az (11) 

Ox Oy Oz 

On the other hand, from the definition of y, the change can also be 
expressed as 


dp = —E-: ds (12) 


The infinitesimal vector displacement ds is just kX dx + 9 dy + ĉ dz. 
Thus if we identify E with — Vg, Eqs. 11 and 12 become identical. 
So the electric field is the negative of the gradient of the potential: 


E = —Vo (13) 


The minus sign came in because the electric field points from a region 
of positive potential toward a region of negative potential, whereas the 
vector Vo is defined so that it points in the direction of increasing ¢. 

To show how this works, we go back to the example of the field 
in Fig. 2.3. From the potential given by Eq. 9, ¢ = — Kxy, we can 
recover the electric field we started with: 


E 


— V(— Kxy) 
— E KA + 52 (— Kxy) = K(Xy + 9x) (14) 
Ox Oy 
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POTENTIAL OF A CHARGE DISTRIBUTION 

2.5 We already know the potential that goes with a single point 
charge, because we calculated the work required to bring one charge 
into the neighborhood of another in Eq. 3 of Chapter 1. The potential 
at any point, in the field of an isolated point charge q, is just q/r, 
where r is the distance from the point in question to the source q, and 
where we have assigned zero potential to points infinitely far from the 
source. 

Superposition must work for potentials as well as fields. If we 
have several sources, the potential function is simply the sum of the 
potential functions that we would have for each of the sources present 
alone—providing we make a consistent assignment of the zero of 
potential in each case. If all the sources are contained in some finite 
region, it is always possible, and usually the simplest choice, to put 
zero potential at infinite distance. If we adopt this rule, the potential 
of any charge distribution can be specified by the integral: 


p(x’, y’, 2’) dx’ dy’ dz’ 
cee a | p(x’, y’, z’) dx! dy’ dz’ 


All r 
sources 


(15) 


where r is the distance from the volume element dx’ dy’ dz’ to the 
point (x, y, z) at which the potential is being evaluated (Fig. 2.6). 
That is, r = [(x — x)? + (y — yY + (z — 2)’]'””. Notice the 
difference between this and the integral giving the electric field of a 
charge distribution (Eq. 15 of Chapter 1). Here we have r in the 
denominator, not r, and the integral is a scalar not a vector. From the 
scalar potential function (x, y, z) we can always find the electric field 
by taking the negative gradient of y, according to Eq. 13. 


Potential of two point charges. Consider a very simple 
example, the potential of the two point charges shown in Fig. 2.7. A 
positive charge of 12 esu is located 3 cm away from a negative charge, 
—6 esu. The potential at any point in space is the sum of the potentials 
due to each charge alone. The potentials for some selected points in 
space are given in the diagram. No vector addition is involved here, 
only the algebraic addition of scalar quantities. For instance, at the 
point on the far right which is 6 cm from the positive charge and 5 
cm from the negative charge, the potential has the value '% + 
(—%) = 0.8. The unit here comes out esu/cm, which is the same as 
erg/esu, or statvolts. The potential approaches zero at infinite dis- 
tance. It would take 0.8 erg of work to bring a unit positive charge in 
from infinity to a point where » = 0.8 statvolt. Note that two of the 
points shown on the diagram have y = 0. The net work done in bring- 
ing in any charge to one of these points would be zero. You can see 
that there must be an infinite number of such points, forming a surface 
in space surrounding the negative charge. In fact the locus of points 
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FIGURE 2.6 

Each element of the charge distribution p (x’, y’, z’) 
contributes to the potential at the point (x, y, z). The 
potential at this point is the sum of all such 
contributions (Eq. 15). 


“Field” point 
(x,y,z) 
ee | 
dx',dy',dz 


ae 


50 


FIGURE 2.7 

The electric potential @ at various points in a system of 
two point charges. œ goes to zero at infinite distance. @ 
is given in units of statvolts, or ergs per unit charge. 
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Charge 
+ 12 esu 


with any particular value of »~ is a surface—an equipotential sur- 
face—which would show on our two-dimensional diagram as a curve. 


Potential of a long charged wire. There is one restriction on 
the use of Eq. 15: It may not work unless all sources are confined to 
some finite region of space. A simple example of the difficulty that 
arises with charges distributed out to infinite distance is found in the 
long charged wire whose field E we studied in Section 1.12. If we 
attempt to carry out the integration over the charge distribution indi- 
cated in Eq. 15, we find that the integral diverges—we get an infinite 
result. No such difficulty arose in finding the electric field of the infi- 
nitely long wire, because the contributions of elements of the line 
charge to the field decrease so rapidly with distance. Evidently we had 
better locate the zero of potential somewhere close to home, in a sys- 
tem which has charges distributed out to infinity. Then it is simply a 
matter of calculating the difference in potential y2,, between the gen- 
eral point (x, y, z) and the selected reference point, using the funda- 
mental relation, Eq. 6. 

To see how this goes in the case of the infinitely long charged 
wire, let us arbitrarily locate the reference point P, at a distance r; 
from the wire. Then to carry a charge from P, to any other point P, 
at distance r, requires the work per unit charge 


” 2 (2d 
en = — | E-ds=— | 2) ar 
P| r] r 


— 2A In ro + 2d In F] (16) 
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This shows that the electrical potential for the charged wire can be 
taken as 


yg = —2) In r + const (17) 


The constant, 2A In r; in this case, has no effect when we take 
—grad y to get back to the field E. In this case 


—Vp = -f— = — (18) 


UNIFORMLY CHARGED DISK 

2.6 Let us study, as a concrete example, the electric potential and 
field around a uniformly charged disk. This is a charge distribution 
like that discussed in Section 1.13, except that it has a limited extent. 
The flat disk of radius a in Fig. 2.8 carries a positive charge spread 
over its surface with the constant density ø, in esu/cm?. (This is a 
single sheet of charge of infinitesimal thickness, not two layers 
of charge, one on each side. That is, the total charge in the system is 
rao.) We shall often meet surface charge distributions in the future, 
especially on metallic conductors. However, the object just described 
is not a conductor; if it were, as we shall soon see, the charge could 
not remain uniformly distributed but would redistribute itself, crowd- 
ing more toward the rim of the disk. What we have is an insulating 
disk, like a sheet of plastic, upon which charge has been “sprayed” so 
that every square centimeter of the disk has received, and holds fixed, 
the same amount of charge. 

As a start, let’s find the potential at some point P, on the axis of 
symmetry, which we have made the y axis. All charge elements in a 
thin, ring-shaped segment of the disk lie at the same distance from P}. 
If s denotes the radius of such an annular segment and ds is its width, 
its area is 27s ds. The amount of charge it contains, dq, is therefore 
dq = o 2rs ds. All parts of this ring are the same distance away from 
P,, namely, r = Vy? + s*, so the contribution of the ring to the 
potential at P; is dqg/r, or 2ros ds/ Vy? + s?. To get the potential 
due to the whole disk, we have to integrate over all such rings: 


TES “ 2mos ds 
r T Jo VF S 


S=a 


270 [vy + =| (19) 


s= 


(0, y, 0) 


The integral happened to be an elementary one; on substituting u = 
y? + £ it takes the form | u~'/? du. Putting in the limits, we obtain 
(0, y,0) = 2ro (Vy? + &@ — y) fory>O (20) 


FIGURE 2.8 
Finding the potential at a point P, on the axis of a 
uniformly charged disk. 
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FIGURE 2.9 


A graph of the potential on the axis. The dashed curve 
is the potential of a point charge q = maĉo. 
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A minor point deserves a comment: The result we have written 
down in Eq. 20 holds for all points on the positive y axis. It is obvious 
from the physical symmetry of the system (there is no difference 
between one face of the disk and the other) that the potential must 
have the same value for negative and positive y, and this is reflected 
in Eq. 19, where only y? appears. But in writing Eq. 20 we made a 
choice of sign in taking the square root of y°, with the consequence 
that it holds only for positive y. The correct expression for y < 0 is 
obtained by the other choice of root and is 


v(0, y, 0) = 2ro( Vy? + a? + y) fory <0 (21) 


In view of this, we should not be surprised to find a singularity in (0, 
y, 0) at y = O. Indeed, the function has an abrupt change of slope 
there, as we see in Fig. 2.9, where we have plotted as a function of y 
the potential on the axis. The potential at the center of the disk is » 
(0, 0, 0) = 20a. That much work would be required to bring a unit 
positive charge in from infinity, by any route, and leave it sitting at 
the center of the disk. 

The behavior of (0, y, 0) for very large y is interesting. For y 
>> a we can approximate Eq. 20 as follows: 


1/2 
VF Fea yay |[1 +) -1| 


(22) 
2 2 
baei 
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Hence 
Ta? 
(0, y, 0) = — fr y >a (23) 
y 


Now za’o is the total charge q on the disk, and Eq. 23 is just the 
expression for the potential due to a point charge of this magnitude. 
As we should expect, at a considerable distance from the disk (relative 
to its diameter), it doesn’t matter much how the charge is shaped; only 
the total charge matters, in first approximation. In Fig. 2.9 we have 
drawn, as a dotted curve, the function Tao) y. You can see that the 
axial potential function approaches its asymptotic form pretty quickly. 

It is not quite so easy to derive the potential for general points 
away from the axis of symmetry, because the definite integral isn’t so 
simple. It proves to be something called an elliptic integral. These 
functions are well-known and tabulated, but there is no point in pur- 
suing here mathematical details peculiar to a special problem. One 
further calculation, which is easy enough, may be instructive. We can 
find the potential at a point on the very edge of the disk, such as P, in 
Fig. 2.10. 

To calculate the potential at P, we can consider first the thin 
wedge of length R and angular width dé in Fig. 2.10. An element of 
the wedge, the black patch at distance r from P}, contains an amount 
of charge or dé dr. Its contribution to the potential at P, is therefore 


R 
just o d0 dr. The contribution of the entire wedge is then o dé | dr 
0 


= oR dé. Now R is 2a cos 6 from the geometry of the right triangle, 
and the whole disk is swept out as 0 ranges from —2/2 to w/2. Thus 
we find the potential at P): 


w/2 
o= |. 20a cos 6 dé = 40a (24) 
wf2 

Comparing this with 20a, the potential at the center of the 
disk, we see that, as we should expect, the potential falls off from the 
center to the edge of the disk. The electric field, therefore, must have 
an outward component in the plane of the disk. That is why we 
remarked earlier that the charge, if free to move, would redistribute 
itself toward the rim. To put it another way, our uniformly charged 
disk is not a surface of constant potential, which any conducting sur- 
face must be unless charge is moving. f 

The electric field on the symmetry axis can be computed directly 
from the potential function: 


ð d 
E, = — Æ = — —2n0( Vy + æ — y) (25) 
dy dy 


tThe fact that conducting surfaces have to be equipotentials will be discussed thor- 
oughly in Chapter 3. 


FIGURE 2.10 
Finding the potential at a point P> on the rim of a 
uniformly charged disk. 
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FIGURE 2.11 
(Facing page.) The electric field of the uniformly 
charged disk. Solid curves are field lines. Dashed 


curves are intersections, with the plane of the figure, 


of surfaces of constant potential. 


CHAPTER TWO 


giving 
_ y 
E, = no | 1 - y>0 (26) 


(To be sure, it is not hard to compute E, directly from the charge 
distribution, for points on the axis.) 

As y approaches zero from the positive side, Æ, approaches 
2ro. On the negative y side of the disk, which we shall call the back, 
E points in the other direction and its y component E, is —2rø. This 
is the same as the field of an infinite sheet of charge of density ø, 
derived in Section 1.13. It ought to be, for at points close to the center 
of the disk, the presence or absence of charge out beyond the rim can’t 
make much difference. In other words, any sheet looks infinite if 
viewed from close up. Indeed, £, has the value 270 not only at the 
center but all over the disk. 

In Fig. 2.11 we show some field lines for this system and also, 
plotted as dashed curves, the intersections on the yz plane of the sur- 
faces of constant potential. Near the center of the disk these are lens- 
like surfaces, while at distances much greater than a they approach 
the spherical form of equipotential surfaces around a point charge. 

Figure 2.11 illustrates a general property of field lines and equi- 
potential surfaces. A field line through any point and the equipotential 
surface through that point are perpendicular to one another, just as, 
on a contour map of hilly terrain, the slope is steepest at right angles 
to a contour of constant elevation. This must be so, because if the field 
at any point had a component parallel to the equipotential surface 
through that point, it would require work to move a test charge along 
a constant-potential surface. 

The energy associated with this electric field could be expressed 
as the integral over all space of Æ? du/8r. It is equal to the work done 
in assembling this distribution, starting with infinitesimal charges far 
apart. In this particular example, as Problem 2.27 will demonstrate, 
that work is not hard to calculate directly if we know the potential at 
the rim of a uniformly charged disk. 

There is a general relation between the work U required to 
assemble a charge distribution p(x, y, z) and the potential (x, y, z) 
of that distribution: 


u=} | ob dv (27) 


Equation 9 of Chapter 1, for the energy of a system of discrete point 
charges, could have been written in this way: 


_— | 
U=5d 42% (28) 
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S, includes D 


FIGURE 2.12 

(a) A volume V enclosed by a surface S is divided (b) 
into two pieces enclosed by S; and Sz. No matter how 
far this is carried, as in (c) and (a), the sum of the 
surface integrals over all the pieces equals the original 
surface integral over S, for any vector function F. 
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The second sum is the potential at the location of the jth charge, due 
to all the other charges. To adapt this to a continuous distribution we 
merely replace q; with p du and the sum over j by an integral, thus 
obtaining Eq. 27. 


DIVERGENCE OF A VECTOR FUNCTION 

2.7 The electric field has a definite direction and magnitude at 
every point. It is a vector function of the coordinates, which we have 
often indicated by writing E(x, y, z). What we are about to say can 
apply to any vector function, not just to the electric field; we shall use 
another symbol, F(x, y, z), as a reminder of that. In other words, we 
shall talk mathematics rather than physics for a while and call F sim- 
ply a general vector function. We shall keep to three dimensions, 
however. 

Consider a finite volume V of some shape, the surface of which 
we shall denote by S. We are already familiar with the notion of the 
total flux @ emerging from S. It is the value of the surface integral of 
F extended over the whole of S: 


b= | Fda (29) 


In the integrand da is the infinitesimal vector whose magnitude is the 
area of a small element of S and whose direction is the outward-point- 
ing normal to that little patch of surface, indicated in Fig. 2.12a. 

Now imagine dividing V into two parts by a surface, or a dia- 
phragm, D that cuts through the “balloon” S, as in Fig. 2.125. Denote 
the two parts of V by V, and V, and, treating them as distinct volumes, 
compute the surface integral over each separately. The boundary sur- 
face Sı of V, includes D, and so does S. It is pretty obvious that the 
sum of the two surface integrals 


| F. da, + | F da, (30) 
S| S2 


will equal the original integral over the whole surface expressed in Eq. 
29. The reason is that any given patch on D contributes with one sign 
to the first integral and the same amount with opposite sign to the 
second, the “outward” direction in one case being the “inward” direc- 
tion in the other. In other words, any flux out of V,, through this sur- 
face D, is flux into V». The rest of the surface involved is identical to 
that of the original entire volume. 

We can keep on subdividing until our internal partitions have 
divided V into a large number of parts, Vi, ...,V;, ..., Vy, with 
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surfaces S|, ..., Sp... , Sy. No matter how far this is carried we 
can still be sure that 


N 
Y | F- da= | F dase (31) 
i=l i S 


What we are after is this: In the limit as M becomes enormous 
we want to identify something which is characteristic of a particular 
small region—and ultimately, of the neighborhood of a point. Now 
the surface integral 


| Fo da, (32) 


over one of the small regions, is not such a quantity, for if we divide 
everything again, so that V becomes 2N, this integral divides into two 
terms, each smaller than before since their sum is constant. In other 
words, as we consider smaller and smaller volumes in the same local- 
ity, the surface integral over one such volume gets steadily smaller. 
But we notice that, when we divide, the volume is also divided into two 
parts which sum to the original volume. This suggests that we look at 
the ratio of surface integral to volume for an element in the subdivided 


space: 
| F. da; 
Si 


V (33) 


It seems plausible that for N large enough, that is, for suff- 
ciently fine-grained subdivision, we can halve the volume every time 
we halve the surface integral so that we shall find that with continuing 
subdivision of any particular region this ratio approaches a limit. If 
so, this limit is a property characteristic of the vector function F in 
that neighborhood. We call it the divergence of F, written div F. That 
is, the value of div F at any point is defined as 


div F = lim L | F - da; (34) 
Vi>0 VV; JSi 

where V; is a volume including the point in question, and S;, over 

which the surface integral is taken, is the surface of V; We must 

include the proviso that the limit exists and is independent of our 

method of subdivision. For the present we shall assume that this is 

true. 

The meaning of div F can be expressed in this way: div F is the 
flux out of V;, per unit of volume, in the limit of infinitesimal V;. It is 
a scalar quantity, obviously. It may vary from place to place, its value 
at any particular location (x, y, z) being the limit of the ratio in Eq. 
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34 as V; is chopped smaller and smaller while always enclosing the 
point (x, y, z). So div F is simply a scalar function of the coordinates. 


GAUSS’S THEOREM AND 

THE DIFFERENTIAL FORM OF GAUSS’S LAW 

2.8 If we know this scalar function of position div F, we can work 
our way right back to the surface integral over a large volume: We 
first write Eq. 31 in this way: 


F - da; 


N N S; 
F - da = | F - da; = V; | — ~~ 35 
|, a 2. Si a 2 V; ( ) 


In the limit N —> œ, V; — 0, the term in brackets becomes the diver- 
gence of F and the sum goes into a volume integral: 


| Foda = | div F du (36) 
S V 


Equation 36 is called Gauss’s theorem, or the divergence theorem. It 
holds for any vector field for which the limit involved in Eq. 34 exists. 

Let us see what this implies for the electric field E. We have 
Gauss’s law which assures us that 


| E- da= 4m | pav (37) 
S V 


If the divergence theorem holds for any vector field, it certainly holds 
for E: 


| E- da= | div E du (38) 
S V 


Both Eq. 37 and Eq. 38 hold for any volume we care to choose—of 
any shape, size, or location. Comparing them, we see that this can only 
be true if at every point, 


div E = 4rp (39) 


If we adopt the divergence theorem as part of our regular mathemat- 
ical equipment from now on, we can regard Eq. 39 simply as an alter- 
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native statement of Gauss’s law. It is Gauss’s law in differential form, 
that is, stated in terms of a local relation between charge density and 
electric field. 


THE DIVERGENCE IN CARTESIAN COORDINATES 

2.9 While Eq. 34 is the fundamental definition of divergence, inde- 
pendent of any system of coordinates, it is useful to know how to cal- 
culate the divergence of a vector function when we are given its 
explicit form. Suppose a vector function F is expressed as a function 
of cartesian coordinates x, y, and z. That means that we have three 
scalar functions, F, (x, y, z), Fy (x, y, z), and F; (x, y, z). We’ll take 
the region V; in the shape of a little rectangular box, with one corner 
at the point (x, y, z) and sides Ax, Ay, and Az, as in Fig. 2.13a. 
Whether some other shape will yield the same limit is a question we 
must face later. 

Consider two opposite faces of the box, the top and bottom for 
instance, which would be represented by the vectors z Ax Ay and 
— 2 Ax Ay. The flux through these faces involves only the z component 
of F, and the net contribution depends on the difference between F, at 
the top and F, at the bottom or, more precisely, on the difference 
between the average of F, over the top face and the average of F, over 
the bottom face of the box. To the first order in small quantities this 
difference is (OF,/dz) Az. Figure 2.135 will help to explain this. The 
average value of F, on the bottom surface of the box, if we consider 
only first-order variations in F, over this small rectangle, is its value 
at the center of the rectangle. That value is, to first ordert in Ax and 
Ay, 


Ax OF, Ay OF, 
F, (x, y, OE y H iM 40 
en ES aa D (40) 


For the average of F, over the top face we take the value at the center 
of the top face, which to first order in the small displacements is 


Ax OF, AyôðF,: OF, 
F, — — Az — 4] 


tThis is nothing but the beginning of a Taylor expansion of the scalar function F;, in 

the neighborhood of (x, y, z). That is, F(x + a, y + b,z + c) = Fx, y, z) + 

eo so eS \nt vo (E) too 403) F; + »- -. The 
z n! Ox Oy Oz 

derivatives are all to be evaluated at (x, y, z). In our case a = Ax/2, b = Ay/2,¢ = 

0, and we drop the higher-order terms in the expansion. 
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FIGURE 2.13 


Calculation of flux from the box of volume Ax Ay Az. 
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(b) 


The net flux out of the box through these two faces, each of which has 
the area of Ax Ay, is therefore 


Ax dF, Ay dF. aF, 
Ax Ay | F, (x, y, 
7 ERD E Z ax t 2 ay E, 


k —m EPE .* pee oe i 
(flux out of box at idi 


Ay OF. 
Ax OF, Ay 2E: (42) 
2 ax 2 oy 


\ ° ) 


See ee Ce n nInIoOIO n'a ee 


- ax ay | F, (x, y, Z) + 


(flux into box at bottom) 


THE ELECTRIC POTENTIAL 


61 


FIGURE 2.14 
The limit of the flux/volume ratio is independent of the 
shape of the box. 


which reduces to Ax Ay Az (0F,/0z). Obviously, similar statements 
must apply to the other pairs of sides. That is, the net flux out of the 
box through the sides parallel to the yz plane is Ay Az Ax (ðF,/ðx). 
Notice that the product Ax Ay Az occurs here too. Thus the total flux 
out of the little box is 


Bo E) ay 


$ = Ax AyA — 
raya Oz 


The volume of the box is Ax Ay Az, so the ratio of flux to volume 
is OF ,/0x + OF,/dy + OF,/dz, and as this expression does not con- 
tain the dimensions of the box at all, it remains as the limit when 
we let the box shrink. [Had we retained terms proportional to (Ax)’, 
(Ax Ay), etc., in the calculation of the flux, they would of course van- 
ish on going to the limit. ] 

Now we can begin to see why this limit is going to be indepen- 
dent of the shape of the box. Obviously it is independent of the pro- 
portions of the rectangular box, but that isn’t saying much. It is easy 
to see that it will be the same for any volume that we can make by 
sticking together little rectangular boxes of any size and shape. Con- 
sider the two boxes in Fig. 2.14. The sum of the flux ®, out of box 1 
and ®, out of box 2 is not changed by removing the adjoining walls to 
make one box, for whatever flux went through that plane was negative 
flux for one and positive for the other. So we could have a bizarre 
shape like Fig. 2.14c without affecting the result. We leave it to the 
reader to generalize further. Tilted surfaces can be taken care of if 
you will first prove that the vector sum of the four surface areas of the 
tetrahedron in Fig. 2.15 is zero. l 

We conclude that, assuming only that the functions F,, F,, and 
F, are differentiable, the limit does exist and is given by 


OF, , ôF, | OF, 
Ox Oy Oz 


div F = (44) 

If div F has a positive value at some point, we find—thinking of 
F as a velocity field—a net “outflow” in that neighborhood. For 
instance, if all three partial derivatives in Eq. 44 are positive at a point 
P, we might have a vector field in that neighborhood something like 
that suggested in Fig. 2.16. But the field could look quite different and 
still have positive divergence, for any vector function G such that 
div G = 0 could be superimposed. Thus one or two of the three partial 
derivatives could be negative, and we might still have div F > 0. The 
divergence is a quantity that expresses only one aspect of the spatial 
variation of a vector field. 


(a) 
(b) 
(c) 


FIGURE 2.15 
You can prove that a; + @ + a, + a, = 0. 
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FIGURE 2.16 


Showing a field which in the neighborhood of the point 


P has nonzero divergence. 


FIGURE 2.17 


The field inside and outside a uniform cylindrical 


distribution of charge. 


E = 27rpr 


outside 


inside 
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Let’s apply this to an electric field that is rather easy to visualize. 
An infinitely long circular cylinder of radius a is filled with a distri- 
bution of positive charge of density p. Outside the cylinder the electric 
field is the same as that of a line charge on the axis. It is a radial field 
with magnitude proportional to 1 /r. The field inside is found by apply- 
ing Gauss’ law to a cylinder of radius r < a. You can do this as an 
easy problem. You will find that the field inside is directly proportional 
to r, and of course it is radial also. The exact values are: 


2mpa’ 
E= P frr>a 


(45) 
E = 2rpr forr<a 


Figure 2.17 is a section perpendicular to the axis of the cylinder. Rec- 
tangular coordinates aren’t the most natural choice here, but we’ll use 
them anyway to get some practice with Eq. 44. With r = 
V x? + y, the field components are expressed as follows: 


2 
E, = (2) e = ee forr>a 
r Ses ae 
= 27px forr<a (46) 
9) 2 
E, =(2)E = TPIS forr>a 
r ory 
= 2mpy forr<a 


E, is zero, of course. 
Outside the cylinder of charge, div E has the value given by 


OE OE, l 2x? 
x ‘oo 2 2 — 
ax + dy mpa È + y? (x? + y’)? 
] 2y? 
0 7 
x? +4. y’ Ez ac yy? (4 ) 
Inside the cylinder, div E is 
E, E 
= + eh = 2rp(1 + 1) = 4rp (48) 
Ox Oy 


We expected both results. Outside the cylinder where there is no 
charge, the net flux emerging from any volume—large or small—is 
zero, so the limit of the ratio flux/ volume is certainly zero. Inside the 
cylinder we get the result required by the fundamental relation Eq. 
39. 
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THE LAPLACIAN 

2.10 We have now met two scalar functions related to the electric 
field, the potential function y and the divergence, div E. In cartesian 
coordinates the relationships are expressed as 


„ôg „ðe dp 
E = —egrado = — — —+7z— 49 
grad e264 9 4 (49) 
ðE ðE ðE 
div E = ~ 4 — 4 —= 
IV Ax + ay + As (50) 
Equation 49 shows that the x component of E is Ey = — ðọ/ðx. 


Substituting this and the corresponding expressions for E, and E, into 

Eq. 50, we get a relation between div E and g: 

0° 3? ð? 
StH Ze) (51) 


div E = —div grad » = — (es ay. | ar 


The operation on y which is indicated by Eq. 51 except for the minus 
sign we could call “div grad,” or “taking the divergence of the gradient 


of... .” The symbol used to represent this operation is V’, called the 
Laplacian operator, or just the Laplacian. The expression 


ð? ð? 8? 
a! a a 


is the prescription for the Laplacian in cartesian coordinates. 

The notation V° is explained as follows. The gradient operator 
is often symbolized by V, called “del.” Writing it out in cartesian 
coordinates, 


v= +9422 (52) 
Ox y ðy Oz 
If we handle this as a vector, then its square would be 
ea ee a 
V-V =- (53) 


a ap az 


the same as the Laplacian in cartesian coordinates. So the Laplacian 
is often called “del squared,” and we say “del squared y,” meaning 
“div grad y.” Warning: In other coordinate systems, spherical polar 
coordinates, for instance, the explicit forms of the gradient operator 
and the Laplacian operator are not so simply related. It is well to 
remember that the fundamental definition of the Laplacian operation 
is “divergence of the gradient of.” 

We can now express directly a local relation between the charge 
density at some point and the potential function in that immediate 
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neighborhood. From Gauss’ law in differential form, div E = 4p, we 
have 


V-o = —4rp (54) 


Equation 54, sometimes called Poisson's equation, relates the charge 
density to the second derivatives of the potential. Written out in carte- 
sian coordinates it is 

vo op 8e 

a3 +25 +35 = Ar 55 
ax ay | 87 p (55) 


One may regard this as the differential expression of the relationship 
expressed by an integral in Eq. 15, which tells us how to find the 
potential at a point by summing the contributions of all sources near 
and far.t 


LAPLACE’S EQUATION 
2.11 Wherever p = 0, that is, in all parts of space containing no 
electric charge, the electric potential y has to satisfy the equation 


Vo = 0 (56) 


This is called Laplace’s equation. We run into it in many branches of 
physics. Indeed one might say that from a mathematical point of view 
the theory of classical fields is mostly a study of the solutions of this 
equation. The class of functions that satisfy Laplace’s equation are 
called harmonic functions. They have some remarkable properties, one 
of which is this: If (x, y, z) satisfies Laplace’s equation, then the 
average value of œ over the surface of any sphere (not necessarily a 
small sphere) is equal to the value of ¢ at the center of the sphere. We 
can easily prove that this must be true of the electric potential @ in 
regions containing no charge. Consider a point charge q and a spher- 
ical surface S over which a charge g’ is uniformly distributed. Let the 
charge g be brought in from infinity to a distance R from the center 
of the charged sphere, as in Fig. 2.18. The electric field of the sphere 
being the same as if its total charge g’ were concentrated at its center, 


tIn fact, it can be shown that Eq. 55 is the mathematical equivalent of Eq. 15. This 
means, if you apply the Laplacian operator to the integral in Eq. 15, you will come 
out with —4rp. We shall not stop to show how this is done; you’ll have to take our 
word for it or figure out how to do it. 
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the work required is gq’/R. Now suppose, instead, that the point 
charge q was there first and the charged sphere was later brought in 
from infinity. The work required for that is the product of g’ and the 
average over the surface S of the potential due to the point charge q. 
Now the work is surely the same in the second case, namely, gq’/R, 
so the average over the sphere of the potential due to q must be q/R. 
That is indeed the potential at the center of the sphere due to the 
external point charge q. That proves the assertion for any single point 
charge outside the sphere. But the potential of many charges is just 
the sum of the potentials due to the individual charges, and the aver- 
age of a sum is the sum of the averages. It follows that the assertion 
must be true for any system of sources lying wholly outside the sphere 
S. 

This property of the potential, that its average over an empty 
sphere is equal to its value at the center, is closely related to a fact 
that you may find disappointing: You can’t construct an electrostatic 
field that will hold a charged particle in stable equilibrium in empty 
space. This particular “impossibility theorem,” like others in physics, 
is useful in saving fruitless speculation and effort. Let us see why it is 
true. Suppose we have an electric field in which, contrary to the theo- 
rem, there is a point P at which a positively charged particle would 
be in stable equilibrium. That means that any small displacement of 
the particle from P must bring it to a place where an electric field acts 
to push it back toward P. But that means that a little sphere around 
P must have E pointing inward everywhere on its surface. That con- 
tradicts Gauss’s law, for there is no negative source charge within the 
region. (Our charged test particle doesn’t count; besides, it’s positive.) 
In other words, you can’t have an empty region where the electric field 
points all inward or all outward, and that’s what you would need for 
stable equilibrium. To express the same fact in terms of the electric 
potential, a stable position for a charged particle must be one where 
the potential is either lower than that at all neighboring points (if 
the particle is positively charged) or higher than that at all neighbor- 
ing points (if the particle is negatively charged). Clearly neither is 
possible for a function whose average value over a sphere is always 
equal to its value at the center. 

Of course one can have a charged particle in equilibrium in an 
electrostatic field, in the sense that the force on it is zero. The point 
where E = 0O in Fig. 1.10 is such a location. The position midway 
between two equal positive charges is an equilibrium position for a 
third charge, either positive or negative. But the equilibrium is not 
stable. (Think what happens when the third charge is slightly dis- 
placed from its equilibrium position.) It is possible, by the way, to trap 
and hold stably an electrically charged particle by electric fields that 
vary in time. 
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FIGURE 2.18 

The work required to bring in g’ and distribute it over 
the sphere is g’ times the average, over the sphere, of 
the potential @ due to q. 
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FIGURE 2.19 
In a non-inverse-square field, the flux through a closed 
surface is not zero. 
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DISTINGUISHING THE PHYSICS 

FROM THE MATHEMATICS 

2.12 In the last few sections we have been concerned with mathe- 
matical relations and new ways of expressing familiar facts. It may 
help to sort out physics from mathematics, and law from definition, if 
we try to imagine how things would be if the electric force were not a 
pure inverse-square force but instead a force with a finite range, for 
instance, a force varying like 


-Àr 


5 (57) 


r 


Then Gauss’s law in the integral form expressed in Eq. 37 would 
surely fail, for by taking a very large surface enclosing some sources, 
we would find a vanishingly small field on this surface. The flux would 
go to zero as the surface expanded, rather than remain constant. How- 
ever, we could still define a ficld at every point in space. We could 
calculate the divergence of that field, and Eq. 38, which describes a 
mathematical property of any vector ficld, would still be truc. Is there 
a contradiction here? No, because Eq. 39 would also fail. The diver- 
gence of the field would no longer be the same as the source density. 
We can understand this by noting that a small volume empty of 
sources could still have a net flux through it owing to the effect of a 
source outside the volume, if the field has finite range. As suggested 
in Fig. 2.19, more flux would enter the side near the source than would 
leave the volume. 

Thus we may say that Eqs. 37 and 39 express the same physical 
law, the inverse-square law that Coulomb established by direct mea- 
surement of the forces between charged bodies, while Eq. 38 is an 
expression of a mathematical theorem which enables us to translate 
our statement of this law from differential to integral form or the 
reverse. The relations that connect E, p, and ¢ are gathered together 
in Fig. 2.20 and 2.20’. 

How can we justify these differential relations between source 
and field in a world where electric charge is really not a smooth jelly 
but is concentrated on particles whose intcrior we know very little 
about? Actually, a statement like Eq. 54, Poisson’s equation, is mean- 
ingful on a macroscopic scale only. The charge density p is to be inter- 
preted as an average over some small but finite region containing 
many particles. Thus the function p cannot be continuous in the way 
a mathematician might prefer. When we let our region V; shrink down 
in the course of demonstrating the differential form of Gauss’s law, 
we know as physicists that we musn’t let it shrink too far. That is 
awkward perhaps, but the fact is that we make out very well with the 
continuum model in large-scale electrical systems. In the atomic world 
we have the elementary particles, and vacuum. Inside the particles, 
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FIGURE 2.20 

How electric charge density, electric potential, and 
electric field are related. The integral relations involve 
the line integral and the volume integral. The differential 
relations involve the gradient, the divergence, and div - 
grad or V°, the Laplacian operator. Charge density p is 
in esu/cm’, potential ¢ is in statvolts, field E is in 
statvolt/cm, and all lengths in cm. 


FIGURE 2.20’ 

The same relations in SI units. Charge density p is in 
coulomb/m*, potential ¢ is in volts, field E is in volt/ 
meter, and all lengths are in meters. (to = 8.854 X 
10> '* coulomb/volt-meter.) 


even if Coulomb’s law turns out to have some kind of meaning, much 
else is going on. The vacuum, so far as electrostatics is concerned, is 
ruled by Laplace’s equation. Still, we cannot be sure that, even in the 
vacuum, passage to a limit of zero size has physical meaning. 
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FIGURE 2.21 


For the subdivided loop, the sum of all the circulations - 
T, around the sections is equal to the circulation T 


around the original curve C. 
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THE CURL OF A VECTOR FUNCTION} 

2.13 We developed the concept of divergence, a local property of a 
vector field, by starting from the surface integral over a large closed 
surface. In the same spirit, let us consider the line integral of some 
vector field F(x, y, z), taken around a closed path, some curve C which 
comes back to join itself. The curve C can be visualized as the bound- 
ary of some surface S' which spans it. A good name for the magnitude 
of such a closed-path line integral is circulation; we shall use T (capital 
gamma) as its symbol: 


r= f Fe as (58) 


In the integrand ds is the element of path, an infinitesimal vector 
locally tangent to C (Fig. 2.2la). There are two senses in which C 
could be traversed; we have to pick one to make the direction of ds 
unambiguous. Incidentally, the curve C need not lie in a plane—it can 
be as crooked as you like. 

Now bridge C with a new path B, thus making two loops, C; 
and C, each of which includes B as part of itself (Fig. 2.21b). Take 
the line integral around each of these, in the same directional sense. 
It is easy to see that the sum of the two circulations, F; and 1, will 
be the same as the original circulation around C: The reason is that 
the bridge is traversed in opposite directions in the two integrations, 
leaving just the contributions which made up the original line integral 
around C. Further subdivision into many loops, C),..., C, ..., Cn, 
leaves the sum unchanged: 


N 
|. S 2 c S Or 


Here, too, we can continue indefinitely to subdivide, by adding 
new bridges, seeking in the limit to arrive at a quantity characteristic 
of the field F in a local neighborhood. When we subdivide the loops, 
we make loops with smaller circulation, but also with smaller area. So 
it is natural to consider the ratio of /oop circulation to loop area, just 
as we considered in Section 2.7 the ratio of flux to volume. However, 
things are a little different here, because the area a; of the bit of sur- 
face that spans a small loop C; is really a vector; a surface has an 
orientation in space. In fact, as we make smaller and smaller loops in 
some neighborhood, we can arrange to have a loop oriented in any 
direction we choose. (Remember, we are not committed to any partic- 


N 
=| 


i 


{Study of this section and the remainder of Chapter 2 can be postponed until Chapter 
6 is reached. Until then our only application of this vector derivative will be the dem- 
onstration that an electrostatic field is characterized by curl E = 0, as explained in 
Section 2.16. 
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ular surface over the whole curve C.) Thus we can pass to the limit in 
essentially different ways, and we must expect the result to reflect this. 

Let us choose some particular orientation for the patch as it goes 
through the last stages of subdivision. The unit vector fi will denote 
the normal to the patch, which is to remain fixed in direction as the 
patch surrounding a particular point P shrinks down toward zero size. 
The limit of the ratio of circulation to patch area will be written this 
way: 


lim— or lim ———— (60) 


The rule for sign is that the direction of ñ and the sense in which C; 
is traversed in the line integral shall be related by a right-hand-screw 
rule, as in Fig. 2.22. The limit we obtain by this procedure is a scalar 
quantity which is associated with the point P in the vector field F, and 
with the direction ñ. We could pick three directions, such as X, 9, and 
z, and get three different numbers. It turns out that these numbers 
can be considered components of a vector. We call the vector curl F. 
That is to say, the number we get for the limit with ñ in a particular 
direction is the component, in that direction, of the vector curl F. To 
state this in an equation, 


I 


T; f i 
E Ghee tig ee i (61) 
a0 G; a;-0 a; 


For instance, the x component of curl F is obtained by choosing 
ñ = Å, as in Fig. 2.23. As the loop shrinks down around the point P, 
we keep it in a plane perpendicular to the x axis. In general, the vector 
curl F will vary from place to place. If we let the patch shrink down 
around some other point, the ratio of circulation to area may have a 
different value, depending on the nature of the vector function F. That 
is, curl F is itself a vector function of the coordinates. Its direction at 
each point in space is normal to the plane through this point in which 
the circulation is a maximum. Its magnitude is the limiting value of 
circulation per unit area, in this plane, around the point in question. 

The last two sentences might be taken as a definition of curl F. 
Like Eq. 61 they make no reference to a coordinate frame. We have 
not proved that the object so named and defined is a vector; we have 
only asserted it. Possession of direction and magnitude is not enough 
to make something a vector. The components as defined must behave 
like vector components. Suppose we have determined certain values 
for the x, y, and z components of curl F by applying Eq. 61 with ñ 


C; 


FIGURE 2.22 

Right-hand-screw relation between the surface normal 
and the direction in which the circulation line integral is 
taken. 


FIGURE 2.23 
The patch shrinks around P, keeping its normal pointing 
in the x direction. 
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chosen, successively, as x, ĵ, and 2. If curl F is a vector, it is uniquely 
determined by these three components. If some fourth direction is now 
chosen for ñ, the left side of Eq. 61 is fixed and the quantity on the 
right, the circulation in the plane perpendicular to the new ñ, had bet- 
ter agree with it! Indeed, until one is sure that curl F is a vector, it is 
not even obvious that there can be at most one direction for which the 
circulation per unit area at P is maximum—as was tacitly assumed in 
the latter definition. In fact, Eq. 61 does define a vector, but we shall 
not give a proof of that. 


STOKES’ THEOREM 

2.14 From the circulation around an infinitesimal patch of surface 
we can now work back to the circulation around the original large loop 
C: 


N N r. 
r= | Fods syre Y aE) (62) 
C j=l j=l di 


In the last step we merely multiplied and divided by a;. Now observe 
what happens to the right-hand side as N is made enormous and all 
the a;s shrink. The quantity in parentheses becomes (curl F) - fi, 
where ñ; is the unit vector normal to the ith patch. So we have on the 
right the sum, over all patches that make up the entire surface S span- 
ning C, of the product “patch area times normal component of (curl 
F).” This is nothing but the surface integral, over S, of the vector curl 
F: 


N 
) = > a; (curl F) - i; > | da - curl F (63) 
S 


N 

I; 
> a> 
j=] a; j=] 


We thus find that 
f F-as= | cut kaa (64) 
C S 


The relation expressed by Eq. 64 is a mathematical theorem 
called Stokes’ theorem. Note how it resembles Gauss’s theorem, the 
divergence theorem, in structure. Stokes’ theorem relates the line inte- 
gral of a vector to the surface integral of the curl of the vector. Gauss’s 
theorem (Eq. 36) relates the surface integral of a vector to the volume 
integral of the divergence of the vector. Stokes’ theorem involves a 
surface and the curve that bounds it. Gauss’ theorem involves a vol- 
ume and the surface that encloses it. 
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THE CURL IN CARTESIAN COORDINATES 

2.15 Equation 61 is the fundamental definition of curl F, stated 
without reference to any particular coordinate system. In this respect 
it is like our fundamental definition of divergence, Eq. 34. As in that 
case, we should like to know how to calculate curl F when the vector 
function F(x, y, z) is explicitly given. To find the rule, we carry out 
the integration called for in Eq. 61, but we do it over a path of very 
simple shape, one that encloses a rectangular patch of surface parallel 
to the xy plane (Fig. 2.24). That is, we are taking ñ = z. In agreement 
with our rule about sign, the direction of integration around the rim 


(x + Ax, y + Ay) 


FIGURE 2.24 


Circulation around a rectangular patch with n = 2. 


FIGURE 2.25 
Looking down on the patch in Fig. 2.24. 
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must be clockwise as seen by someone looking up in the direction of 
ñ. In Fig. 2.25 we look down onto the rectangle from above. 

The line integral of A around such a path depends on the vari- 
ation of A, with y and the variation of A, with x. For if A, had the 
same average value along the top of the frame, in Fig. 2.25, as along 
the bottom of the frame, the contribution of these two pieces of the 
whole line integral would obviously cancel. A similar remark applies 
to the side members. To the first order in the small quantities Ax and 
Ay, the difference between the average of A, over the top segment of 
path at y + Ay and its average over the bottom segment at y is 


ear 65 
ay y (65) 


The argument is like the one we used with Fig. 2.130. 


B Ax 0A, at midpoint of 
Ax = Ax) + Gy (am of mor (66) 
Ax 0A, 0A, at midpoint of 
= — A 
Ax A, (x, y) + > dx + Ay oy l top of frame 


These are the average values referred to, to first order in the Taylor’s 
expansion. It is their difference, times the length of the path segment 
Ax, which determines their net contribution to the circulation. This 
contribution is —Ax Ay (0A,/dy). The minus sign comes in because 
we are integrating toward the left at the top, so that if A, is more 
positive at the top, it results in a negative contribution to the circula- 
tion. The contribution from the sides is Ay Ax (0A,/0x), and here the 
sign is positive, because if A, is more positive on the right, the result 
is a positive contribution to the circulation. 

Thus, neglecting any higher powers of Ax and Ay, the line inte- 
gral around the whole rectangle is 


| A: ds = (—Ax) ea Ay + (Ay) 2 Ax 
= Oy Ox (67) 


Now Ax Ay is the magnitude of the area of the enclosed rectan- 
gle which we have represented by a vector in the z direction. Evidently 
the quantity 


aA, 0A, 


68 
Ox Oy (68) 
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is the limit of the ratio 


Line integral around patch 


69 
Area of patch (69) 


as the patch shrinks to zero size. If the rectangular frame had been 
oriented with its normal in the positive y direction, we would have 
found the expression 


/ 


a4, 9A, 
Oz Ox 


(70) 


for the limit of the corresponding ratio, and if the frame had been 
oriented with its normal in the x direction, like the frame on the right 
in Fig. 2.26, we would have obtained 


3A: _ ôA, 
ðy Oz 


(71) 


Although we have considered only rectangles, our result is 
actually independent of the shape of the little patch and its frame, for 
reasons much the same as in the case of the integrals involved in the 
divergence theorem. For instance, it is clear that we can freely join 
different rectangles to form other figures, because the line integrals 
along the merging sections of boundary cancel one another exactly 
(Fig. 2.27). 

We conclude that, for any of these orientations, the limit of the 
ratio of circulation to area is independent of the shape of the patch we 
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FIGURE 2.26 

For each orientation, the limit of the ratio circulation/ 
area determines a component of curl A at that point. 
To determine all components of the vector curl A at 

any point, the patches should all cluster around that 

point; here they are separated for clarity. 
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FIGURE 2.27 

The circulation in the loop at the right is the sum of the 
circulations in the rectangles, and the area on the right 
is the sum of the rectangular areas. This diagram 
shows why the circulation/area ratio is independent of 
shape. 
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choose. Thus we obtain as a general formula for the components of 
the vector curl F, when F is given as a function of x, y, and z: 

OF, oOF,\ ( af) 
Oy Oz 


curl F = $ | 


You may find the following rule easier to remember than the formula 
itself: Make up a determinant like this: 


XK y 2 
aa 4 a3) 
Ox Oy dz 
F. F, OF: 


Expand it according to the rule for determinants, and you will get curl 
F as given by Eq. 72. Notice that the x component of curl F depends 
on the rate of change of F, in the y direction and the negative of the 
rate of change of F, in the z direction, and so on. 

The symbol V X, read as “del cross,” where V is interpreted as 
the “vector” 


. . ð 
K—+9—+4— (74) 
Z 


is often used in place of the name curl. If we write V X F and follow 
the rules for forming the components of a vector cross product, we get 
automatically the vector, curl F. So curl F and V X F mean the same 
thing. 


THE PHYSICAL MEANING OF THE CURL 

2.16 The name curl reminds us that a vector field with a nonzero 
curl has circulation, or vorticity. Maxwell used the name rotation, and 
in German a similar name is still used, abbreviated rot. Imagine a 
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velocity vector field G, and suppose that curl G is not zero. Then the 
velocities in this field have something of this character: | fort | 


superimposed, perhaps, on a general flow in one direction. For 
instance, the velocity field of water flowing out of a bathtub generally 
acquires a circulation. Its curl is not zero over most of the surface. 
Something floating on the surface rotates as it moves along. In the 
physics of fluid flow, hydrodynamics and aerodynamics, this concept 
is of central importance. 

To make a “curlmeter” for an electric field—at least in our 
imagination—we could fasten positive charges to a hub by insulating 
spokes, as in Fig. 2.28. Exploring an electric field with this device, we 
would find, wherever curl E is not zero, a tendency for the wheel to 
turn around the shaft. With a spring to restrain rotation, the amount 
of twist could be used to indicate the torque, which would be propor- 
tional to the component of the vector curl E in the direction of the 


a T 
+ + 
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FIGURE 2.28 
The curlmeter. 
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FIGURE 2.29 

If the line integral between P, and P; is independent of 
path, the line integral around a closed loop must be 
Zero. 
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shaft. If we can find the direction of the shaft for which the torque is 
maximum, and clockwise, that is the direction of the vector curl E. 
(Of course, we cannot trust the curlmeter in a field which varies 
greatly within the dimensions of the wheel itself.) 

What can we say, in the light of all this, about the electrostatic 
field E? The conclusion we can draw is a simple one: The curlmeter 
will always read zero! That follows from a fact we have already 
learned; namely, in the electrostatic field the line integral of E around 
any closed path is zero. Just to recall why this is so, remember that 
the line integral of E between any two points such as P, and P; in Fig. 
2.29 is independent of the path. As we bring the two points P, and P, 
close together, the line integral over the shorter path in the figure obvi- 
ously vanishes—unless the final location is at a singularity such as a 
point charge, a case we can rule out. So the line integral must be zero 
over the closed loop in Fig. 2.29d. But now, if the circulation is zero 
around any closed path, it follows from Stokes’ theorem that the sur- 
face integral of curl E is zero over a patch of any size, shape, or loca- 
tion. But then curl E must be zero everywhere, for if it were not zero 
somewhere we could devise a patch in that neighborhood to violate the 
conclusion. All this leads to the simple statement that in the electro- 
static field E: 

(75) 


curl E = 0 (everywhere) 


The converse is also true. If curl E is known to be zero everywhere, 
then E must be describable as the gradient of some potential function; 


it could be an electrostatic field. 

This test is easy to apply. When the vector function in Fig. 2.3 
was first introduced, it was said to represent a possible electrostatic 
field. The components were specified by FE, = Ky and E, = Kx, to 
which we should add E. = 0 to complete the description of a field in 
three-dimensional space. Calculating curl E we find 


; OE, OE, 
| E), =—"-—= 0 
(curl E) ay a 
OE. OE. 
| E), = — — — = 
(curl E), Az re 0 (76) 
OE, OE, 
(curl E). = — —-— = K- K=0 
Ox dy 


This tells us that E is the gradient of some scalar potential. Inciden- 
tally, this particular field E happens to have zero divergenee also: 
JE x JE, ðE- = 0 77 
dx Oy dz UN 


It therefore represents an electrostatic field in a charge-free region. 
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region shown. Three have 


zero curl. Can you spot 
them? 
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FIGURE 2.31 
Some vector relations summarized 
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On the other hand, the equally simple vector function defined by 
F; = Ky; F, = —Kx; F, = 0, does not have zero curl. Instead, 


(curl F), = —2K (78) 


Hence no electrostatic field could have this form. If you will sketch 
roughly the form of this field, you will see at once that it has 
circulation. 

You can develop some feeling for these aspects of vector func- 
tions by studying the two-dimensional fields pictured in Fig. 2.30. In 
four of these fields the divergence of the vector function is zero 
throughout the region shown. Try to identify the four. Divergence 
implies a net flux into, or out of, a neighborhood. It is easy to spot in 
certain patterns. In others you may be able to see at once that the 
divergence is zero. In three of the fields the curl of the vector function 
is zero throughout that portion of the field which is shown. Try to 
identify the three by deciding whether a line integral around any loop 
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would or would not be zero in each picture. That is the essence of curl. 
After you have studied the pictures, think about these questions before 
you compare your reasoning and your conclusions with the explana- 
tion given later in Fig. 2.32. 

The curl of a vector field will prove to be a valuable tool later 
on when we deal with electric and magnetic fields whose curl is not 
zero. We have developed it at this point because the ideas involved are 
so close to those involved in the divergence. We may say that we have 
met two kinds of derivatives of a vector field. One kind, the divergence, 
involves the rate of change of a vector component in its own direction, 
OF,,/0x, and so on. The other kind, the curl, is a sort of “sideways 
derivative,” involving the rate of change of F, as we move in the y or 
z direction. 

The relations called Gauss’s theorem and Stokes’ theorem are 
summarized in Fig. 2.31. The connection between the scalar potential 
function and the line integral of its gradient can also be looked on as 
a member of this family of theorems and is included in the third 
column. 


PROBLEMS 


2.1 The vector function which follows represents a possible electro- 
static field: 


E, = 6xy E,=3x’?—3y’  E,=0 


Calculate the line integral of E from the point (0, 0, 0) to the point 
(xı, yı, 0) along the path which runs straight from (0, 0, 0) to (xı, 0, 
0) and thence to (xı, yı, 0). Make a similar calculation for the path 
which runs along the other two sides of the rectangle, via the point (0, 
Yı, 9). You ought to get the same answer if the assertion above is true. 
Now you have the potential function ¢(x, y, z). Take the gradient of 
this function and see that you get back the components of the given 
field. 


2.2 Consider the system of two charges shown in Fig. 2.7. Let z be 
the coordinate along the line on which the two charges lie, with z = 
0 at the location of the positive charge. Make a plot of the potential ¢ 
along this line, plotting ¢ in statvolts against z in cm, from z = —5 
toz = 15. 
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2.3 A charge of 2 esu is located at the origin. Two charges of — 1 
esu each are located at the point with x, y, z coordinates 1, 1, 0 and 
— 1, 1, 0. It is easy to see that the potential ¢ is zero at the point (0, 
1, O) if it is zero at infinity. It follows that somewhere on the y axis 
beyond (0, 1, 0) the function ¢(0, y, 0) must have a minimum or a 
maximum. At that point the electric field E must be zero. Why? 
Locate the point, at least approximately. 

Ans. y = 1.6207. 


2.4 Describe the electric field and the charge distribution that go 
with the following potential: 


p= rt y4r2 for x? + y+ 2 <a 
2a° 


2 
+ (x? + y + z’)! 


$ = =g? fora? < x? + y 42 


2.5 A sphere the size of a basketball is charged to a potential of 
— 1000 volts. About how many extra electrons are on it, per cm? of 
surface? 

Ans. 3 X 10. 


2.6 A sphere the size of the earth has | coulomb of charge distrib- 
uted evenly over its surface. What is the electric field strength just 
outside the surface, in volts/meter? What is the potential of the 
sphere, in volts, with zero potential at infinity? 

Ans 2.5 X 107‘ volt/meter; 1500 volts. 


2.7 Designate the corners of a square, 5 cm on a side, in clockwise 
order, A, B, C, D. Put a charge 2 esu at A, —3 esu at B. Determine 
the value of the line integral of E, from point C to point D. (No actual 
integration needed!) 


2.8 For the cylinder of uniform charge density in Fig. 2.17: 

(a) Show that the expression there given for the field inside the 
cylinder follows from Gauss’s law. 

(b) Find the potential ¢ as a function of r, both inside and out- 
side the cylinder, taking ¢ = Oatr = 0. 


2.9 For the system in Fig. 2.10 sketch the equipotential surface that 
touches the rim of the disk. Find the point where it intersects the sym- 
metry axis. 


2.10 A thin rod extends along the z axis from z = —d toz = d. 
The rod carries a charge uniformly distributed along its length with 
linear charge density A. By integrating over this charge distribution 
calculate the potential at a point P, on the z axis with coordinates 0, 
0, 2d. By another integration find the potential at a point P, on the x 


Note that the vector remains 
constant as you advance in the 
direction in which it points. That is, 
OF/dy=0, withF,=0. Hence 
div F= 0. Note that the line integral 


around the pores 
dotted path ' | 
is not zero. 4 ł 

SE 


dvF=0 cwlF #0 
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N 

» 

This is a central field. “\ aac 
That is, F is radial kd 
and for given r, its magnitude is 
constant. Any central field has zero 
curl; the circulation is zero around 
the dotted path, and any other path. 
But the divergence is obviously not 
Zero. 


divF#0 curlF=0 


The circulation evidently could be 
zero around the paths shown. Actu- 
ally, this is the same field as that 

in Fig. 2.2 and A 


X F N 
is a possible elec- g’ N 
trostatic field. Ka N 
| \ 
fee fhe 
Hmmm’ Tt ic not obvious that 
div F = 0 from this picture alone, 


but you can see that it too could 
Zero, 


div F= 0 curl F = 0 


Note that there is no change in the 
magnitude of F , to first order, as you 
advance in the direction F points. 
That is enough to ensure zero diver- 


gence, It appears 
thatthe {~ |. circulation 
could be h zero around 
the path shown, for F 


isweaker \eo==2 onthe long 
leg than on the short leg. Actually, 
this is a possible electrostatic field. 
with F proportional to 1/r, where r 
is the distance to a point outside 
the picture. 


divF=0 cmlF=0 


For the same reason as above, we 
deduce that div F is zero. Here the 
magnitude of F is the same every- 
where,so [f~=»-., the line 


integral | ! over the 
long leg of | i the path 
shown is t=--“*™ not canceled 


by the integral over the short leg, 
and the circulation is not zero. 


divF=0 cwlF¥0 


Clearly the circulation around the 
dotted path is not zero. There 
appears also to be a nonzero diver- 
gence, since we see vectors con- 
verging toward the center from all 
directions, ...o..=4 


divF#0O0 culF40 FIGURE 2.32 


Discussion of Fig. 2.30. 
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axis and locate this point to make the potential equal to the potential 
at P}. 
Ans. \ ln 3; x = V3d. 


2.11 The points P, and P, in the preceding problem happen to lie 
on an ellipse which has the ends of the rod as its foci, as you can 
readily verify by comparing the sums of the distances from P, and 
from P, to the ends of the rod. This suggests that the whole ellipse 
might be an equipotential. Test that conjecture by calculating the 
potential at the point (3d/2, 0, d) which lies on the same ellipse. 
Indeed it is true, though there is no obvious reason why it should be, 
that the equipotential surfaces of this system are a family of confocal 
prolate spheroids. See if you can prove that. You will have to derive a 
formula for the potential at a general point (x, 0, z) in the xz plane. 
Then show that, if x and z are related by the equation x*/(a’ — d’) 
+ z’/a’ = 1, which is the equation for an ellipse with foci at z = 
+ d, the potential will depend only on the parameter a, not on x or z. 


2.12 The right triangle with vertex P at the origin, base b, and 
altitude a has a uniform density of surface charge o. Determine the 
potential at the vertex P. First find the contribution of the vertical 
strip of width dx at x. Show that the potential at P can be written as 
pp = ob In[(1 + sin 8)/cos 6]. 


2.13 By explicitly calculating the components of V X E, show that 
the vector function specified in Problem 2.1 is a possible electrostatic 
field. (Of course, if you worked that problem, you have already proved 
it in another way by finding a scalar function of which it is the gra- 
dient.) Evaluate the divergence of this field. 


2.14 Does the function f(x, y) = x? + y? satisfy the two-dimen- 
sional Laplace’s equation? Does the function g(x, y) = x? — y”? 
Sketch the latter function, calculate the gradient at the points (x = 
0,y = 1) (x = 1,y = 0); (x = 0,y = —1), and (x = —l, y = 
0) and indicate by little arrows how these gradient vectors point. 


2.15 Calculate the curl and the divergence of each of the following 
vector fields. If the curl turns out to be zero, try to discover a scalar 
function œ of which the vector field is the gradient: 


(a) Fe = x+y Fp = -—x + y; F; = —2z. 
(b) G, = 2y; G, = 2x + 3z; G; = 3y. 
(c) H, = x? — z7 H, = 2; H, = 2xz. 


2.16 If A is any vector field with continuous derivatives, div (curl 
A) = Oor, using the “del” notation, V - (V X A) = 0. We shall need 
this theorem later. The problem now is to prove it. Here are two dif- 
ferent ways in which that can be done: 

(a) (Uninspired straightforward calculation in a particular coor- 
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dinate system): Using the formula for V in cartesian coordinates, work 
out the string of second partial derivatives that V - (V X A) implies. 

(b) (With the divergence theorem and Stokes’ theorem, no coor- 
dinates are needed): Consider the surface S in the figure, a balloon 
almost cut in two which is bounded by the closed curve C. Think about 
the line integral, over a curve like C, of any vector field. Then invoke 
Stokes and Gauss with suitable arguments. 


2.17 Use the identity V (¢V¢) = (Vd)? + p V’*¢ and the diver- 
gence theorem to prove that Eq. 38 of Chapter 1 and Eq. 27 of Chap- 
ter 2 are equivalent for any charge distribution of finite extent. 


2.18 A hollow circular cylinder, of radius a and length b, with open 
ends, has a total charge Q uniformly distributed over its surface. What 
is the difference in potential between a point on the axis at one end 
and the midpoint of the axis? Show by sketching some field lines how 
you think the field of this thing ought to look. 


2.19 We have two metal spheres, of radii R, and R, quite far apart 
from one another compared with these radii. Given a total amount of 
charge Q which we have to divide between the spheres, how should it 
be divided so as to make the potential energy of the resulting charge 
distribution as small as possible? To answer this, first calculate the 
potential energy of the system for an arbitrary division of the charge, 
q on one and Q — q on the other. Then minimize the energy as a 
function of g. You may. assume that any charge put on one of these 
spheres distributes itself uniformly over the sphere, the other sphere 
being far enough away so that its influence can be neglected. When 
you have found the optimum division of the charge, show that with 
that division the potential difference between the two spheres is zero. 
(Hence they could be connected by a wire, and there would still be no 
redistribution. This is a special example of a very general principle we 
shall meet in Chapter 3: on a conductor, charge distributes itself so as 
to minimize the total potential energy of the system.) 


2.20 As a distribution of electric charge, the gold nucleus can be 
described as a sphere of radius 6 X 107"? cm with a charge Q = 79e 
distributed fairly uniformly through its interior. What is the potential 
ġo at the center of the nucleus, expressed in megavolts? (First derive 
a general formula for ġo for a sphere of charge Q and radius a. Do 
this by using Gauss’s law to find the internal and external electric field 
and then integrating to find the potential.) 

Ans. ¢ = 3Q/2a = 95,000 statvolts = 28.5 megavolts. 


2.21 Suppose eight protons are permanently fixed at the corners of 
a cube. A ninth proton floats freely near the center of the cube. There 
are no other charges around, and no gravity. Is the ninth proton 
trapped? Can it find an escape route that is all down hill in potential 
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2.28 A thin disk, radius 3 cm, has a circular hole of radius 1 cm in 
the middle. There is a uniform surface charge of —4 esu/cm’ on the 
disk. 

(a) What is the potential in statvolts at the center of the hole? 
(Assume zero potential at infinite distance.) 

(b) An electron, starting from rest at the center of the hole, 
moves out along the axis, experiencing no forces except repulsion by 
the charges on the disk. What velocity does it ultimately attain? (Elec- 
tron mass = 9 X 107% gm.) 


2.29 One of two nonconducting spherical shells of radius a carries 
a charge Q uniformly distributed over its surface, the other a charge 
—Q, also uniformly distributed. The spheres are brought together 
until they touch. What does the electric field look like, both outside 
and inside the shells? How much work is needed to move them far 
apart? 


2.30 Consider a charge distribution which has the constant density 
p everywhere inside a cube of edge b and is zero everywhere outside 
that cube. Letting the electric potential ¢ be zero at infinite distance 
from the cube of charge, denote by œo the potential at the center of 
the cube and ¢, the potential at a corner of the cube. Determine the 
ratio @o/¢,. The answer can be found with very little calculation by 
combining a dimensional argument with superposition. (Think about 
the potential at the center of a cube with the same charge density and 
with twice the edge length.) 


2.31 A flat nonconducting sheet lies in the xy plane. The only 
charges in the system are on this sheet. In the half-space above the 
sheet, z > 0, the potential is 6 = pọ e7% cos kx, where ġo and k are 


constants. 
(a) Verify that ¢ satisfies Laplace’s equation in the space above 


the sheet. 
(b) What do the electric field lines look like? 
(c) Describe the charge distribution on the sheet. 


2.32 To show that it takes more than direction and magnitude to 
make a vector, let’s try to define a vector which we'll name squrl F by 
a relation like Eq. 61 with the right-hand side squared: 
2 
. Ci 
(squrl F): ñ = | lim 


a;-0 di 


Prove that this does not define a vector. (Hint: Consider reversing the 
direction of ñ.) 


85 


84 


q=+2 
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energy? Test it with your calculator. Many-digit accuracy will be 
needed! 


2.22 An interstellar dust grain, roughly spherical with a radius of 
3 X 107’ meters, has acquired a negative charge such that its poten- 
tial is — 0.15 volt. How many extra electrons has it picked up? What 
is the strength of the electric field at its surface, expressed in volts/ 
meter? 


2.23 By means of a van de Graaff generator, protons are acceler- 
ated through a potential difference of 5 X 10° volts. The proton beam 
then passes through a thin silver foil. The atomic number of silver 1s 
47, and you may assume that a silver nucleus is so massive compared 
with the proton that its motion may be neglected. What is the closest 
possible distance of approach, of any proton, toa silver nucleus? What 
will be the strength of the electric field acting on the proton at that 
position? 


2.24 Which of the two boxed statements in Section 2.1 we regard 
as the corollary of the other is arbitrary. Show that, if the line integral 


ic - ds is zero around any closed path, it follows that the line inte- 


gral between two different points is path-independent. 


2.25 Two point charges of strength 2 esu each, and two point 
charges of strength —1 esu each are symmetrically located in the xy 
plane as follows: The two positive charges are at (0, 2) and (0, — 2), 
the two negative charges at (1, 0) and (— 1, 0). Some of the equipo- 
tentials in the xy plane have been plotted in the figure. (Of course 
these curves are really the intersection of some three-dimensional 
equipotential surfaces with the xy plane.) Study this figure until you 
understand its general appearance. Now find the value of the potential 
@ on each of the curves A, B, and C, as usual taking ¢ = O at infinite 
distance. Do this by calculating the potential at some point on the 
curve, a point chosen to make the calculation as easy as possible. 
Roughly sketch in some intermediate equipotentials. 


2.26 Use the result for Problem 2.12 to answer this question: If a 
square with surface charge density o and side s has the same potential 
at its center as a disk with the same surface charge density and diam- 
eter d, what must be the ratio s/d? Is your answer reasonable? 


2.27 Use the result stated in Eq. 24 to calculate the energy stored 
in the electric field of the charged disk described in Section 2.6. (Hint: 
Consider the work done in building the disk of charge out from zero 
radius to radius a by adding successive rings of width dr. Express the 
total energy in terms of radius a and total charge Q = ma'o.) 

Ans. 80° /37a. 
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CONDUCTORS AND INSULATORS 

3.1 The earliest experimenters with electricity observed that sub- 
stances differed in their power to hold the “Electrick Vertue.” Some 
materials could be easily electrified by friction and maintained in an 
electrified state; others, it seemed, could not be electrified that way, or 
did not hold the Vertue if they acquired it. Experimenters of the early 
eighteenth century compiled lists in which substances were classified 
as “electricks” or “‘nonelectricks.” Around 1730, the important exper- 
iments of Stephen Gray in England showed that the Electrick Vertue 
could be conducted from one body to another by horizontal string, 
over distances of several hundred feet, provided that the string was 
itself supported from above by silk threads.t Once this distinction 
between conduction and nonconduction had been grasped, the electri- 
cians of the day found that even a nonelectrick could be highly elec- 
trified if it were supported on glass or suspended by silk threads. A 
spectacular conclusion of one of the popular electric exhibitions of the 
time was likely to be the electrification of a boy suspended by many 
silk threads from the rafters; his hair stood on end and sparks could 
be drawn from the tip of his nose. 

After the work of Gray and his contemporaries the elaborate 
lists of electricks and non-electricks were seen to be, on the whole, a 
division of materials into electrical insulators and electrical conduc- 
tors. This distinction is still one of the most striking and extreme con- 
trasts that nature exhibits. Common good conductors like ordinary 
metals differ in their electrical conductivity from common insulators 
like glass and plastics, by factors on the order of 10”. To express it in 
a way the eighteenth-century experimenters like Gray or Benjamin 
Franklin would have understood, a metal globe on a metal post can 
lose its electrification in a millionth of a second; a metal globe on a 
glass post can hold its Vertue for many years. (To make good on the 
last assertion we would need to take some precautions beyond the 
capability of an eighteenth-century laboratory. Can you suggest some 
of them?) 

The electrical difference between a good conductor and a good 
insulator is as vast as the mechanical difference between a liquid and 
a solid. That is not entirely accidental. Both properties depend on the 
mobility of atomic particles: in the electrical case, the mobility of the 
carriers of charge, electrons or ions; in the case of the mechanical 
properties, the mobility of the atoms or molecules that make up the 
structure of the material. To carry the analogy a bit further, we know 
of substances whose fluidity is intermediate between that of a solid and 


+The ‘“‘pack-thread” he used for his string was doubtless a rather poor conductor com- 
pared to metal wire, but good enough for transferring charge in electrostatic experi- 
ments. Gray found, too, that fine copper wire was a conductor, but mostly he used the 
pack-thread for the longer distances. 
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effect we'll study in Chapter 10, but that is not important here.) Now, 
in one way or another, let mobile charges (or ions) be created, making 
the body a conductor. Positive ions are drawn in one direction by the 
field, negative ions in the opposite direction, as indicated in Fig. 3.1. 
They can go no farther than the surface of the conductor. Piling up 
there, they begin themselves to create an electric field inside the body 
which tends to cancel the original field. And in fact the movement goes 
on until that original field is precisely canceled. The final distribution 
of charge at the surface, shown in Fig. 3.1c, is such that its field and 
the field of the fixed external sources combine to give zero electric field 
in the interior of the conductor. Because this “automatically” happens 
in every conductor, it is really only the surface of a conductor that we 
need to consider when we are concerned with the external fields. 

With this in mind, let us see what can be said about a system of 
conductors, variously charged, in otherwise empty space. In Fig. 3.2 
we see some objects. Think of them, if you like, as solid pieces of 
metal. They are prevented from moving by invisible insulators—per- 
haps by Stephen Gray’s silk threads. The total charge of each object, 
by which we mean the net excess of positive over negative charge, is 
fixed because there is no way for charge to leak on or off. We denote 
it by Q,, for the Ath conductor. Each object can also be characterized 
by a particular value y, of the electric potential function y. We say 
that conductor 2 is “at the potential y>.’’ With a system like the one 
shown, where no physical objects stretch out to infinity, it is usually 
convenient to assign the potential zero to points infinitely far away. In 
that case y> is the work per unit charge required to bring an infinites- 
imal test charge in from infinity and put it anywhere on conductor 2. 
(Notice, by the way, that this is just the kind of system in which the 
test charge needs to be kept small, a point raised in Section 1.7.) 


FIGURE 3.1 

The object in (a) is a neutral nonconductor. The charges in it, both positive and 
negative, are immobile. In (b) the charges have been released and begin to move. 
They will move until the final condition, shown in (c), is attained. 
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FIGURE 3.2 
4 system of three conductors. Q, is the charge on 
>onductor 1, œ, is its potential, etc. 


*IGURE 3.3 

a) Gauss’ law relates the electric field strength at the 
iurface of a conductor to the density of surface charge 
Eq. 2). (b) Cross section through surface of conductor 
ind box. 


(a) 


Conductor 
a æ m oe oe oe 


(b) 


Because the surface of a conductor in Fig. 3.2 is necessarily a 
surface of constant potential, the electric field, which is — grad y, 
must be perpendicular to the surface at every point on the surface. 
Proceeding from the interior of the conductor outward, we find at the 
surface an abrupt change in the electric field; E is not zero outside the 
surface, and it is zero inside. The discontinuity in E is accounted for 
by the presence of a surface charge, of density o, which we can relate 
directly to E by Gauss’s law. We can use a flat box enclosing a patch 
of surface (Fig. 3.3) like the one we used in analyzing the charged 
disk in Section 2.6. Here, there is no flux through the “bottom” of the 
box, which lies inside the conductor, and we conclude that E, = 
4ro, where E, is the component of electric field normal to the surface. 
As we have already seen, there is no other component in this case, the 
field being always perpendicular to the surface. The surface charge 
must account for the whole charge Q,. That is, the surface integral of 
o over the whole conductor must equal Q,. In summary, we can make 
the following statements about any such system of conductors, what- 
ever their shape and arrangement: 


p = x at all points on the surface (1) 
of the Ath conductor 


At any point just outside the conductor, E is perpen- (2) 
dicular to the surface, and E = 47, where ø is the 
local density of surface charge 


O= | oda=> E - da (3) 
Sk 


4r Sk 


E is the total field arising from all the charges in the system, near and 
far, of which the surface charge is only a part. The surface charge on 
a conductor is obliged to “readjust itself” until relation (2) is fulfilled. 
That the conductor presents a special case, in contrast to other surface 
charge distributions, is brought out by the comparison in Fig. 3.4. 
Figure 3.5 shows the field and charge distribution for a simple 
system like the one mentioned earlier. There are two conducting 
spheres, a sphere of unit radius carrying a total charge of + | unit, 
the other a somewhat larger sphere with total charge zero. Observe 
that the surface charge density is not uniform over either of the con- 
ductors. The sphere on the right, with total charge zero, has a negative 
surface charge density in the region which faces the other sphere, and 
a positive surface charge on the rearward portion of its surface. The 
dashed curves in Fig. 3.5 indicate the equipotential surfaces or, rather, 
their intersection with the plane of the figure. If we were to go a long 
way out, we would find the equipotential surfaces becoming nearly 


ELECTRIC FIELDS AROUND CONDUCTORS 


(a) 
to 
+ 
+ 
+ 
+ 
+ E = 0 
E = 2r0 + 
+ 
+ 
+ 
+ 
+ 
T (c) 
g 
+ 
-+ 
TE 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
-+ 
+ 


spherical and the field lines nearly radial, and the field would begin to 
look very much like that of a point charge of magnitude | and positive, 
which is the net charge on the entire system. 

Figure 3.5 illustrates, at least qualitatively, all the features we 
anticipated, but we have an additional reason for showing it. Simple 
as the system is, the exact mathematical solution for this case cannot 
be obtained in a straightforward way. Our Fig. 3.5 was constructed 
from an approximate solution. In fact, the number of three-dimen- 
sional geometrical arrangements of conductors which permit a math- 
ematical solution in closed form is lamentably small. One does not 
learn much physics by concentrating on the solution of the few neatly 
soluble examples. Let us instead try to understand the general nature 
of the mathematical problem such a system presents. 
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(d) 


E =4r0 


FIGURE 3.4 

(a) An isolated sheet of surface charge with nothing 
else in the system. This was treated in Fig. 1.23. The 
field was determined as 270 on each side of the sheet 
by the assumption of symmetry. (b) If there are other 
charges in the system, we can say only that the change 
in E, at the surface must be 47, with zero change in 
E,. Many fields other than the field of (a) above could 
have this property. Two such are shown in (b) and (c). 
(d) If we know that the medium on one side of the 
surface is a conductor, we know that on the other side 
E must be perpendicular to the surface, with magnitude 
E = 4ro. E could not have a component parallel to the 
surface without causing charge to move. 
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FIGURE 3.5 

The electric field around two spherical conductors, one 
with total charge 1, and one with total charge zero. 
Dashed curves are intersections of equipotential 
surfaces with the plane of the figure. Zero potential is 
at infinity. 
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THE GENERAL ELECTROSTATIC PROBLEM; 
UNIQUENESS THEOREM 

3.3 We can state the problem in terms of the potential function y, 
for if y can be found, we can at once get E from it. Everywhere outside 
the conductors ¢ has to satisfy the partial differential equation we met 
in Chapter 2, Laplace’s equation: Vg = 0. Written out in cartesian 
coordinates, Laplace’s equation reads, 


ep yp Ay 7 


ax? ay az? “) 


The problem is to find a function that satisfies Eq. 4 and also meets 
the specified conditions on the conducting surfaces. These conditions 
might have been set in various ways. It might be that the potential of 
each conductor y is fixed or known. (In a real system the potentials 
may be fixed by permanent connections to batteries or other constant- 
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potential “power supplies.”) Then our solution (x, y, z) has to 
assume the correct value at all points on each of the surfaces. These 
surfaces in their totality bound the region in which ¢ is defined, if we 
include a large surface “at infinity,” where we require p to approach 
zero. Sometimes the region of interest is totally enclosed by a con- 
ducting surface; then,.we can assign this conductor a potential and 
ignore anything outside it. In either case, we have a typical boundary- 
value problem, in which the value the function has to assume on the 
boundary is specified for the entire boundary. 

One might, instead, have specified the total charge on each con- 
ductor, Q. (We could not specify arbitrarily all charges and poten- 
tials; that would overdetermine the problem.) With the charges spec- 
ified, we have in effect fixed the value of the surface integral of grad 
y over the surface of each conductor. This gives the mathematical 
problem a slightly different aspect. Or one can “mix” the two kinds of 
boundary conditions. 

A general question of some interest is this: With the boundary 
conditions given in some way, does the problem have no solution, one 
solution, or more than one solution? We shall not try to answer this 
question in all the forms it can take, but one important case will show 
how such questions can be dealt with and will give us a useful result. 
Suppose the potential of each conductor, yx, has been specified, 
together with the requirement that y approach zero at infinite dis- 
tance, or on a conductor which encloses the system. We shall prove 
that this boundary-value problem has no more than one solution. It 
seems obvious, as a matter of physics, that it has a solution, for if we 
should actually arrange the conductors in the prescribed manner, con- 
necting them by infinitesimal wires to the proper potentials, the system 
would have to settle down in some state. However, it is quite a differ- 
ent matter to prove mathematically that a solution always exists, and 
we shall not attempt it. Instead, we assume that there is a solution 
y(x, y, z) and show that it must be unique. The argument, which is 
typical of such proofs, runs as follows. 

Assume there is another function y(x, y, z) which is also a solu- 
tion meeting the same boundary conditions. Now Laplace’s equation 
is linear. That is, if y and y satisfy Eq. 4, then so does » + y or any 
linear combination such as cig + cov, where cı and c, are constants. 
In particular, the difference between our two solutions, y — y, must 
satisfy Eq. 4. Call this function W: 


W(x, y, z) = (x, y, z) — W(x, y, z) (5) 


Of course, W does not satisfy the boundary conditions. In fact, at the 
surface of every conductor W is zero, because y and ¢ take on the 
same value, y, at the surface of a conductor k. Thus W is a solution 
of another electrostatic problem, one with the same conductors but 
with all conductors held at zero potential. We can now assert that, if 
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this is so, W must be zero at all points in space. For if it is not, it must 
have either a maximum or a minimum somewhere—remember that 
W is zero at infinity as well as on all the conducting boundaries. If W 
has an extremum at some point P, consider a sphere centered on that 
point. As we saw in Chapter 2, the average over a sphere of a function 
that satisfies Laplace’s equation is equal to its value at the center. This 
could not be true if the center is a maximum or minimum. Thus W 
cannot have a maximum or minimum; it must therefore be zero every- 
where. It follows that Y = o everywhere, that is, there can be only 
one solution of Eq. 4 that satisfies the prescribed boundary conditions. 

We can now demonstrate easily another remarkable fact. In the 
space inside a hollow conductor of any shape whatever, if that space 
itself is empty of charge, the electric field is zero. This is true whatever 
the field may be outside the conductor. We are already familiar with 
the fact that the field is zero inside an isolated uniform spherical shell 
of charge, just as the gravitational field inside the shell of a hollow 
spherical mass is zero. The theorem we just stated is, in a way, more 
surprising. Consider the closed metal box shown partly cut away in 
Fig. 3.6. There are charges in the neighborhood of the box, and the 
external field is approximately as depicted. There is a highly nonuni- 
form distribution of charge over the surface of the box. Now the field 
everywhere in space, including the interior of the box, is the sum of 
the field of this charge distribution and the fields of the external 
sources. It seems hardly credible that the surface charge has so clev- 
erly arranged itself on the box that its field precisely cancels the field 
of the external sources at every point inside the box. Yet this must 
have happened, as we can prove in a few sentences. 

The potential function inside the box, (x, y, z), must satisfy 
Laplace’s equation. The entire boundary of this region, namely, the 
box, is an equipotential, so we have y = go, a constant everywhere on 
the boundary. One solution is obviously ¢ = gp throughout the vol- 
ume. But there can be only one solution, according to our uniqueness 
theorem, so this is it. “g = constant” implies E = 0, because E = 
— grad g. 

The absence of electric field inside a conducting enclosure is use- 
ful, as well as theoretically interesting. It is the basis for electrical 
shielding. For most practical purposes the enclosure does not need to 
be completely tight. If the walls are perforated with small holes, or 
made of metallic screen, the field inside will be extremely weak except 
in the immediate vicinity of a hole. A metal pipe with open ends, if it 
is a few diameters long, very effectively shields the space inside that 
is not close to either end. We are considering only static fields of 
course, but for slowly varying electric fields these remarks still hold. 
(A rapidly varying field can become a wave that travels through the 
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pipe. Rapidly means here “‘in less time than light takes to travel a pipe 
diameter.”’) 


SOME SIMPLE SYSTEMS OF CONDUCTORS 

3.4 In this section we shall investigate a few particularly simple 
arrangements of conductors. We begin with two concentric metal 
spheres, of radii R, and R>, carrying total charges Q, and Q», respec- 
tively (Fig. 3.7). This situation presents no new challenge. It is obvious 
from symmetry that the charge on each sphere must be distributed 
uniformly, so our example really belongs back in Chapter 1! Outside 
the larger sphere the field is that of a point charge of magnitude Q, 
+ Q», so yı, the potential of the outer sphere, is 


Qi + Q: 
R; 
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FIGURE 3.6 
The field is zero everywhere inside a closed conducting 
box. 


FIGURE 3.7 
With given charges Q, and Q; on the spherical shells, 
the potential of the inner shell is given by Eq. 6. 
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The potential of the inner sphere is given by 
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2 is also the potential at all points inside the inner sphere. We could 
have found y = Q,/R, + Q/R by simple superposition: Q,/ R; is 
the potential inside the larger sphere if it alone is present, Q2/ R3 the 
potential inside the inner sphere if it alone is present. If the spheres 
carried equal and opposite charges, Q, = —Q only the space 
between them will have a nonvanishing electric field. 

About the simplest system in which the mobility of the charges 
in the conductor makes itself evident is the point charge near a con- 
ducting plane. Suppose the xy plane is the surface of a conductor 
extending out to infinity. Let’s assign this plane the potential zero. 
Now bring in a positive charge Q and locate it h cm above the plane 
on the z axis, as in Fig. 3.8a. What sort of field and charge distribution 
can we expect? We expect the positive charge Q to attract negative 
charge, but we hardly expect the negative charge to pile up in an infi- 
nitely dense concentration at the foot of the perpendicular from Q. 
Why not? Also, we remember that the electric field is always perpen- 
dicular to the surface of a conductor, at the conductor’s surface. Very 
near the point charge Q, on the other hand, the presence of the con- 
ducting plane can make little difference; the field lines must start out 
from Q as if they were leaving a point charge radially. So we might 
expect something qualitatively like Fig. 3.85, with some of the details 
still a bit uncertain. Of course the whole thing is bound to be quite 
symmetrical about the z axis. 

But how do we really solve the problem? The answer is, by a 
trick, but a trick that is both instructive and frequently useful. We 
find an easily soluble problem whose solution, or a piece of it, can be 
made to fit the problem at hand. Here the easy problem is that of two 
equal and opposite point charges, Q and —Q. On the plane which 
bisects the line joining the two charges, the plane indicated in cross 
section by the line AA in Fig. 3.8c, the electric field is everywhere 
perpendicular to the plane. If we make the distance of Q from the 
plane agree with the distance A in our original problem, the upper half — 
of the field in Fig. 3.8c meets all our requirements: The field is per- _ 


FIGURE 3.8 

(a) A point charge Q above an infinite plane conductor. 
(b) The field must look something like this. (c) The field 
of a pair of opposite charges. 
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pendicular to the plane of the conductor, and in the neighborhood of 
Q it approaches the field of a point charge. 

The boundary conditions here are not quite those that figured in 
our uniqueness theorem in the last section. The potential of the con- 
ductor is fixed, but we have in the system a point charge at which the 
potential approaches infinity. We can regard the point charge as the 
limiting case of a small, spherical conductor on which the total charge 
Q is fixed. For this mixed boundary condition—potentials given on 
some surfaces, total charge on others—a uniqueness theorem also 
holds. If our “borrowed” solution fits as well as this, it must be the 
solution. 

Figure 3.9 shows the final solution for the field above the plane, 
with the density of the surface charge suggested. We can calculate the 
field strength and direction at any point by going back to the two- 
charge problem, Fig. 3.8c, and using Coulomb’s law. Consider a point 
on the surface, a distance R from the origin. The square of its distance 
from Q is r? + h?, and the z component of the field of Q, at this point, 
is —Q cos 0/(r? + h°). The “image charge,” —Q, below the plane 
contributes an equal z component. Thus the electric field here is given 
by: 

—2 —20 h —2Qh 


Fe ROO aR +e +p? P 
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FIGURE 3.9 

Some field lines for the charge above the plane. The 
field strength at the surface, given by Eq. 7, determines 
the surface charge density ø. 
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FIGURE 3.10 

The distribution of charge on a conducting disk with 
total charge zero, in the presence of a positive point 
charge Q at height h above the center of the disk. The 
actual surface charge density at any point is of course 
the algebraic sum of the positive and negative densities 
shown. 
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This tells us the surface charge density ø: 


i Pe a S 
4r = 2x (r’? + PPP 


Let us calculate the total amount of charge on the surface by 
integrating over the distribution: 


a hr dr 
| o: 2rr dr = -o | (e+ A —OQ (9) 


That result was to be expected. It means that all the flux leaving the 
charge Q ends on the conducting plane. 

There is one puzzling point. What if the plane conductor had 
been completely uncharged before the charge Q was put in place 
above it? How can the conductor now exhibit a net charge —Q? The 
answer is that a compensating positive charge, +Ọ in amount, must 
be distributed over the whole plane. To see what is going on here, 
imagine that the conducting plane is actually a metal disk, not infinite 
but finite and with a radius R > h. If a charge +Ọ were to be spread 
uniformly over this disk, on both sides, the resulting surface density 


(8) 


Positive charge on top and 
bottom disk. Total: + Q 
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would be Q/22R?, which would cause an electric field of strength 
20/ R? normal to the plane of the disk. Since our disk is a conductor, 
on which charge can move, the charge density and the resulting field 
strength will be even Jess than 2Q/R? near the center of the disk 
because of the tendency of the charge to spread out toward the rim. 
In any case the field of this distribution is smaller in order of magni- 
tude by a factor h*/R? than the field described by Eq. 7. As long as 
R > h we were justified in ignoring it, and of course it vanishes com- 
pletely for an unbounded conducting plane. Figure 3.10 shows in sep- 
arate plots the surface charge density o, given by Eq. 8, and the dis- 
tribution of the compensating charge Q on the upper and lower 
surfaces of the disk. Here we have made R not very much larger than 
h, in order to show both distributions clearly in the same diagram. 
Notice that the compensating positive charge has arranged itself in 
exactly the same way on the top and bottom surfaces of the disk, as if 
it were utterly ignoring the pile of negative charge in the middle of 
the upper surface! Indeed, it is free to do so, for the field of that neg- 
ative charge distribution plus that of the point charge Q that induced 
it has horizontal component zero at the surface of the disk, hence has 
no influence whatever on the distribution of the compensating positive 
charge. 

The isolated conducting disk mentioned above belongs to 
another class of soluble problems, a class which includes any isolated 
conductor in the shape of a spheroid, an ellipsoid of revolution. With- 
out going into the mathematicst we show in Fig. 3.11 some electric 
field lines and equipotential surfaces around the conducting disk. The 
field lines are hyperbolas. The equipotentials are oblate ellipsoids of 
revolution enclosing the disk. The potential ¢ of the disk itself, relative 
to infinity, turns out to be 


_ (4/2) Q 


a 


Po (10) 
where Q is the total charge of the disk and a is its radius. Compare 
this picture with Fig. 2.11, the field of a uniformly charged noncon- 
ducting disk. In that case the electric field at the surface was not nor- 
mal to the surface; it had a radial component outward. If you could 
make that disk in Fig. 2.11 a conductor, the charge would flow out- 
ward until the field in Fig. 3.11 was established. According to the 
mathematical solution on which Fig. 3.11 is based, the charge density 
at the center of the disk would then be just half as great as it was at 
the center of the uniformly charged disk. 

Figure 3.11 shows us the field not only of the conducting disk, 


tMathematically speaking, this class of problems is soluble because a spheroidal coor- 
dinate system happens to be one of those systems in which Laplace’s equation takes 
on a particularly simple form. 


101 


102 


CHAPTER THREE 


$=0.3¢, 


o= 0.49, 


$= 0.5¢, 


>= 0.6¢, 


$= 0.74, 
$= 0.84, 
$ = 0.9py 


FIGURE 3.11 
Equipotentials and field lines for a charged conducting 
disk. 


but of any isolated oblate spheroidal conductor. To see that, choose 
one of the equipotential surfaces of revolution—say the one whose 
trace in the diagram is the ellipse marked ¢ = 0.69. Imagine that 
we could plate this spheroid with copper and deposit charge Q on it. 
Then the field shown outside it already satisfies the boundary condi- 
tions: electric field normal to surface; total flux 47Q. It is a solution, 
and in view of the uniqueness theorem it must be the solution for an 
isolated charged conductor of that particular shape. All we need to do 
is erase the field lines inside the conductor. Or imagine copperplating 
two of the spheroidal surfaces, putting charge Q on the inner surface, 
—Q on the outer. The section of Fig. 3.11 between these two equipo- 
tentials shows us the field between two such concentric spheroidal 
conductors. 

This suggests a general strategy. Given the solution for any elec- 
trostatic problem with the equipotentials located, we can extract from 
it the solution for any other system made from the first by copper- 
plating one or more equipotential surfaces. Perhaps we should call the 

method “a solution in search of a problem.” The situation was well 
described by Maxwell: “It appears, therefore, that what we should 
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naturally call the inverse problem of determining the forms of the con- 
ductors when the expression for the potential is given is more man- 
ageable than the direct problem of determining the potential when the 
form of the conductors is given”’.t 

If you worked Problem 2.11, you already possess the raw mate- 
rial for an important example. You found that a uniform line charge 
of finite length has equipotential surfaces in the shape of prolate ellip- 
soids of revolution. This solves the problem of the potential and field 
of any isolated charged conductor of prolate spheroidal shape, reduc- 
ing it to the relatively easy calculation of the potential due to a line 
charge. You can try it in Problem 3.22. 


CAPACITANCE AND CAPACITORS 

3.5 An isolated conductor carrying a charge Q has a certain poten- 
tial œo, with zero potential at infinity. Q is proportional to ġo. The 
constant of proportionality depends only on the size and shape of the 
conductor. We call this factor the capacitance of that conductor and 
denote it by C. 


Q = Cho (11) 


Obviously the units for C depend on the units in which Q and gp are 
expressed. Let us continue to measure Q in esu and ġo in statvolts. For 
an isolated spherical conductor of radius a we know that ¢9 = Q/a. 
Hence the capacitance of the sphere, defined by Eq. 11, must be 


-L 
Po 


For an isolated conducting disk of radius a, according to Eq. 10, Q = 
(2/1) ago, so the capacitance of such a conductor is C = (2/z)a. It is 
somewhat smaller than the capacitance of a sphere of the same radius, 
which seems reasonable. The CGS electrostatic unit of capacitance is 
the centimeter; it needs no other name. Since capacitance has the 
dimensions of length, for conductors of a given shape capacitance 
scales as a linear dimension of the object. 

That applies to single, isolated conductors. The concept of 
capacitance is useful whenever we are concerned with charges on and 
potentials of conductors. By far the most common case of interest is 
that of two conductors oppositely charged, with Q and —Q, respec- 


C a (12) 


tJames Clerk Maxwell, “Treatise on Electricity and Magnetism,” vol. I, 3d ed., 
Oxford University Press, 1891, chap. VII; reprinted by Dover, New York, 1954. Every 
student of physics ought sometime to look into Maxwell’s book. Chapter VII is a good 
place to dip in while we are on the present subject. At the end of Volume I you will 
find some beautiful diagrams of electric fields, and shortly beyond the quotation we 
have just given, Maxwell’s reason for presenting these figures. One may suspect that 
he also took delight in their construction and their elegance. 
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FIGURE 3.12 
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(a) A parallel-plate capacitor. 


(b) Cross section of (a) showing field lines. 


tively. Here the capacitance is defined as the ratio of the charge Q to 
the potential difference between the two conductors. The object itself, 
comprising the two conductors, insulating material to hold the con- 
ductors apart, and perhaps electrical terminals or leads, is called a 
capacitor. Most electronic circuits contain numerous capacitors. The 
parallel-plate capacitor is the simplest example. 

Two similar flat conducting plates are arranged parallel to one 
another, separated by a distance s, as in Fig. 3.12a. Let the area of 
each plate be A and suppose that there is a charge Q on one plate and 
—Q on the other. p, and > are the values of the potential at each of 
the plates. Figure 3.126 shows in cross section the field lines in this 
system. Away from the edge, the field is very nearly uniform in the 
region between the plates. When it is treated as uniform, its magni- 
tude must be (yı — ¢2)/s. The corresponding density of the surface 
charge on the inner surface of one of the plates is 
E_gi-¢ (13) 


a ae 4rs 


If we may neglect the actual variation of E and therefore of o which 
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occurs principally near the edge of the plates, we can write a simple 
expression for the total charge on one plate: 


fı — 2 


4rs (14) 


(neglecting edge effects) 

We should expect Eq. 14 to be more nearly accurate the smaller 
the ratio of the plate separation s to the lateral dimension of the plates. 
Of course, if we were to solve exactly the electrostatic problem, edge 
and all, for a particular shape of plate, we could replace Eq. 14 by an 
exact formula. To show how good an approximation Eq. 14 is, there 
are listed in Fig. 3.13 values of the correction factor f by which the 
charge Q given in Eq. 14 differs from the exact result, in the case of 
two conducting disks at various separations. The total charge is always 
a bit greater than Eq. 14 would predict. That seems reasonable as we 
look at Fig. 3.125, for there is evidently an extra concentration of 
charge at the edge, and even some charge on the outer surfaces near 
the edge. 

We are not concerned now with the details of such corrections 
but with the general properties of a two-conductor system, the capac- 
itor. We are interested in the relation between the charge Q on one of 
the plates and the potential difference between the two plates. For the 
particular system to which Eq. 14 applies, the quotient O/(¢; — ¢2) 
is A/4as. Even if this is only approximate, it is clear that the exact 
formula will depend only on the size and geometrical arrangement of 
the plates. That is, for a fixed pair of conductors, the ratio of charge 
to potential difference will be a constant. We call this constant the 
capacitance of the capacitor and denote it usually by C. 


Q = Cl¢i — p) (15) 


Thus the capacitance of the parallel-plate capacitor, with edge fields 
neglected, is given by 


A (in cm’) 


7 4rs (in cm) 


(16) 


Often, especially when we are concerned with electrical circuits, 
we shall want to measure charge in coulombs and potentials in volts. 
Then the capacitance, C in Eq. 14, will be measured in farads. If a 
capacitor has a capacitance of one farad, the charge Q is equal to one 
coulomb when the potential difference between the plates is one volt. 
Figure 3.14 summarizes the formulas for capacitance in both CGS 
and SI units. Refer to it when in doubt. As usual, the difference stems 
from a factor 47re€9 in any expression involving charge. The farad hap- 
pens to be a gigantic unit; the capacitance of an isolated sphere the 
size of the earth is less than a tenth of a farad. But that causes no 
trouble. We deal on more familiar terms with the microfarad (uF), 


105 


FIGURE 3.13 

The true capacitance of parallel circular plates, 
compared to the prediction of Eq. 14, for various ratios 
of separation to plate radius. The effect of the edge 
correction can be represented by writing the charge Q 
as 


Albi — 2) 
Ars 


Q = 


For circular plates, the factor f depends on s/Ras 
follows: 


sR _ iF 
0.2 1.286 
0.1 1.167 
0.05 1.094 
0.02 1.042 
0.01 1.023 
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FIGURE 3.14 
Summary of units associated with capacitance. 
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ESUN 
CGS units Q = 


coulombs farads 
N i 
SI units Q =Cġ- Volts 


2 
m m 
s eo 
C = 4rega = 


oN 


m 


€p = 8.854 x 10” farad/meter 


lem = 1.11 x 107" farad 


10~° farad, and the picofarad (pF), 107'? farad. One picofarad is 
roughly equivalent to 1 cm. With the farad defined as one coulomb 
per volt, the dimension of the constant éọ can be conveniently 
expressed as farads/meter. 

Any pair of conductors, regardless of shape or arrangement, can 
be considered a capacitor. It just happens that the parallel-plate 
capacitor is a common arrangement and one for which an approxi- 
mate calculation of the capacitance is very easy. Figure 3.15 shows 
two conductors, one inside the other. We can call this arrangement, 
too, a capacitor. As a practical matter, some mechanical support for 
the inner conductor would be needed, but that does not concern us. 
Also, to convey electric charge to or from the conductors we would 
need leads which are themselves conducting bodies. Since a wire lead- 
ing out from the inner body, numbered 1, necessarily crosses the space 
between the conductors, it is bound to cause some perturbation of the 
electric field in that space. To minimize this we may suppose the lead 
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wires to be extremely thin. Or we might imagine the leads removed 
before the potentials are determined. 

In this system we can distinguish three charges: Q,, the total 
charge on the inner conductor; Q$’, the amount of charge on the inner 
surface of the outer conductor; Q$”, the charge on the outer surface 
of the outer conductor. Observe first that Q$? must equal —Q,. We 
know this because a surface such as S in Fig. 3.15 encloses both these 
charges and no others and the flux through this surface is zero. The 
flux is zero because on the surface S, lying, as it does, in the interior 
of a conductor, the electric field is zero. 

Evidently the value of Q, will uniquely determine the electric 
field within the region between the two conductors and thus will deter- 
mine the difference between their potentials, p, — 2. For that reason, 
if we are considering the two bodies as “plates” of a capacitor, it is 
only Q, or its counterpart Q$’, that is involved in determining the 
capacitance. The capacitance is: 


C= Q (17) 
rl 2 
QS”, on which y; itself depends, is here irrelevant. In fact, the com- 
plete enclosure of one conductor by the other makes the capacitance 
independent of everything outside. 


POTENTIALS AND CHARGES 

ON SEVERAL CONDUCTORS 

3.6 We have been skirting the edge of a more general problem, the 
relations among the charges and potentials of any number of conduc- 
tors of some given configuration. The two-conductor capacitor is just 
a special case. It may surprise you that anything useful can be said 
about the general case. In tackling it, about all we can use is the 
uniqueness theorem and the superposition principle. To have some- 
thing definite in mind, consider three separate conductors, all enclosed 
by a conducting shell, as in Fig. 3.16. The potential of this shell we 
may choose to be zero; with respect to this reference the potentials of 
the three conductors, for some particular state of the system, are g, 
pn and 3. The uniqueness theorem guarantees that, with y1, 92, and 
p; given, the electric field is determined throughout the system. It fol- 
lows that the charges Qı, Q2, and Q; on the individual conductors are 
likewise uniquely determined. 

We need not keep account of the charge on the inner surface of 
the surrounding shell, since it will always be —(Q; + Qı + Q). If 
you prefer, you can let “infinity” take over the role of this shell, imag- 
ining the shell to expand outward without limit. We have kept it in 
the picture because it makes the process of charge transfer easier to 
follow, for some people, if we have something to connect to. 


107 


FIGURE 3.15 
A capacitor in which one conductor is enclosed by the 
other. 
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FIGURE 3.16 
A general state of this system can be analyzed as the 


superposition (d) of three states (a-c) in each of which ; i 
all conductors but one are at zero potential. Among the possible states of this system are ones with p, and 


p; both zero. We could enforce this condition by connecting conduc- 
tors 2 and 3 to the zero-potential shell, as indicated in Fig. 3.16a. As 
before, we may suppose the connecting wires are so thin that any 
charge residing on them is negligible. Of course, we really do not care 
how the specified condition is brought about. In such a state, which 
we shall call state I, the electric field in the whole system and the 
charge on every conductor is determined uniquely by the value of ¢). 
Moreover, if p, were doubled, that would imply a doubling of the field 
strength everywhere, and hence a doubling of each of the charges Q,, 
Q,, and Q;. That is, with p2 = p3 = 0, each of the three charges must 
be proportional to yı. Stated mathematically: 


State I 
z eP Qi = Cig; Q2 = Capi; Q3 = Czy, (18) 
p2 = p3 = 
The three constants, Cii, C21, and C3,, can depend only on the shape 
and arrangement of the conducting bodies. 
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In just the same way we could analyze states in which yg, and 
p; are zero, calling such a condition state JI (Fig. 3.165). Again, we 
must first find a linear relation between the only nonzero potential, 
in this case, and the various charges: 


State II 

_ _ | QO, = Crez; G2 = Cez Q3 = C32 (19) 
9, = 93 = 0 | 

Finally, when ọı and ¢> are held at zero, the field and the charges are 
proportional to g3: 


State III 


gı = p2 = 0 Qı = C1393; Q2 = C2393; Q; = C3393 (20) 


Now the superposition of three states like /, H, and JI is also a 
possible state. The electric field at any point is the vector sum of the 
electric fields at that point in the three cases, while the charge on a 
conductor is the sum of the charges it carried in the three cases. In 
this new state the potentials are p1, ¢2, and 3, none of them neces- 
sarily zero. In short, we have a completely general state. The relation 
connecting charges and potentials is obtained simply by adding Eqs. 
18 through 20: 


QO, = Cugi + Cree + Ci3¢3 
QO, = Cugi + Cue: + Cr393 (21) 
Q3 = Cy1¢1 + Crrp2 + C3393 


It appears that the electrical behavior of this system 1s charac- 
terized by the nine constants Cii, Ciz, ..., C33. In fact only six con- 
stants are necessary, for it can be proved that in any system Ci, = 
Cy, Co = Cz, and C3 = C32. Why this should be so is not obvious. 
Problem 3.27 will suggest a proof based on conservation of energy, but 
for that purpose you will need an idea developed in Section 3.7. The 
C’s in Eqs. 21 are called the coefficients of capacitance. It is clear that 
our argument would extend to any number of conductors. 

A set of equations like (21) can be solved for the y’s in terms of 
the Q’s. That is, there is an equivalent set of linear relations of the 
form: 


pı = PQ + Pi2Q2 + P3Q3 
p2 = PQ) + PQ. + P2303 (22) 
g3 = P,Q; + P3202 + P33Q3 


The P’s are called the potential coefficients; they could be computed 
from the C’s, or vice versa. 

We have here a simple example of the kind of relation we can 
expect to govern any /inear physical system. Such relations turn up in 
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the study of mechanical structures (connecting the strains with the 
loads), in the analysis of electrical circuits (connecting voltages and 
currents), and generally speaking, wherever the superposition princi- 
ple can be applied. 


ENERGY STORED IN A CAPACITOR 
3.7 Consider a capacitor of capacitance C, with a potential differ- 
ence ı2 between the plates. The charge Q is equal to Cy). There is 
a charge Q on one plate and — Q on the other. Suppose we increase 
the charge from Q to Q + dQ by transporting a positive charge dQ 
from the negative to the positive plate, working against the potential 
difference 12. The work that has to be done is dW = y,, dQ = Q 
dQ/C. Therefore to charge the capacitor starting from the uncharged 
state to some final charge Q; requires the work 

l Qf Q7 

C Jgo=0 Q aQ 2C (23) 
This is the energy U which is “stored” in the capacitor. It can also be 
expressed by 


U = 4Co (24) 


For the parallel-plate capacitor with plate area A and separation 
s we found the capacitance C = A/4rs and the electric field E = 
£12/S. Hence Eq. 24 is also equivalent to 


U= 1 (4 (Es)? = E ‘As = E - volume (25) 
2 \4rs Si 87 

This agrees with our general formula, Eq. 38 in Chapter 1 for the 

energy stored in an electric field.t 

Equation 24 applies as well to the isolated charged conductor, 
which can be thought of as the inner plate of a capacitor, enclosed by 
an outer conductor of infinite size and potential zero. For the isolated 
sphere of radius a, we found C = a, so that U = Kag? or, equivalently. 
U = %Q?/a, agreeing with our earlier calculation of the energy stored 
in the electric field of the charged sphere. 

The oppositely charged plates of a capacitor will attract one 
another; some mechanical force will be required to hold them apart. 
This is obvious in the case of the parallel-plate capacitor, for which 
we could easily calculate the force on the surface charge. But we can 
make a more general statement based on Eq. 23, which related stored 


TAll this applies to the vacuum capacitor consisting of conductors with empty spac 
in between. As you know from the laboratory, most capacitors used in electric circuit 
are filled with an insulator or “dielectric.” We are going to study the effect that ha: 
in Chapter 10. 
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energy to charge Q and capacitance C. Suppose that C depends in 
some manner on a linear coordinate x which measures the displace- 
ment of one “plate” of a capacitor, which might be a conductor of any 
shape, with respect to the other. Let F be the magnitude of the force 
that must be applied to each plate to overcome their attraction and 
keep x constant. Now imagine the distance x is increased by an incre- 
ment Ax with Q remaining constant and one plate fixed. The external 
force F on the other plate does work F Ax and, if energy is to be 
conserved, this must appear as an increase in the stored energy 
Q’/2C. That increase at constant Q is 


AU = — ro Z LIL) ax (26) 
x 


Equating this to the work F Ax we find 


? d [il 
roZ Ei (27) 


OTHER VIEWS OF THE BOUNDARY-VALUE PROBLEM 
3.8 It would be wrang to leave the impression that there are no gen- 
eral methods for dealing with the Laplacian boundary-value problem. 
Although we cannot pursue this question much further, we shall men- 
tion some useful and interesting approaches which you are likely to 
meet in future study of physics or applied mathematics. 

First, an elegant method of analysis, called conformal mapping, 
is based on the theory of functions of a complex variable. Unfortu- 
nately it applies only to two-dimensional systems. These are systems 
in which y depends only on x and y, for example, all conducting 
boundaries being cylinders (in the general sense) with elements run- 
ning parallel to z. Laplace’s equation then reduces to 

vp dy 

3x2) ay = 0 (28) 
with boundary values specified on some lines or curves in the xy plane. 
Many systems of practical interest are like this or sufficiently like this 
to make the method useful, quite apart from its intrinsic mathematical 
interest. For instance, the exact solution for the potential around two 
long parallel strips is easily obtained by the method of conformal map- 
ping. The field lines and equipotentials are shown in a cross-section 
plane in Fig. 3.17. This provides us with the edge field for any parallel- 
plate capacitor in which the edge is long compared with the gap. The 
field shown in Fig. 3.12b was copied from such a solution. You will be 
able to apply this method after you have studied in more advanced 
mathematics functions of a complex variable. 

Second, we mention a numerical method for finding approxi- 
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FIGURE 3.17 
Field lines and equipotentials for two infinitely long 
conducting strips. 
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mate solutions of the electrostatic potential with given boundary val 
ues. Surprisingly simple and almost universally applicable, thi: 
method is based on that special property of harmonic functions witl 
which we are already familiar: The value of the function at a point i: 
equal to its average over the neighborhood of the point. In this methot 
the potential function ¢ is represented by values at an array of discret 
points only, including discrete points on the boundaries. The values a 
nonboundary points are then adjusted until each value is equal to thi 
average of the neighboring values. In principle one could do this b: 
solving a large number of simultaneous linear equations—as many a: 
there are interior points. But an approximate solution can be obtainec 
by the following procedure, called a relaxation method. Start with thi 
boundary points of the array, or grid, set at the values prescribed 
Assign starting values arbitrarily to the interior points. Now visit, ii 
some order, all the interior points. At each point reset its value to thi 
average of the values at the four (for a square grid) adjacent gric 
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points. Repeat again and again, until all the changes made in the 
course of one sweep over the network of interior points are acceptably 
small. If you want to see how this method works, Problems 3.30 and 
3.31 will provide an introduction. Whether convergence of the relax- 
ation process can be ensured, or even hastened, and whether a relax- 
ation method or direct solution of the simultaneous equations is the 
better strategy for a given problem are questions in applied mathe- 
matics that we cannot go into here. It is the high-speed computer, of 
course, that makes both methods feasible. 


PROBLEMS 


3.1 A spherical conductor A contains two spherical cavities. The 
total charge on the conductor itself is zero. However, there is a point 
charge q, at the center of one cavity and q. at the center of the other. 
A considerable distance r away is another charge gg. What force acts 
on each of the four objects, A, gp, qe qa? Which answers, if any, are 
only approximate, and depend on r being relatively large? 


3.2 What is wrong with the idea of a gravity screen, something that 
will “block” gravity the way a metal sheet seems to “block” the elec- 
tric field. Think about the difference between the gravitational source 
and electrical sources. Note that the walls of the box in Fig. 3.6 do 
not block the field of the outside sources but merely allow the surface 
charges to set up a compensating field. Why can’t something of this 
sort be contrived for gravity? What would you need to accomplish it? 


3.3 In the field of the point charge over the plane (Fig. 3.9), if you 
follow a field line that starts out from the point charge in a horizontal 
direction, that is, parallel to the plane, where does it meet the surface 
of the conductor? (You'll need Gauss’s law and a simple integration.) 


3.4 A positive point charge Q 1s fixed 10 cm above a horizontal 
conducting plane. An equal negative charge — Q is to be located some- 
where along the perpendicular dropped from Q to the plane. Where 
can —Q be placed so that the total force on it will be zero? 

Ans. y = 3.06 cm. 
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3.5 A charge Q is located h cm above a conducting plane, just as 
in Fig. 3.8a. Asked to predict the amount of work that would have to 
be done to move this charge out to infinite distance from the plane, 
one student says that it is the same as the work required to separate 
to infinite distance two charges Q and —Q which are initially 2h cm 
apart, hence W = Q*/2h. Another student calculates the force that 
acts on the charge as it is being moved and integrates F dx, but gets 
a different answer. What did the second student get, and who is right? 


3.6 By solving the problem of the point charge and the plane con- 
ductor we have, in effect, solved every problem that can be constructed 
from it by superposition. For instance, suppose we have a straight wire 
200 meters long uniformly charged with 10° esu per centimeter of 
length, running parallel to the earth at a height of 5 meters. What is 
the field strength at the surface of the earth, immediately below the 
wire? (For steady fields the earth behaves like a good conductor.) 
What is the electrical force acting on the wire? 


3.7 The two metal spheres in (a) are connected by a wire; the total 
charge is zero. In (b) two oppositely charged conducting spheres have 
been brought into the positions shown, inducing charges of opposite 
sign in A and in B. If now C and D are connected by a wire as in (c), 
it could be argued that something like the charge distribution in (b) 
ought to persist, each charge concentration being held in place by the 
attraction of the opposite charge nearby. What about that? Can you 
prove it won’t happen? 


3.8 Three conducting plates are placed parallel to one another as 
shown. The outer plates are connected by a wire. The inner plate is 
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isolated and carries a charge amounting to 10 esu per square centi- 
meter of plate. In what proportion must this charge divide itself into 
a surface charge ø, on one face of the inner plate and a surface charge 
a, on the other side of the same plate? 


3.9 Locate two charges q each and two charges —gq each on the 
corners of a square, with like charges diagonally opposite one another. 
Show that there are two equipotential surfaces that are planes. In this 
way obtain, and sketch qualitatively, the field of a single point charge 
located symmetrically in the inside corner formed by bending a metal 
sheet through a right angle. Which configurations of conducting 
planes and point charges can be solved this way and which can’t? How 
about a point charge located on the bisector of a 120° dihedral angle 
between two conducting planes? 


3.10 What is the capacitance C of a capacitor that consists of two 
concentric spherical metal shells? The inner radius of the outer shell 
is a; the outer radius of the inner shell is b. Check your result by con- 
sidering the limiting case with the gap between the conductors, a — 
b, much smaller than b. In that limit the formula for the capacitance 
of the flat parallel-plate capacitor ought to be applicable. 


3.11 A 100-pF capacitor is charged to 100 volts. After the charging 
battery is disconnected, the capacitor is connected in parallel to 
another capacitor. If the final voltage is 30 volts, what is the capaci- 
tance of the second capacitor. How much energy was lost, and what 
happened to it? 


3.12 Two aluminized optical flats 15 cm in diameter are separated 
by a gap of 0.04 mm, forming a capacitor. What is the capacitance in 
pF? 


3.13 Make a rough estimate of the capacitance of an isolated 
human body. Hint: It must lie somewhere between that of an inscribed 
sphere and that of a circumscribed sphere. By shuffling over a nylon 
rug on a dry winter day you can easily charge yourself up to a couple 
of kilovolts—as shown by the length of the spark when your hand 
comes too close to a grounded conductor. How much energy would be 
dissipated in such a spark? 


3.14 Given that the capacitance of an isolated conducting disk of 
radius a is 2a/z, what is the energy stored in the electric field of such 
a disk when the net charge on the disk is Q? Compare this with the 
energy in the field of a nonconducting disk of the same radius which 
has an equal charge Q distributed with uniform density over its sur- 
face. (See Problem 2.27.) Which ought to be larger? Why? 


3.15 Two coaxial aluminum tubes are 30 cm long. The outer diam- 
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eter of the inner tube is 3 cm, the inner diameter of the outer tube is 
4 cm. When these are connected to a 45-volt battery, how much 
energy is stored in the electric field between the tubes? 


3.16 Calculate the electrical force which acts on one plate of a par- 
allel-plate capacitor. The potential difference between the plates is 10 
statvolts, and the plates are squares 20 cm on a side with a separation 
of 3 cm. If the plates are insulated so the charge cannot change, how 
much external work could be done by letting the plates come 
together? Does this equal the energy that was initially stored in the 
electric field? 


3.17 We want to design a spherical vacuum capacitor with a given 
radius a for the outer sphere, which will be able to store the greatest 
amount of electrical energy subject to the constraint that the electric 
field strength at the surface of the inner sphere may not exceed Ep. 
What radius b should be chosen for the inner spherical conductor, and 
how much energy can be stored? 

Ans. %a; (hiz) a’ E}. 


3.18 The aluminum sheet A is suspended by an insulating thread 
between the surfaces formed by the bent aluminum sheet B. The 
sheets are oppositely charged; the difference of potential, in statvolts, 
is V. This causes a force F, in addition to the weight of A, pulling A 
downward. If we can measure F and know the various dimensions, we 
should be able to infer V. As an application of Eq. 27, work out a 
formula giving V in terms of F and the relevant dimensions. 


3.19 Inthe apparatus shown, ions are accelerated through a poten- 
tial difference Vo and then enter the space between the semicylindrical 
electrodes A and B. Show that an ion will follow the semicircular path 
of radius rọ if the potentials of the outer and inner electrodes are main- 
tained, respectively, at 2Vo In (b/ro) and 2Vọ In (a/ro). (The cylin- 
drical electrodes A and B are assumed to be long, in the direction 
perpendicular to the diagram, compared with the space between 
them.) 


3.20 Here is the exact formula for the capacitance C of a conduc- 
tor in the form of a prolate spheroid of length 2a and diameter 2b. 


þ? 
ge- where € = = 


É + | a 

In 

l—e 

First verify that the formula reduces to the correct expression for the 
capacitance of a sphere if b = a. Now imagine that the spheroid is a 


charged water drop. If this drop is deformed at constant volume and 
constant charge Q from a sphere to a prolate spheroid, will the energy 
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stored in the electric field increase or decrease? (The volume of the 
prolate spheroid is proportional to ab’.) 


3.21 Imagine the xy plane, the xz plane, and the yz plane all made 
of metal and soldered together at the intersections. A single point 
charge Q is located a distance d from each of the planes. Describe by 
a sketch the configuration of image charges you need to satisfy the 
boundary conditions. What is the direction and magnitude of the force 
that acts on the charge Q? 


3.22 Ifyou worked Problem 2.11, you should be able to derive from 
that result the formula given in Problem 3.20 for the capacitance of 
an isolated conductor of prolate spheroidal shape. 


3.23 (a) Find the capacitance of a capacitor that consists of two 
coaxial cylinders, of radii a and b, and length L. Assume L > b — a, 
so that end corrections may be neglected. Check your results by show- 
ing that, if the gap between the cylinders, b — a, is very small com- 
pared with the*radius, your formula reduces to one that could have 
been obtained by using the formula for the parallel-plate capacitor. 

(b) A cylinder of 2.00-inch outer diameter hangs, with its axis 
vertical, from one arm of a beam balance. The lower portion of the 
hanging cylinder is surrounded by a stationary cylinder, coaxial, with 
inner diameter 3.00 inches. Calculate the magnitude of the force tend- 
ing to pull the hanging cylinder further down when the potential dif- 
ference between the two cylinders is 5 kilovolts. 


3.24 Two parallel plates are connected by a wire so that they 
remain at the same potential. Let one plate coincide with the xz plane 
and the other with the plane y = s. The distance s between the plates 
is much smaller than the lateral dimensions of the plates. A point 
charge Q is located between the plates at y = b (see figure). What is 
the magnitude of the total surface charge on the inner surface of each 
plate? The total surface charge on the inner surface of both plates 
must of course be — Q (why?), and we can guess that a larger fraction 
of it will be found on the nearer plate. If the charge were very close 
to the left plate, b « s, the presence of the plate on the right couldn’t 
make much difference. However, we want to know exactly how the 
charge divides. If you try to use an image method you will discover 
that you need an infinite chain of images, rather like the images you 
see in a barbershop with mirrors on both walls. It is not easy to cal- 
culate the resultant field at any point on one of the surfaces. Never- 
theless, the question we asked can be answered by a very simple cal- 
culation based on superposition. (Hint: Adding another charge Q 
anywhere on the plane would just double the surface charge on each 
plate. In fact the total surface charge induced by any number of 
charges is independent of their position on the plane. If only we had a 
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sheet of uniform charge on this plane the electric fields would be sim- 
ple, and we could use Gauss’s law. Take it from there.) 


3.25 (a) Show that the square of a potential difference (¢) — D)? 
has the same dimensions as force. This tells us that the electrostatic 
forces between bodies will largely be determined, as to order of mag- 
nitude, by the potential differences involved. Dimensions will enter 
only in ratios, and there may be some constants like 47. What is the 
order of magnitude of force you expect with 1 statvolt potential dif- 
ference between something and something else? 

(b) Practically achievable potential differences are rather 
severely limited, for reasons having to do with the structure of matter 
The highest man-made difference of electric potential is about 10 
volts, achieved by a Van de Graaff electrostatic generator operating 
under high pressure. (Billion-volt accelerators do not involve potentia 
differences that large.) How many pounds force are you likely to finc 
associated with a “square megavolt”? These considerations may sug 
gest why electrostatic motors have not found much application. 


3.26 The figure shows in cross section a flat metal box in whic 
there are two flat plates, 1 and 2, each of area A. The various distance 
separating the plates from each other and from the top and bottom c 
the box, labeled r, s, and ¢ in the figure, are to be assumed small corr 
pared with the width and length of the plates, so that it will be a goo 
approximation to neglect the edge fields in estimating the charges o 
the plates. In this approximation, work out the capacitance coeff 
cients, Cii, Cy, and C),. You might also work out Cz; directly, to se 
that it comes out equal to C2 as asserted by the general theorem di 
cussed in Problem 3.27. 


3.27 Here are some suggestions which should enable you to co! 
struct a proof that C), must always equal C,,. We know that, whe 
an element of charge dQ is transferred from zero potential to a co 
ductor at potential ¢, some external agency has to supply an amou 
of energy ¢ dQ. Consider a two-conductor system in which the tv 
conductors have been charged so that their potentials are, respectivel 
diy and do (f for “final”). This condition might have been broug 
about, starting from a state with all charges and potentials zero, 
many different ways. Two possible ways are of particular interest: 

(a) Keep @ at zero while raising ¢, gradually from zero to ¢ 
then raise ø, from zero to zs while holding ¢, constant at dy, 

(b) Carry out a similar program with the roles of 1 and 
exchanged, that is, raise 2 from zero to zy first, and so on. 

Compute the total work done by external agencies, for each 
the two charging programs. Then complete the argument. 


3.28 A typical two-dimensional boundary-value problem is that 
two parallel circular conducting cylinders, such as two metal pipes, 
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infinite length and at different potentials. These two-dimensional 
problems happen to be much more tractable than three-dimensional 
problems, mathematically. In fact, the key to all problems of the “two- 
pipe” class is given by the field around two parallel line charges of 
equal and opposite linear density. All equipotential surfaces in this 
field are circular cylinders! And all field lines are circular too. See if 
you can prove this. It is easiest to work with the potential, but you 
must note that one cannot set the potential zero at infinity in a two- 
dimensional system. Let zero potential be at the line midway between 
the two line charges, that is, at the origin in the cross-sectional dia- 
gram. The potential at any point is the sum of the potentials calculated 
for each line charge separately. This should lead you quickly to the 
discovery that the potential is simply proportional to In (72/7r,) and is 
therefore constant on a curve traced by a point whose distances from 
two points are in a constant ratio. Make a sketch showing some of the 
equipotentials. 


3.29 Let (x, y, z) be any function that can be expanded in a 
power series around a point (Xo, Yo, Zo). Write a Taylor series ex- 
pansion for the value of y at each of the six points (Xo + ô, Yo, Zo), 
(xo — Ô, Yo, Zo), (Xo, Yo + 4, Zo), (Xo, Yo — Ô, Zo), (Xo, Yo, Zo + ô), 
(Xo, Yo, Zo — 6), which symmetrically surround the point (xo, Yo, Zo) 
at a distance 6. Show that, if y satisfies Laplace’s equation, the aver- 
age of these six values is equal to (Xo, Yo, Zo) through terms of the 
third order in 6. 


3.30 Here’s how to solve Laplace’s equation approximately, for 
given boundary values, using nothing but arithmetic. The method is 
the relaxation method mentioned in Section 3.8, and it is based on the 
result of Problem 3.29. For simplicity we take a two-dimensional 
example. In the figure there are two square equipotential boundaries, 
one inside the other. This might be a cross section through a capacitor 
made of two sizes of square metal tubing. The problem is to find, for 
an array of discrete points, numbers which will be a good approxi- 
mation to the values at those points of the exact two-dimensional 
potential function ¢(x, y). For this exercise, we'll make the array 
rather coarse, to keep the labor within bounds. Let us assign, arbi- 
trarily, potential 100 to the inner boundary and zero to the outer. All 
points on these boundaries retain those values. You could start with 
any values at the interior points, but time will be saved by a little 
judicious guesswork. We know the correct values must lie between 0 
and 100, and we expect that points closer to the inner boundary will 
have higher values than those closer to the outer boundary. Some rea- 
sonable starting values are suggested in the figure. Obviously, you 
should take advantage of the symmetry of the configuration: Only 
seven different interior values need to be computed. Now you simply 
go over these seven interior lattice points in some systematic manner, 
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Replace value at an interior point by % X sum of its 
four neighbors: c > % (100 + a + d + e); keep a’ = 


a b = b,c’ = c, and f 
values: 


a= 50 e= 
b = 25 f= 
c = 50 g= 
d = 25 


= f. Suggested starting 


50 
25 
25 


replacing the value at each interior point by the average of its four 
neighbors. Repeat until all changes resulting from a sweep over the 
array are acceptably small. For this exercise, let us agree that it will 
be time to quit when no change larger in absolute magnitude than one 
unit occurs in the course of the sweep. The relaxation of the values 
toward an eventually unchanging distribution is closely related to the 
physical phenomenon of diffusion. If you start with much too high a 
value at one point, it will “spread” to its nearest neighbors, then to its 
next nearest neighbors, and so on, until the bump is smoothed out. 
Enter your final values on the array, and sketch the approximate 
course two equipotentials, for @ = 25 and œ = 50, would have in the 
actual continuous (x, y). 


3.31 The relaxation method is clearly well adapted to machine 
computation. Write a program that will deal with the concentric 
square boundary problem on a finer mesh—say, a grid with four times 
as many points and half the spacing. It might be a good idea to utilize 
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a coarse-mesh solution in assigning starting values for the relaxation 
on the finer mesh. 


3.32 A capacitor consists of two concentric spherical shells. Call 
the inner shell, of radius a, conductor 1, and the outer shell, of radius 
b, conductor 2. For this two-conductor system, find Cii, Cy, and Ciz. 

Ans. Ci, = ab/(b — a); Cy = b’/(b — a); Cy) = —ab/(b — a). 
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FIGURE 4.1 

(a) A swarm of charged particles all moving with the 
same velocity u. The frame has area a. The particles 
which will pass through the frame in the next Af sec 
are those now contained in the oblique prism (b). The 
prism has base area a and altitude u At cos @, hence 
its volume is au Atcos dora: u At. 


(a) 


a 


(b) 


ELECTRIC CURRENT AND CURRENT DENSITY 

4.1 An electric current is charge in motion. The carriers of the 
charge can be physical particles like electrons or protons, which may 
or may not be attached to larger objects, atoms or molecules. Here we 
are not concerned with the nature of the charge carriers but only with 
the net transport of electric charge their motion causes. The electric 
current in a wire is the amount of charge passing a fixed mark on the 
wire in unit time. In CGS units current will be expressed in esu /sec. 
The SI unit is coulombs/sec, or amperes (amps). A current of | 
ampere is the same as a current of 2.998 X 10° esu/sec, which is 
equivalent to 6.24 X 10!ë elementary electronic charges per second. 

It is the net charge transport that counts, with due regard to 
sign. Negative charge moving east is equivalent to positive charge 
moving west. Water flowing through a hose could be said to involve 
the transport of an immense amount of charge—about 3 X 10” elec- 
trons per gram of water! But since an equal number of protons move 
along with the electrons (every water molecule contains 10 of each), 
the electric current is zero. On the other hand, if you were to charge 
negatively a nylon thread and pull it steadily through a nonconducting 
tube, that would constitute an electric current, in the direction oppo- 
site the motion of the thread. 

We have been considering current along a well-defined path, like 
a wire. If the current is steady—that is, unchanging in time—it must 
be the same at every point along the wire, just as with steady traffic 
the same number of cars must pass, per hour, different points along 
an unbranching road. 

A more general kind of current, or charge transport, involves 
charge carriers moving around in three-dimensional space. To 
describe this we need the concept of current density. We have to con- 
sider average quantities, for charge carriers are discrete particles. We 
must suppose, as we did in defining the charge density p, that our scale 
of distances is such that any small region we wish to average over 
contains very many particles of any class we are concerned with. 

Consider first a special situation in which there are n particles 
per cm’, on the average, all moving with the same vector velocity u 
and carrying the same charge q. Imagine a small frame of area a fixed 
in some orientation, as in Fig. 4.1a. How many particles pass through 
the frame in a time interval At? If At begins the instant shown in Fig. 
4.la and b, the particles destined to pass through the frame in the next 
At sec will be just those now located within the oblique prism in Fig. 
4.1b. This prism has the frame area as its base and an edge length u 
At, which is the distance any particle will travel in a time At. Particles 
outside this prism will either miss the window or fail to reach it. The 
volume of the prism is the product base X altitude, or au At cos 86, 
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which can be written a - u At. On the average, the number of particles 
found in such a volume will be na - uAt. Hence the average rate at 
which charge is passing through the frame, that is, the current 
through the frame, which we shall call J,, is 


= AR URD L nga (1) 


la 

Suppose we had many classes of particles in the swarm, differing 

in charge q, in velocity vector u, or in both. Each would make its own 

contribution to the current. Let us tag each kind by a subscript k. The 

kth class has charge q on each particle, moves with velocity vector 

u,, and is present with an average population density of ną such par- 

ticles per cubic centimeter. The resulting current through the frame 
is then 


la = nqa: u + mqasw t:e =a: > nqa (2) 
k 


On the right is the scalar product of the vector a with a vector quantity 
that we shall call the current density J: 


J = > Nkq Uk (3) 
k 


The magnitude of the current density J can be expressed in esu/sec- 
cm’. In SI units current density is expressed in amperes per square 
meter (amp/m°).t 

Let’s look at the contribution to the current density J from one 
variety of charge carriers, electrons say, which may be present with 
many different velocities. In a typical conductor, the electrons will 
have an almost random distribution of velocities, varying widely in 
direction and magnitude. Let N, be the total number of electrons per 
unit volume, of all velocities. We can divide the electrons into many 
groups, each of which contains electrons with nearly the same speed 
and direction. The average velocity of all the electrons, like any aver- 
age, would then be calculated by summing over the groups, weighting 
each velocity by the number in the group, and dividing by the total 
number. That is, 


— l 
u=- > Nuk (4) 
Ne 
We use the bar over the top, as in u, to mean the average over a dis- 


tSometimes one encounters current density expressed in amps/cm?’. Nothing is wrong 
with that; the meaning is perfectly clear as long as the units are stated. (Long before 
SI was promulgated, two or three generations of electrical engineers made out quite 
well with amperes per square inch!) 
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tribution. Comparing Eq. 4 with Eq. 3, we see that the contribution 
of the electrons to the current density can be written simply in terms 
of the average electron velocity. Remembering that for the electron q 
= —e, and using subscript e to show that all quantities refer to this 
one type of charge carrier, we can write 


J. = —eN a (5) 


This may seem rather obvious, but we have gone through it step 
by step to make clear that the current through the frame depends only 
on the average velocity of the carriers, which often is only a tiny frac- 
tion, in magnitude, of their random speeds. 


STEADY CURRENTS AND CHARGE CONSERVATION 
4.2 The current / flowing through any surface S is just the surface 
integral 


[= | a: a (6) 


We speak of a steady or stationary current system when the cur- 
rent density vector J remains constant in time everywhere. Steady cur- 
rents have to obey the law of charge conservation. Consider some 
region of space completely enclosed by the balloonlike surface S. The 
surface integral of J over all of S gives the rate at which charge is 
leaving the volume enclosed. Now if charge forever pours out of, or 
into, a fixed volume, the charge density inside must grow infinite, 
unless some compensating charge is continually being created there. 
But charge creation is just what never happens. Therefore, for a truly 
time-independent current distribution, the surface integral of J over 
any closed surface must be zero. This is completely equivalent to the 
statement that, at every point in space: 


div J = 0 (7) 


To appreciate the equivalence, recall Gauss’s theorem and our fun- 
damental definition of divergence in terms of the surface integral over 
a small surface enclosing the location in question. 

We can make a more general statement than Eq. 7. Suppose the 
current is not steady, J being a function of ¢ as well as of x, y, and z. 


Then since | J - dais the instantaneous rate at which charge is leav- 
S 


ing the enclosed volume, while | p dv is the total charge inside the 
V 


volume at any instant, we have 


d 
. = — — d 
Jo da dt yP P (8) 
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Letting the volume in question shrink down around any point (x, y, 
z), the relation expressed in Eq. 8 becomes:t 


ð 
div J = — S (time-dependent charge distribution) (9) 


The time derivative of the charge density p is written as a partial 
derivative since p will usually be a function of spatial coordinates as 
well as time. Equations 8 and 9 express the conservation of charge: No 
charge can flow away from a place without diminishing the amount 
of charge that is there. 

An instructive example of a stationary current distribution 
occurs in the plane diode, a two-electrode vacuum tube. One electrode, 
the cathode, is coated with a material that emits electrons copiously 
when heated. The other electrode, the anode, is simply a metal plate. 
By means of a battery the anode is maintained at a positive potential 
with respect to the cathode. Electrons emerge from this hot cathode 
with very low velocities and then, being negatively charged, are accel- 
erated toward the positive anode by the electric field between cathode 
and anode. In the space between the cathode and anode the electric 
current consists of these moving electrons. The circuit is completed by 
the flow of electrons in external wires, possibly by the movement of 
ions in a battery, and so on, with which we are not here concerned. In 
this diode, p, the local density of charge in any region, is simply — ne, 
where n is the local density of electrons, in electrons per cubic centi- 
meter. The local current density J is of course pv, where v is the veloc- 
ity of electrons in that region. In the plane-parallel diode we may 
assume J has no y or z components (Fig. 4.2). If conditions are steady, 
it follows then that J, must be independent of x, for if div J = 0 as 
Eq. 7 says, 0J,/0x must be zero if J, = J, = 0. This is belaboring 
the obvious; if we have a steady stream of electrons moving in the x 
direction only, the same number per second have to cross any inter- 
mediate plane between cathode and anode. We conclude that pu is 
constant. But observe that v is not constant; it varies with x because 
the electrons are accelerated by the field. Hence p is not constant 
either. Instead, the negative charge density is high near the cat- 
hode, low near the anode, just as the density of cars on an express- 
way is high near a traffic slowdown, low where traffic is moving at 
high speed. 


tif the step between Eqs. 8 and 9 is not obvious, look back at our fundamental defi- 
nition of divergence in Chapter 2. As the volume shrinks, we can eventually take p 
outside the volume integral on the right. The volume integral is to be carried out at 
one instant of time. Its time derivative thus depends on the difference between the 
volume integral at ż and at tf + dt. The only difference is due to the change of p there, 
since the boundary of the volume remains in the same place. 


FIGURE 4.2 
A vacuum diode with plane-parallel cathode and 
anode. 
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ELECTRICAL CONDUCTIVITY AND OHWM’S LAW 

4.3 There are many ways of causing charge to move, including 
what we might call “bodily transport” of the charge carriers. In the 
Van de Graaff electrostatic generator (see Problem 4.3) an insulating 
belt is given a surface charge, which it conveys to another electrode 
for removal, much as an escalator conveys people. That constitutes a 
perfectly good current. In the atmosphere, charged water droplets fall- 
ing because of their weight form a component of the electric current 
system of the earth. In this section we shall be interested in a more 
common agent of charge transport, the force exerted on a charge car- 
rier by an electric field. An electric field E pushes positive charge car- 
riers in one direction, negative charge carriers in the opposite direc- 
tion. If either or both can move, the result is an electric current in the 
direction of E. In most substances, and over a wide range of electric 
field strengths, we find that the current density is proportional to the 
strength of the electric field that causes it. The linear relation between 
current density and field is expressed by 


J=oE (10) 


The factor o is called the conductivity of the material. Its value 
depends on the material in question; it is very large for metallic con- 
ductors, extremely small for good insulators. It may depend too on the 
physical state of the material—on its temperature, for instance. But 
with such conditions given, it does not depend on the magnitude of E. 
If you double the field strength, holding everything else constant, you 
get twice the current density. 

In Eq. 10 o may be considered a scalar quantity, implying that 
the direction of J is always the same as the direction of E. That is 
surely what we would expect within a material whose structure has no 
“built-in” preferred direction. Materials do exist in which the electri- 
cal conductivity itself depends on the angle the applied field E makes 
with some intrinsic axis in the material. One example is a single crys- 
tal of graphite which has a layered structure on an atomic scale. For 
another example, see Problem 4.7. In such cases J may not have the 
direction of E. But there still are linear relations between the compo- 
nents of J and the components of E, relations expressed by Eq. 10 with 
o a tensor quantity instead of a scalar.f From now on we'll consider 
only isotropic materials, those within which the electrical conductivity 
is the same in all directions. 


+The most general linear relation between the two vectors J and E would be expressed 
as follows. In place of the three equations equivalent to Eq. 10, namely, J, = oE, J, 
= oE, and J, = oE,, we would have J, = oxxEx + OyEy + OE, Jy = OyxEx + 
OyE, + oy, and J, = o,,E, + o,Ey + o,,E;. The nine coefficients axx, oxy, etc., 
make up a tensor. (In this case because of a symmetry requirement, it would turn out 
that ox, = yx, Oyz = Czy, Oxz = Ozx. Furthermore by a suitable orientation of the x, 
y, z axes, all the coefficients could be rendered zero except o,,, opp, and ozz.) 
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Equation 10 is a statement of Ohm’s law. It is an empirical law, 
a generalization derived from experiment, not a theorem that must be 
universally obeyed. In fact, Ohm’s law is bound to fail in the case of 
any particular material if the electric field is too strong. And we shall 
meet some interesting and useful materials in which “nonohmic’”’ 
behavior occurs in rather weak fields. Nevertheless, the remarkable 
fact is the enormous range over which, in the large majority of mate- 
rials, current_density is proportional to electric field. Later in this 
chapter we’ll explain why this should be so. But now, taking Eq. 10 
for granted, we want to work out its consequences. We are interested 
in the total current / flowing through a wire or a conductor of any 
other shape with well-defined ends, or terminals, and the difference in 
potential between those terminals, for which we'll use the symbol V 
(for voltage) rather than ¢, — 2 or ¢)>. If J is proportional to E 
everywhere inside the conductor, then J must surely be proportional 
to V. For I is the integral of J over a cross section of the conductor, 
while V is the line integral of E on a path through the conductor from 
one terminal to the other. The relation of V to J is therefore another 
expression of Ohm’s law, which we’ll write this way: 


V = RI (11) 


The constant R is the resistance of the conductor between the 
two terminals. R depends on the size and shape of the conductor and 
the conductivity o of the material. The simplest example is a solid rod 
of cross section area A and length L between its ends. A steady current 
I flows through this rod from one end to the other (Fig. 4.3). Of course 
there must be conductors to carry the current to and from the rod. We 


FIGURE 4.3 
The resistance of a conductor of length L, uniform 
cross section area A, and conductivity o. 
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FIGURE 4.4 

Different ways in which the current / might be 
introduced into the conducting bar. In (a) it has to 
spread out before the current density J becomes 
uniform. In (b) if the external conductor has much 
higher conductivity than the bar, the end of the bar will 
be an equipotential and the current density will be 
uniform from the beginning. For long thin conductors 
like ordinary wires, the difference is negligible. 
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consider the terminals of the rod to be the points where these conduc- 
tors are attached. Inside the rod the current density is 


J= J (12) 
and the electric field strength is 
4 
E = T (13) 


The resistance R in Eq. 11 is V/I. Using Eqs. 10, 12, and 13 we easily 
find that 


sagan P (14) 

On the way to this simple formula we made some tacit assump- 
tions. First, we assumed the current density is uniform over the cross 
section of the bar. To see why that must be so, imagine that J is 
actually greater along one side of the bar than on the other. Then E 
must also be greater along that side. But then the line integral of E 
from one terminal to the other would be greater for a path along one 
side than for a path along the other, and that cannot be true for an 
electrostatic field. A second assumption was that J kept its uniform 
magnitude and direction right out to the end of the bar. Whether that 
is true or not depends on the external conductors that carry current to 
and from the bar and how they are attached. Compare Fig. 4.4a with 
Fig. 4.46. Suppose that the terminal in (b) is made of material with a 
conductivity much higher than that of the bar. That will make the 
plane of the end of the bar an equipotential surface, creating the cur- 
rent system to which Eq. 14 applies exactly. But all we can say in 


(a) 


(b) 
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general about such “end effects” is that Eq. 14 will give R to a good 
approximation if the width of the bar is small compared with its 
length. 

A third assumption is that the bar is surrounded by an electri- 
cally nonconducting medium. Without that, we could not even define 
an isolated current path with terminals and talk about the current J 
and the resistance R. In other words, it is the enormous difference in 
conductivity between good insulators, including air, and conductors 
that makes wires, as we know them, possible. Imagine the conducting 
rod of Fig. 4.3 bent into some other shape, as in Fig. 4.5. Because it 
is embedded in a nonconducting medium into which current cannot 
leak, the problem presented in Fig. 4.5 is for all practical purposes the 
same as the one in Fig. 4.3 that we have already solved. Equation 14 
applies to a bent wire as well as a straight rod, if we measured L along 
the wire. 

In a region where the conductivity o is constant, the steady cur- 
rent condition div J = O (Eq. 7) together with Eq. 10 implies that 
div E = O also. This tells us that the charge density is zero within that 
region. On the other hand, if o varies from one place to another in the 
conducting medium, steady current flow may entail the presence of 
static charge within the conductor. Figure 4.6 shows a simple exam- 
ple, a bar made of two materials of different conductivity, ø} and o>. 
The current density J must be the same on the two sides of the inter- 
face; otherwise charge would continue to pile up there. It follows that 
the electric field E must be different in the two regions, with an abrupt 
jump in value at the interface. As Gauss’s law tells us, such a discon- 
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FIGURE 4.5 

As long as our conductors are surrounded by a 
nonconducting medium (air, oil, vacuum, etc.) the 
resistance R between the terminals doesn’t depend on 
the shape, only on the length of the conductor and its 
cross-sectional area. 
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T>, Layer of positive charge 


FIGURE 4.6 ~ 

When current flows through this composite conductor, 
a layer of static charge appears at the interface 
between the two materials, so as to provide the 
necessary jump in the electric field E. In this example 
o> < o;, hence E, must be greater than &;. 


tinuity in E must reflect the presence of a layer of static charge at the 
interface. Problem 4.5 looks further into this example. 

As defined by Eq. 10, conductivity is current density divided by 
electric field strength. The CGS unit of current density is esu/sec-cm’. 
The CGS unit for electric field strength can be expressed as esu/cm’. 
Therefore the CGS unit for conductivity ø is just sec”. 

Instead of the conductivity ø we could have used its reciprocal, 
resistivity p, in stating the relation between electric field and current 


density: 


J=(-JE (15) 
p 
It is customary to use p as the symbol for resistivity and o as the sym- 
bol for conductivity in spite of their use in some of our other equations 
for volume charge density and surface charge density. In the rest of 
this chapter p will always denote resistivity and ø conductivity. Equa- 
tion 14 written in terms of resistivity becomes 


pL 
R= F (16) 
The CGS unit for resistivity p is simply the second. This asso- 
ciation of a resistivity with a time has a natural interpretation which 
will be explained in Section 4.11. The corresponding SI units are 
expressed by using a unit of resistance, the ohm, which is defined by 
Eq. 11 as one volt per ampere. If resistance R is in ohms, it is evident 
from Eq. 16 that p must have dimensions ohms X length. The official 
SI unit for p would therefore be the ohm-meter. But another unit of 
length can be used with perfectly clear meaning. In fact the unit most 
commonly used for resistivity, in both the physics and technology of 
electrical conduction, is the ohm-centimeter (ohm-cm). If one chooses 
to measure resistivity in ohm-cm, the corresponding unit for conduc- 
tivity is written as ohm”! cm™', or (ohm-cm)™!, and called “reciprocal 
ohm-cm.” It should be emphasized that Eqs. 10 through 16 are valid 
for any self-consistent choice of units. 
In Table 4.1 the conductivity and resistivity of a few materials 
are given in different units for comparison. The key conversion factor 
is also given. 
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TABLE 4.1 


Resistivity and its reciprocal, conductivity, for a few 


materials 

Material Resistivity p Conductivity o 

Pure copper, 273 K 1.56 X 107 ohm-cm 6.4 X 10° (ohm-cm)7' 
1.73 X% 107" sec 5.8 X 10” sec™' 

Pure copper, 373 K 2.24 X 107 ohm-cm 4.5 X 10° (ohm-cm)7' 
2.47 X 107" sec 4.0 X 10” sec™' 

Pure germanium, 273 K 200 ohm-cm 0.005 (ohm-cm)7' 
2.2 X 107” sec 45 X 10° sec! 

Pure germanium, 500K 0.12 ohm-cm 8.3 (ohm-cm)~' 
1.3 X 107” sec 7.7 X 10° sec™! 

Pure water, 291 K 2.5 X 10’ ohm-cm 4.0 X 107° (ohm-cm)"' 
2.8 X 107" sec 3.6 X 10% sec”! 

Seawater (varies with 25 ohm-cm 0.04 (ohm-cm)~' 

salinity) 2.8 X 107'' sec 3.6 X 10” sec™! 


Note: 1 ohm-meter = 100 ohm-cm = 1.11 X 107" sec. 


THE PHYSICS OF ELECTRICAL CONDUCTION 
4.4 To explain electrical conduction we have to talk first about 
atoms and molecules. Remember that a neutral atom, one that con- 
tains as many electrons as there are protons in its nucleus, is precisely 
neutral (Section 1.3). On such an object the net force exerted by an 
electric field is exactly zero. And even if the neutral atom were moved 
along by some other means, that would not be an electric current. The 
same holds for neutral molecules. Matter which consists only of neu- 
tral molecules ought to have zero electrical conductivity. Here one 
qualification is in order: We are concerned now with steady electric 
currents, that is, direct currents, not alternating currents. An alter- 
nating electric field could cause periodic deformation of a molecule, 
and that displacement of electric charge would be a true alternating 
electric current. We shall return to that subject in Chapter 10. For a 
steady current we need mobile charge carriers, or ions. These must be 
present in the material before the electric field is applied, for the elec- 
tric fields we shall consider are not nearly strong enough to create ions 
by tearing electrons off molecules. Thus the physics of electrical con- 
duction centers on two questions: How many ions are there in a unit 
volume of material, and how do these ions move in the presence of an 
electric field? 

In pure water at room temperature approximately two H,O mol- 
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ecules in a billion are, at any given moment, dissociated into negati 
ions, OH”, and positive ions, H*. (Actually the positive ion is bett 
described as OH}, that is, a proton attached to a water molecule 
This provides approximately 6 X 10'° negative ions and an equ 
number of positive ions in a cubic centimeter of water.t The motic 
of these ions in the applied electric field accounts for the conductivi 
of pure water given in Table 4.1. Adding a substance like sodium chl 
ride whose molecules easily dissociate in water can increase enc 
mously the number of ions. That is why seawater has electrical co 
ductivity nearly a million times greater than that of pure water. 

contains something like 10% ions per cm*, mostly Na* and CI”. 

In a gas like nitrogen or oxygen at ordinary temperatures the 
would be no ions at all except for the action of some ionizing radiati 
such as ultraviolet light, x-rays, or nuclear radiation. For instanc 
ultraviolet light might eject an electron from a nitrogen molecu 
leaving N3>, a molecular ion with a positive charge e. The electron th 
freed is a negative ion. It may remain free or it may eventually sti 
to some molecule as an “extra” electron, thus forming a negati 
molecular ion. The oxygen molecule happens to have an especia 
high affinity for-an extra electron; when air is ionized, Ny and O3 ¢ 
common ion types. In any case, the resulting conductivity of the £ 
depends on the number of ions present at any moment, which deper 
in turn on the intensity of the ionizing radiation and perhaps otł 
circumstances as well. So we cannot find in a table the conductiv 
of a gas. Strictly speaking, the conductivity of pure nitrogen shielc 
from all ionizing radiation would be zero.£ 

Given a certain concentration of positive and negative ions 1 
material, how is the resulting conductivity, ø in Eq. 10, determine 
Let’s consider first a slightly ionized gas. To be specific, suppose 
density in molecules per cubic centimeter is like that of room au 
about 10!? per cm?°. Here and there among these neutral molecules 
positive and negative ions. Suppose there are NV positive ions in t 
volume, each of mass M, and carrying charge e, and an equal num 
of negative ions, each with mass M_ and charge —e. The numbe: 
ions in unit volume, 2N, is very much smaller than the number 
neutral molecules. When an ion collides with anything it is alır 


+Students of chemistry may recall that the concentration of hydrogen ions in 
water corresponds to a pH value of 7.0, which means the concentration is 107"° r 
liter. That is equivalent to 107'°° mole/cm’. A mole of anything is 6.02 X 
things—hence the number 6 X 10" given above. 


{But what about thermal energy? Won’t that occasionally lead to the ionization 
molecule? In fact, the energy required to ionize, that is, to extract an electron f 
a nitrogen molecule is several hundred times the mean thermal energy of a mole 
at 300 K. You would not expect to find even one ion so produced in the entire ea 
atmosphere! 
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always a neutral molecule rather than another ion. Occasionally a pos- 
itive ion does encounter a negative ion and combine with it to form a 
neutral molecule. Such recombinationt would steadily deplete the 
supply of ions if ions were not being continually created by some other 
process. But in any case the rate of change of N will be so slow that 
we can neglect it here. 

Imagine now the scene, on a’molecular scale, before an electric 
field is applied. The molecules, and the ions too, are flying about with 
random velocities appropriate to the temperature. The gas is mostly 
empty space, the mean distance between a molecule and its nearest 
neighbor being about 10 molecular diameters. The mean free path of 
a molecule, which is the average distance it travels before bumping 
into another molecule, is much larger, perhaps 10~° cm, or several 
hundred molecular diameters. A molecule or an ion in this gas spends 
99.9 percent of its time as a free particle. If we could look at a partic- 
ular ion at a particular instant, say t = 0, we would find it moving 
through space with some velocity u. What will happen next? The ion 
will move in a straight line at constant speed until, sooner or later, it 
chances to come close to a molecule, close enough for strong short- 
range forces to come into play. In this collision the total kinetic energy 
and the total momentum of the two bodies, molecule and ion, will be 
conserved, but the ion’s velocity will be rather suddenly changed in 
both magnitude and direction to some new velocity u’. It will then 
coast along freely with this new velocity until another collision 
changes its velocity to u”, and so on. After at most a few such colli- 
sions the ion is as likely to be moving in any direction as in any other 
direction. The ion will have “forgotten” the direction it was moving at 
t = 0. To put it another way, if we picked 10,000 cases of ions moving 
horizontally south, and followed each of them for 7 seconds, their final 
velocity directions would be distributed impartially over a sphere. It 
may take several collisions to wipe out most of the direction memory 
or only a few, depending on whether collisions involving large momen- 
tum changes or small momentum changes are the more common, and 
this depends on the nature of the interaction. An extreme case is the 
collision of hard elastic spheres, which turns out to produce a com- 
pletely random new direction in just one collision. We need not worry 
about these differences. The point is that, whatever the nature of the 
collisions, there will be some time interval 7, characteristic of a given 
system, such that the lapse of r seconds leads to substantial loss of 


tIn calling the process recombination we of course do not wish to imply that the two 
“recombining” ions were partners originally. Close encounters of a positive ion with a 
negative ion are made somewhat more likely by their electrostatic attraction. How- 
ever, that effect is generally not important when the number of ions per unit volume 
is very much smaller than the number of neutral molecules. 
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ecules in a billion are, at any given moment, dissociated into negative 
ions, OH~, and positive ions, H*. (Actually the positive ion is better 
described as OH}, that is, a proton attached to a water molecule.) 
This provides approximately 6 X 10” negative ions and an equal 
number of positive ions in a cubic centimeter of water.f The motion 
of these ions in the applied electric field accounts for the conductivity 
of pure water given in Table 4.1. Adding a substance like sodium chlo- 
ride whose molecules easily dissociate in water can increase enor- 
mously the number of ions. That is why seawater has electrical con- 
ductivity nearly a million times greater than that of pure water. It 
contains something like 10% ions per cm*, mostly Na* and CI”. 

In a gas like nitrogen or oxygen at ordinary temperatures there 
would be no ions at all except for the action of some ionizing radiation 
such as ultraviolet light, x-rays, or nuclear radiation. For instance, 
ultraviolet light might eject an electron from a nitrogen molecule, 
leaving N3, a molecular ion with a positive charge e. The electron thus 
freed is a negative ion. It may remain free or it may eventually stick 
to some molecule as an “extra” electron, thus forming a negative 
molecular ion. The oxygen molecule happens to have an especially 
high affinity for-an extra electron; when air is ionized, Ny and O; are 
common ion types. In any case, the resulting conductivity of the gas 
depends on the number of ions present at any moment, which depends 
in turn on the intensity of the ionizing radiation and perhaps other 
circumstances as well. So we cannot find in a table the conductivity 
of a gas. Strictly speaking, the conductivity of pure nitrogen shielded 
from all ionizing radiation would be zero.£ 

Given a certain concentration of positive and negative ions ina 
material, how is the resulting conductivity, o in Eq. 10, determined? 
Let’s consider first a slightly ionized gas. To be specific, suppose its 
density in molecules per cubic centimeter is like that of room air— 
about 10'? per cm’. Here and there among these neutral molecules are 
positive and negative ions. Suppose there are XN positive ions in unit 
volume, each of mass M, and carrying charge e, and an equal number 
of negative ions, each with mass M_ and charge —e. The number of 
ions in unit volume, 2N, is very much smaller than the number of 
neutral molecules. When an ion collides with anything it is almost 


tStudents of chemistry may recall that the concentration of hydrogen ions in pure 
water corresponds to a pH value of 7.0, which means the concentration is 107° mole/ 
liter. That is equivalent to 107'°° mole/cm’. A mole of anything is 6.02 X 10” 
things—hence the number 6 X 10" given above. 


{But what about thermal energy? Won’t that occasionally lead to the ionization of a 
molecule? In fact, the energy required to ionize, that is, to extract an electron from, 
a nitrogen molecule is several hundred times the mean thermal energy of a molecule 
at 300 K. You would not expect to find even one ion so produced in the entire earth’s 
atmosphere! 


ELECTRIC CURRENTS 


always a neutral molecule rather than another ion. Occasionally a pos- 
itive ion does encounter a negative ion and combine with it to form a 
neutral molecule. Such recombinationt would steadily deplete the 
supply of ions if ions were not being continually created by some other 
process. But in any case the rate of change of N will be so slow that 
we can neglect it here. 

Imagine now the scene, on a molecular scale, before an electric 
field is applied. The molecules, and the ions too, are flying about with 
random velocities appropriate to the temperature. The gas is mostly 
empty space, the mean distance between a molecule and its nearest 
neighbor being about 10 molecular diameters. The mean free path of 
a molecule, which is the average distance it travels before bumping 
into another molecule, is much larger, perhaps 107° cm, or several 
hundred molecular diameters. A molecule or an ion in this gas spends 
99.9 percent of its time as a free particle. If we could look at a partic- 
ular ion at a particular instant, say £ = 0, we would find it moving 
through space with some velocity u. What will happen next? The ion 
will move in a Straight line at constant speed until, sooner or later, it 
chances to come close to a molecule, close enough for strong short- 
range forces to come into play. In this collision the total kinetic energy 
and the total momentum of the two bodies, molecule and ion, will be 
conserved, but the ion’s velocity will be rather suddenly changed in 
both magnitude and direction to some new velocity w. It will then 
coast along freely with this new velocity until another collision 
changes its velocity to u”, and so on. After at most a few such colli- 
sions the ion is as likely to be moving in any direction as in any other 
direction. The ion will have “forgotten” the direction it was moving at 
t = 0. To put it another way, if we picked 10,000 cases of ions moving 
horizontally south, and followed each of them for 7 seconds, their final 
velocity directions would be distributed impartially over a sphere. It 
may take several collisions to wipe out most of the direction memory 
or only a few, depending on whether collisions involving large momen- 
tum changes or small momentum changes are the more common, and 
this depends on the nature of the interaction. An extreme case is the 
collision of hard elastic spheres, which turns out to produce a com- 
pletely random new direction in just one collision. We need not worry 
about these differences. The point is that, whatever the nature of the 
collisions, there will be some time interval 7, characteristic of a given 
system, such that the lapse of r seconds leads to substantial loss of 


tIn calling the process recombination we of course do not wish to imply that the two 
“recombining” ions were partners originally. Close encounters of a positive ion with a 
negative ion are made somewhat more likely by their electrostatic attraction. How- 
ever, that effect is generally not important when the number of ions per unit volume 
is very much smaller than the number of neutral molecules. 
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correlation between the initial velocity direction and the final velocity 
direction of an ion in that system.t This characteristic time 7 will 
depend on the ion and on the nature of its average environment; it will 
certainly be shorter the more frequent the collisions, since in our gas 
nothing happens to an ion between collisions. 

Now we are ready to apply a uniform electric field E to the sys- 
tem. It will make the description easier if we imagine the loss of direc- 
tion memory to occur completely at a single collision, as we have said 
it does in the case of hard spheres. Our main conclusion will actually 
be independent of this assumption. Immediately after a collision an 
ion starts off in some random direction. We will denote by u° the veloc- 
ity immediately after a collision. The electric force on the ion Ee 
imparts momentum to the ion continuously. After time ¢ it will have 
acquired from the field a momentum increment Eet, which simply 
adds vectorially to its original momentum Mu‘. Its momentum is now 
Mu‘ + Eet. If the momentum increment is small relative to Mu‘, that 
implies that the velocity has not been affected much, so we can expect 
the next collision to occur about as soon as it would have in the 
absence of the electric field. In other words the average time between 
collisions, which we shall denote by t, is independent of the field E if 
the field is not too strong. 

The momentum acquired from the field is always a vector in the 
same direction. But it is lost, in effect, at every collision, since the 
direction of motion after a collision is random, regardless of the direc 
tion before. 

What is the average momentum of all the positive ions at a givei 
instant of time? This question is surprisingly easy to answer if we lool 
at it this way: At the instant in question, suppose we stop the cloc 
and ask each ion how long it has been since its last collision. Suppos 
we get the particular answer f¢, from positive ion 1. Then that ion mus 
have momentum eEt?, in addition to the momentum Muf with whic 
it emerged from its last collision. The average momentum of all / 
positive ions is therefore 


— l 
Mu, = N >, (Mu; + eEt;) (17 
J 


Here u; is the velocity the jth ion had just after its last collision. The: 
velocities uj are quite random in direction and therefore contribu 
zero to the average. The second part is simply Ee times the avera, 
of the t;, that is, times the average of the time since the last collisic 


ȚIt would be possible to define 7 precisely for a general system by giving a quantitat 
measure of the correlation between initial and final directions. It is a statistical pri 
lem, like devising a measure of the correlation between the birth weights of rats 2 
their weights at maturity. However, we shall not need a general quantitative definit 
to complete our analysis. 
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That must be the same as the average of the time until the next col- 
lision, and both are the samet as the average time between collisions, 
t. We conclude that the average velocity of a positive ion, in the pres- 
ence of the steady field E, is 


_ Eet, 
= HE 


u, (18) 
This shows that the average velocity of a charge carrier is proportional 
to the force applied to it. If we observe only the average velocity, it 
looks as if the medium were resisting the motion with a force propor- 
tional to the velocity. That is the kind of frictional drag you feel if you 
try to stir thick syrup with a spoon, a “viscous” drag. Whenever 
charge carriers behave like this, we can expect something like Ohm’s 
law. 

In Eq. 18 we have written t, because the mean time between 
collisions may well be different for positive and negative ions. The neg- 
ative ions acquire velocity in the opposite direction, but since they 
carry negative charge their contribution to the current density J adds 
to that of the positives. The equivalent of Eq. 4.5, with the two sorts 
of ions included is now 


y= ne (CE) — Ne| -E = ne [in + le (19) 
~ TEM, E THE IM, M 


Our theory predicts that the system will obey Ohm’s law, for Eq. 
19 expresses a linear relation between J and E, the other quantities 
being constants characteristic of the medium. Compare Eq. 19 with 
Eq. 10. The constant Ne? (t,/M, + t_/M_) appears in the role of 
g, the conductivity. 

We made a number of rather special assumptions about this sys- 
tem, but looking back, we can see that they were not essential so far 
as the linear relation between E and J is concerned. Any system con- 
taining a constant density of free charge carriers, in which the motion 
of the carriers is frequently “rerandomized” by collisions or other 
interactions within the system, ought to obey Ohm’s law if the field E 
Is not too strong. The ratio of J to E, which is the conductivity o of 
the medium, will be proportional to the number of charge carriers and 
to the characteristic time 7, the time for loss of directional correlation. 


tYou may think the average time between collisions would have to be equal to the 
sum of the average time since the last collision and the average time to the next. 
That would be true if collisions occurred at absolutely regular intervals, but they don’t. 
They are independent random events, and for such the above statement, paradoxical 
as it may seem at first, is true. Think about it. The question does not affect our main 
conclusion, but if you unravel it you will have grown in statistical wisdom. ( Hint: If 
one collision doesn’t affect the probability of having another—that’s what independent 
means—it can’t matter whether you start the clock at some arbitrary time, or at the 
time of a collision.) 
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FIGURE 4.7 

(a) A random distribution of electrons and positive ions 
with about equal numbers of each. Electron velocities 
are shown as vectors and in (a) are completely 
random. In (6) a drift toward the right, represented by 
the velocity vector —, has been introduced. This 
velocity was added to each of the original electron 
velocities, as shown in the case of the electron in the 
lower left corner. 


(a) 


It is only through this last quantity that all the complicated details of 
the collisions enter the problem. The making of a detailed theory of 
the conductivity of any given system, assuming the number of charge 
carriers is known, amounts to making a theory for r. In our particular 
example this quantity was replaced by 1, and a perfectly definite result 
was predicted for the conductivity o. Introducing the more general 
quantity 7, and also allowing for the possibility of different numbers 
of positive and negative carriers, we can summarize our theory as 
follows: 


Nit Nr 
m a h a 
oxe ( M, + M. ) (20) 


We use the sign = to acknowledge that we did not give 7 a precise 
definition. That could be done, however. 

To emphasize the fact that electrical conduction ordinarily 
involves only a slight systematic drift superimposed on the random 
motion of the charge carriers, we have constructed Fig. 4.7 as an artt 
ficial microscopic view of the kind of system we have been talkin 
about. Positive ions are represented by. white dots, negative ions b 
circles. We assume the latter are electrons and hence, because of thei 
small mass, so much more mobile than the positive ions that we ma 
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neglect the motion of the positives altogether. In Fig. 4.7a we see a 
wholly random distribution of particles and of electron speeds. To 
make the diagram, the location and sign of a particle were determined 
by a random-number table. The electron velocity vectors were likewise 
drawn from a random distribution, one corresponding to the “max- 
wellian” distribution of molecular velocities in a gas. In Fig. 4.75 we 
have used the same positions, but now the velocities all have a small 
added increment to the right. That is, Fig. 4.75 is a view of an ionized 
material in which there is a net flow of negative charge to the right, 
equivalent to a positive current to the left. Figure 4.7a illustrates the 
situation with zero average current. 

Obviously we should not expect the actual average of the veloc- 
ities of the 46 electrons in Fig. 4.7a to be exactly zero, for they are 
statistically independent quantities. One electron doesn’t affect the 
behavior of another. There will in fact be a randomly fluctuating elec- 
tric current in the absence of any driving field, simply as a result of 
statistical fluctuations in the vector sum of the electron velocities. This 
spontaneously fluctuating current can be measured. It is a source of 
noise in all electric circuits, and often determines the ultimate limit of 
sensitivity of devices for detecting weak electric signals. 

With these ideas in mind, consider the materials whose electrical 
conductivity is plotted, as a function of temperature, in Fig. 4.8. Glass 
at room temperature is a good insulator. Ions are not lacking in its 
internal structure, but they are practically immobile, locked in place. 
As a glass is heated, its structure becomes somewhat less rigid. An ion 
is able to move now and then, in the direction the electric field is push- 
ing it. That happens in a sodium chloride crystal, too. The ions, in that 
case, Nat and Cl’, move by infrequent short jumps.f Their average 
rate of progress is proportional to the electric field strength at any 
given temperature, so Ohm’s law is obeyed. In both these materials, 
the main effect of raising the temperature is to increase the mobility 
of the charge carriers rather than their number. 

Silicon and germanium are called semiconductors. Their con- 
ductivity, too, depends strongly on the temperature, but for a different 
reason. At zero absolute temperature, they would be perfect insula- 
tors, containing no ions at all, only neutral atoms. The effect of ther- 
mal energy is to create charge carriers by liberating electrons from 
some of the atoms. The steep rise in conductivity around room tem- 
perature and above reflects a great increase in the number of mobile 
electrons, not an increase in the mobility of an individual electron. We 
shall look more closely at semiconductors in Section 4.6. 

The metals, exemplified by copper and lead in Fig. 4.8, are even 
better conductors. Their conductivity generally decreases with 


tThis involves some disruption of the perfectly orderly array of ions depicted in Fig. 
1.7. 
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increasing temperature. In fact, over most of the range plotted, the 
conductivity of a pure metal like copper or lead is inversely propor- 
tional to the absolute temperature, as can be seen from the 45° slope 
of our logarithmic graph. Were that behavior to continue as copper 
and lead are cooled down toward absolute zero, we could expect an 
enormous increase in conductivity. At 0.001 K, a temperature now 
readily attainable in the laboratory, we should expect the conductivity 
of each metal to rise to 300,000 times its room temperature value. In 
the case of copper, we would be sadly disappointed. As we cool copper 
below about 20 K, its conductivity ceases to rise and remains constant 
from there on down. We’ll try to explain that in the next section. In 
the case of lead, normally a somewhat poorer conductor than copper, 
something far more surprising happens. As a lead wire is cooled below 
7.2 K, its resistance abruptly and completely vanishes. The metal 
becomes superconducting. This means, among other things, that an 
electric current, once started flowing in a circuit of lead wire, will con- 
tinue to flow indefinitely (for years, even!) without any electric field to 
drive it. The conductivity may be said to be infinite, though the con- 
cept really loses its meaning in the superconducting state. Warmed 
above 7.2 K, the lead wire recovers its normal resistance as abruptly 
as it lost it. Many metals can become superconductors, including more 
than 20 elements and numerous metallic compounds. The tempera- 
ture at which the transition from the normal to the superconducting 
state occurs depends on the material. The highest transition temper- 
ature yet observed is 21 K. 

Our model of ions accelerated by the electric field, their progress 
being continually impeded by collisions, utterly fails us here. Some- 
how, in the superconducting state all impediment to the electrons’ 
motion has vanished. Not only that, magnetic effects just as profound 
and mysterious are manifest in the superconductor. At this stage of 
our study we cannot fully describe, let alone explain, the phenomena 
of superconductivity. More will be said in Appendix C, which should 
be intelligible after our study of magnetism. 

Superconductivity aside, all these materials obey Ohm’s law. 
Doubling the electric field doubles the current if other conditions, 
including the temperature, are held constant. At least that is true if 
the field is not too strong. It is easy to see how Ohm’s law could fail 
in the case of a partially ionized gas. Suppose the electric field is so 
strong that the additional velocity an electron acquires between colli- 
sions is comparable to its thermal velocity. Then the time between 
collisions will be shorter than it was before the field was applied, an 
effect not included in our theory and one that will cause the observed 
conductivity to depend on the field strength. 

A more spectacular breakdown of Ohm’s law occurs if the elec- 
tric field is further increased until an electron gains so much energy 
between collisions that in striking a neutral atom it can knock another 
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electron loose. The two electrons can now release still more electrons 
in the same way. Ionization increases explosively, quickly making a 
conducting path between the electrodes. This is a spark. It’s what hap- 
pens when a sparkplug fires, and when you touch a doorknob after 
walking over a rug on a dry day. There are always a few electrons in 
the air, liberated by cosmic rays if in no other way. Since one electron 
is enough to trigger a spark, this sets a practical limit to field strength 
that can be maintained in a gas. Air at atmospheric pressure will 
break down at roughly 30 kilovolts/cm or 100 statvolts/cm. In a gas 
at low pressure, where an electron’s free path is quite long, as within 
the tube of an ordinary fluorescent lamp, a steady current can be 
maintained with a modest field, with ionization by electron impact 
occurring at a constant rate. The physics is fairly complex, and the 
behavior far from ohmic. 


CONDUCTION IN METALS 

4.5 The high conductivity of metals is due to electrons within the 
metal that are not attached to atoms but are free to move through the 
whole solid. Proof of this is the fact that electric current in a copper 
wire—unlike current in an ionic solution—transports no chemically 
identifiable substance. A current can flow steadily for years without 
causing the slightest change in the wire. It could only be electrons that 
are moving, entering the wire at one end and leaving it at the other. 

We know from chemistry that atoms of the metallic elements 
rather easily lose their outermost electrons.t These would be bound to 
the atom if it were isolated, but become detached when many such 
atoms are packed close together in a solid. The atoms thus become 
positive ions, and these positive ions form the rigid lattice of the solid 
metal, usually in an orderly array. The detached electrons, which we 
shall call the conduction electrons, move through this three-dimen- 
sional lattice of positive ions. 

The number of conduction electrons is large. The metal sodium, 
for instance, contains 2.5 X 10°? atoms in 1 cm’, and each atom pro- 
vides one conduction electron. No wonder sodium is a good conductor! 
But wait, there is a deep puzzle here. It is brought to light by applying 
our simple theory of conduction to this case. As we have seen, the 
mobility of a charge carrier is determined by the time 7 during which 
it moves freely without bumping into anything. If we have 2.5 X 10” 
electrons per cubic centimeter of mass m,, we need only the experi- 
mentally measured conductivity of sodium to calculate an electron’s 


tThis could even be taken as the property that defines a metallic element, making 
somewhat tautological the statement that metals are good conductors. 
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mean free time 7. The conductivity of sodium at room temperature, in 
CGS units, is 1.9 X 10'’ sec7'. Solving Eq. 20 for 7_, with N}, = 0 
as there are no mobile positive carriers, we find 


om, (1.9 X 10!) X (9 X 107%) 


This seems a surprisingly long time for an electron to move through 
the lattice of sodium ions without suffering a collision. The thermal 
speed of an electron at room temperature ought to be about 10’ cm/ 
sec, according to kinetic theory, which in that time should carry it a 
distance of 3 X 107’ cm. Now the ions in a crystal of sodium are 
practically touching one another. The centers of adjacent ions are only 
3.8 X 107% cm apart, with strong electric fields and many bound elec- 
trons filling most of the intervening space. How could an electron 
travel nearly 10 lattice spaces through these obstacles without being 
deflected? Why is the lattice of ions so easily penetrated by the con- 
duction electrons? 

This puzzle baffled physicists until the wave aspect of the elec- 
trons’ motion was recognized and explained by quantum mechanics. 
Here we can only hint at the nature of the explanation. It goes some- 
thing like this. We should not now think of the electron as a tiny 
charged particle deflected by every electric field it encounters. It is not 
localized in that sense. It behaves more like a spread-out wave inter- 
acting, at any moment, with a larger region of the crystal. What inter- 
rupts the progress of this wave through the crystal is not the regular 
array of ions, dense though it is, but an irregularity in the array. (A 
light wave traveling through water can be scattered by a bubble or a 
suspended particle, but not by the water itself; the analogy has some 
validity.) In a geometrically perfect and flawless crystal the electron 
wave would never be scattered, which is to say that the electron would 
never be deflected; our time r would be infinite. But real crystals are 
imperfect in at least two ways. For one thing, there is a random ther- 
mal vibration of the ions, which makes the lattice at any moment 
slightly irregular geometrically, and the more so the higher the tem- 
perature. It is this effect which makes the conductivity of a pure metal 
decrease as the temperature is raised. We see it in the sloping portions 
of the graph of o for pure copper and pure lead in Fig. 4.8. A real 
crystal can have irregularities, too, in the form of foreign atoms, or 
impurities, and lattice defects—flaws in the stacking of the atomic 
array. Scattering by these irregularities limits the free time 7 whatever 
the temperature. Such defects are responsible for the residual temper- 
ature-independent resistivity seen in the plot for copper in Fig. 4.8. 

In metals Ohm’s law is obeyed exceedingly accurately up to cur- 
rent densities far higher than any that can be long maintained. No 
deviation has ever been clearly demonstrated experimentally. Accord- 
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FIGURE 4.9 

The structure of the silicon crystal. The balls are Si 
atoms. A rod represents a covalent bond between 
neighboring atoms, made by sharing a pair of 
electrons. This requires four valence electrons per 
atom. Diamond has this structure, and so does 
germanium. 
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ing to one theoretical prediction, departures on the order of 1 percent 
might be expected at a current density of 10’ amps/cm/?. That is more 
than a million times the current density typical of wires in ordinary 
circuits. 


SEMICONDUCTORS 

4.6 Ina crystal of silicon each atom has four near neighbors. The 
three-dimensional arrangement of the atoms is shown in Fig. 4.9. Now 
silicon, like carbon which lies directly above it in the periodic table, 
has four valence electrons, just the number needed to make each bond 
between neighbors a shared electron pair—a covalent bond as it is 
called in chemistry. This neat arrangement makes a quite rigid struc- 
ture. In fact, it is the way the carbon atoms are arranged in diamond, 
the hardest known substance. With its bonds all intact, the perfect 
silicon crystal is a perfect insulator; there are no mobile electrons. But 
imagine that we could extract an an electron from one of these bond 
pairs and move it a few hundred lattice spaces away in the crystal. 
This would leave a net positive charge at the site of the extraction and 
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would give us a loose electron. It would also cost a certain amount of 
energy. We’ll take up the question of energy in a moment. But first 
let us note that we have created two mobile charges, not just one. The 
freed electron is mobile. It can move like a conduction electron in a 
metal, like which it is spread out, not sharply localized. The quantum 
state it occupies we call a state in the conduction band. The positive 
charge left behind is also mobile. If you think of it as an electron miss- 
ing in the bond between atoms A and B in Fig. 4.9, you can see that 
this vacancy among the valence electrons could be transferred to the 
bond between B and C, thence to the bond between C and D and so 
on, just by shifting electrons from one bond to another. Actually, the 
motion of the hole, as we shall call it henceforth, is even freer than 
this would suggest. It sails through the lattice like a conduction elec- 
tron. The difference is that it is a positive charge. An electric field E 
accelerates the hole in the direction of E, not the reverse. The hole 
acts as if it had a mass comparable with an electron’s mass. This is 
really rather mysterious, for the hole’s motion results from the collec- 
tive motion of many valence electrons.t Nevertheless, and fortunately, 
it acts so much like a real positive particle that we may picture it as 
such from now on. 

The minimum energy required to extract an electron from a 
valence state in silicon and leave it in the conduction band is 1.8 X 
107}? erg, or 1.12 electron-volts (ev). (One electron-volt is the work 
done in moving one electronic charge through a potential difference of 
one volt.) This is the energy gap between two bands of possible states, 
the valence band and the conduction band. States of intermediate 
energy for the electron simply do not exist. This energy ladder is rep- 
resented in Fig. 4.10. Two electrons can never have the same quantum 
state—that is a fundamental law of physics. States ranging up the 
energy ladder must therefore be occupied even at absolute zero. As it 
happens, there are exactly enough states in the valence band to accom- 
modate all the electrons. At T = 0, as shown in Fig. 4.10a, all of 
these valence states are occupied, and none of the conduction band 
states. 

If the temperature is high enough, thermal energy can raise 
some electrons from the valence band to the conduction band. The 
effect of temperature on the probability that electron states will be 
occupied is expressed by the exponential factor e~°4/*", called the 
Boltzmann factor. Suppose that two states labeled 1 and 2 are avail- 


tThis mystery is not explained by drawing an analogy, as is sometimes done, with a 
bubble in a liquid. In a centrifuge, bubbles in a liquid would go in toward the axis; 
the holes we are talking about would go out. A cryptic but true statement, which only 
quantum mechanics will make intelligible, is this: The hole behaves dynamically like 
a positive charge with positive mass because it is a vacancy in states with negative 
charge and negative mass. 
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A schematic representation of the energy bands in 
silicon, which are all the possible states for the 
electrons, arranged in order of energy. Two electrons 
can’t have the same state. At temperature zero the 
valence band is full; an electron occupies every 


available state. The conduction band is empty. At 7 = 
500 K there are 10" electrons in the lowest conduction 
band states, leaving 10'° holes in the valence band, in 


1 cm? of the crystal. 


10” conduction 
electrons per cm 


N 


3 


6,0 00 


@ 15 mobile 


3 


holes per cm 


T =500K 


ø = 0.3 (ohm-cm) ' 


able for occupation by an electron and that the electron’s energy in 
state 1 would be E}, while its energy in state 2 would be E>. Let p, be 


the probability that the electron will be found occupying state 1, p, 
the probability that it will be found in state 2. In a system in thermal 
equilibrium at temperature T the ratio p,/p, depends only on the 
energy difference, AE = E, — E. It is given by 


P2 — e AE/kKT (21) 
Pi 


The constant k, Boltzmann’s constant, has the value 1.38 X 10°" 
erg/kelvin, or 1.38 X 107% joule/kelvin. This relation holds for any 
two states. It governs the population of available states on the energy 
ladder. To predict the resulting number of electrons in the conduction 
band at a given temperature we would have to know more about the 
number of states available. But this shows why the number of con- 
duction electrons per unit volume depends so strongly on the temper- 
ature. For T = 300 K the energy kT is about 0.025 ev. The Boltz- 


mann factor relating states 1 ev apart in energy would be e7“, or 
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4 X 107'®. In silicon at room temperature the number of electrons in 
the conduction band, per cubic centimeter is approximately 10'°. At 
500 K one finds about 10'° electrons per cm? in the conduction band, 
and the same number of holes in the valence band (Fig. 4.10). Both 
holes and electrons contribute to the conductivity, which is 0.3 (ohm- 
cm)~' at that temperature. Germanium behaves like silicon, but the 
energy gap is somewhat smaller, 0.7 ev. At any given temperature it 
has more conduction electrons and holes than silicon, consequently 
higher conductivity, as is evident in Fig. 4.8. Diamond would be a 
semiconductor, too, if its energy gap weren’t so large (5.5 ev) that 
there are no electrons in the conduction band at any attainable 
temperature. 

With only 10'° conduction electrons and holes per cubic centi- 
meter, the silicon crystal at room temperature is practically an insu- 
lator. But that can be changed dramatically by inserting foreign atoms 
into the pure silicon lattice. This is the basis for all the marvelous 
devices of semiconductor electronics. Suppose that some very small 
fraction of the silicon atoms—for example, | in 10’—are replaced by 
phosphorus atoms. (This “doping” of the silicon can be accomplished 
in various ways.) The phosphorus atoms, of which there are now about 
5 X 10'° per cm’, occupy regular sites in the silicon lattice. A phos- 
phorus atom has five valence electrons, one too many for the four-bond 
structure of the perfect silicon crystal. The extra electron easily comes 
loose. Only 0.044 ev of energy is needed to boost it to the conduction 
band. What is left behind in this case is not a mobile hole, but an 
immobile positive phosphorus ion. We now have nearly 5 X 10" 
mobile electrons in the conduction band, and a conductivity of nearly 
| (ohm-cm)~'. There are a very few holes as well, the number that 
would be there in the pure crystal at room temperature. Because 
nearly all the charge carriers are negative, we call this “phosphorus- 
doped” crystal an n-type semiconductor (Fig. 4.11a). 

Now let’s dope a pure silicon crystal with aluminum atoms as 
the impurity. The aluminum atom has three valence electrons, one too 
few to construct four covalent bonds around its lattice site. That is 
cheaply remedied if one of the regular valence electrons joins the alu- 
minum atom permanently, completing the bonds around it. The cost 
in energy is only 0.05 ev, much less than the 1.2 ev required to raise 
a valence electron up to the conduction band. This promotion creates 
a vacancy in the valence band, a mobile hole, and makes of the alu- 
minum atom a fixed negative ion. Thanks to the holes thus created— 
at room temperature nearly equal in number to the aluminum atoms 
added—the crystal becomes a much better conductor. Of course there 
are also a few electrons in the conduction band, as there would be in 
the pure undoped silicon at the same temperature. But the overwhelm- 
Ing majority of the mobile charge carriers are positive, and we call 
this material a p-type semiconductor (Fig. 4.116). 
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FIGURE 4.11 

In an n-type semiconductor most of the charge carriers 
are electrons released from pentavalent impurity atoms 
such as phosphorus. In the p-type semiconductor the 
majority of the charge carriers are holes. A hole is 
created when a trivalent impurity atom like aluminum 
grabs an electron to complete the covalent bonds to its 
four silicon neighbors. A few carriers of thé opposite 
sign exist in each case, as they would in a pure silicon 
crystal at the same temperature. The number densities 
in brackets refer to our example of 5 X 10'° impurity 
atoms per cm’, and room temperature. Under these 
conditions the number of majority charge carriers is 
practically equal to the number of impurity atoms, while 
the number of minority carriers is very much smaller. 


impurity atoms 
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(b) 


Once the number of mobile charge carriers has been establish 
whether electrons or holes or both, the conductivity depends on tł 
mobility, which is limited, as in metallic conduction, by scatter 
within the crystal. A single homogeneous semiconductor obeys Oh 
law. The spectacularly nonohmic behavior of semiconductor device 
as in a rectifier or a transistor—is achieved by combining n-type m: 
rial with p-type material in various arrangements. 


CIRCUITS AND CIRCUIT ELEMENTS 

4.7 Electrical devices usually have well-defined terminals to w! 
wires can be connected. Charge can flow into or out of the device: 
these paths. In particular, if two terminals, and only two, are 
nected by wires to something outside, and if the current flow is ste 
with constant potentials everywhere, then obviously the current 1 
be equal and opposite at the two terminals. In that case we can sj 
of the current J which flows through the device, and of the volta: 
“between the terminals” or “‘across the terminals,” which means 
difference in electric potential. The ratio V/I for some given I 


TIt is perfectly possible to have 4 amps flowing into one terminal of a two-te 
object with 3 amps flowing out at the other terminal. But then the object is ac 
lating positive charge at the rate of 1 coulomb/sec. Its potential must be ch 
very rapidly—and that can’t go on for long. Hence this cannot be a steady, o 
independent, current. 
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certain number of resistance units (ohms, if V is in volts and J in amp). 
If Ohm’s law is obeyed in all parts of the object through which current 
flows, that number will be a constant, independent of the current. This 
one number completely describes the electrical behavior of the object, 
for steady current flow (dc) between the given terminals. With these 
rather obvious remarks we introduce a simple idea, the notion of a 
circuit element. 

Look at the five boxes in Fig. 4.12. Each has two terminals, and 
inside each box there is some stuff, different in every box. If any one 
of these boxes is made part of an electrical circuit by connecting wires 
to the terminals, the ratio of the potential difference between the ter- 
minals to the current flowing in the wire that we have connected to 
the terminal will be found to be 65 ohms. We say the resistance 
between the terminals, in each box, is 65 ohms. This statement would 
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(6) 0.5N KCI solution with electrodes of 


FIGURE 4.12 
Various devices that are equivalent, for direct current, 
to a 65-ohm resistor. 


150 


FIGURE 4.13 

some resistors connected together (a), the circuit 
diagram (b), and the equivalent resistance between 
certain pairs of terminals (c) and (d). 
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surely not be true for all conceivable values of the current or potential 
difference. As the potential difference or voltage between the termi- 
nals is raised, various things might happen, earlier in some boxes than 
in others, to change the voltage/current ratio. You might be able to 
guess which boxes would give trouble first. Still, there is some limit 
below which they all behave linearly, and within that range, for steady 
currents, the boxes are alike. They are alike in this sense: If any circuit 
contains one of these boxes, which box it is makes no difference in the 
behavior of that circuit. The box is equivalent to a 65-ohm resistor.t 
We represent it by the symbol WAM and in the description of the 
circuit of which the box is one component, we replace the box with 
this abstraction. An electrical circuit or network is then a collection of 
such circuit elements joined to one another by paths of negligible 
resistance. 

Taking a network consisting of many elements connected 
together and selecting two points as terminals, we can regard the 
whole thing as equivalent, as far as these two terminals are concerned. 
to a single resistor. We say that the physical network of objects in Fig. 
4.13a is represented by the diagram of Fig. 4.135 and for the termi- 


tWe use the term resistor for the actual object designed especially for that function 
Thus a “200-ohm, 10-watt, wire-wound resistor” is a device consisting of a coil of wir 
on some insulating base, with terminals, intended to be used in such a way that th 
average power dissipated in it is not more than 10 watts. 
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nals A4- the equivalent circuit is Fig. 4.13c. The equivalent circuit 
for the terminals at B, B, is given in Fig. 4.13d. If you put this assem- 
bly in a box with only that pair of terminals accessible, it will be indis- 
tinguishable from a resistor of 57.6 ohms resistance. There is one very 
important rule—only direct-current measurements are allowed! All 
that we have said depends on the current and electric fields being con- 
stant in time; if they are not, the behavior of a circuit element may 
not depend on its resistance alone. The concept of equivalent circuit 
can be extended from these dc networks to systems in which current 
and voltage vary with time. Indeed, that is where it is most valuable. 
We are not quite ready to explore that domain. 

Little time will be spent here on methods for calculating the 
equivalent resistance of a network of circuit elements. The cases of 
series and parallel groups are easy. A combination like that in Fig. 
4.14 is two resistors, of value R, and R,, in series. The equivalent resis- 
tance is 


A combination like that in Fig. 4.15 1s two resistors in parallel. By an 
argument that you should be able to give, the equivalent resistance R 
1s found as follows: 

l l l _ RR, 


—~=—+— or R 


= 23 
R R R R, +R, (23) 


That is all that is needed to handle a circuit like the one shown 
in Fig. 4.16, which, complicated as it looks, can be reduced, step by 
step, to series or parallel combinations. However, the simple network 
of Fig. 4.17 cannot be so reduced, so a more general method is 
required. Any conceivable network of resistors in which a constant 
current is flowing has to satisfy these conditions: 


1. The current through each element must equal the voltage across 
that element divided by the resistance of the element. 


2. Ata node of the network, a point where three or more connect- 
ing wires meet, the algebraic sum of the currents into the node must 
be zero. (This is our old charge-conservation condition, Eq. 7, in cir- 
cuit language.) 


3. The sum of the potential differences taken in order around a 
loop of the network, a path beginning and ending at the same node, 
is zero. (This is network language for the general property of the static 


electric field: | E - ds = 0 for any closed path.) 


The algebraic statement of these conditions for any network will 
provide exactly the number of independent linear equations needed to 
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— R=R; + R3 


FIGURE 4.14 
Resistances in series. 


FIGURE 4.15 
Resistances in parallel. 


— RR 
“Ri + Rg 
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FIGURE 4.16 
Reduction of a network that consists of series and 
parallel combinations only. 


FIGURE 4.17 
A simple bridge network. It can't be reduced in the 
manner of Fig. 4.16. 
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ensure that there is one and only one solution for the equivalent resis- 
tance between two selected nodes. We assert this without proving it. 
It is interesting to note that the structure of a dc network problem 
depends only on the topology of the network, that is, on those features 
of the diagram of connections that are independent of any distortion 
of the lines of the diagram. 

A dc network of resistances is a linear system—the voltages and 
currents are governed by a set of linear equations, the statements of 
the conditions 1, 2, and 3. Therefore the superposition of different pos- 
sible states of the network is also a possible state. Figure 4.18 shows 
a section of a network with certain currents, /;, J, ... , flowing in the 
wires and certain potentials, Vi, V2, ... , at the nodes. If some other 
set of currents and potentials, say /{,..., Vj, ..., is another possible 
state of affairs in this section of network, then so is the set (J; + 7i), 
... (Vi + Vi), .... These currents and voltages corresponding to 
the superposition will also satisfy the conditions |, 2, and 3. Some gen- 
eral theorems about networks, interesting and useful to the electrical 
engineer, are based on this. 
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ENERGY DISSIPATION IN CURRENT FLOW 
4.8 The flow of current in a resistor involves the dissipation of 
energy. If it takes a force F to push a charge carrier along with aver- 
age velocity v, any agency that accomplishes this must do work at the 
rate F - v. If an electric field E is driving the ion of charge q, then F 
= gE, and the rate at which work is done is gE - v. The energy thus 
expended shows up eventually as heat. In our model of ionic conduc- 
tion the way this comes about is quite clear. The ion acquires some 
extra kinetic energy, as well as momentum, between collisions. A col- 
lision, or at most a few collisions, redirects its momentum at random 
but does not necessarily restore the kinetic energy to normal. For that 
to happen the ion has to transfer kinetic energy to the obstacle that 
deflects it. Suppose the charge carrier has a considerably smaller mass 
than the neutral atom it collides with. The average transfer of kinetic 
energy is small when a billiard ball collides with a bowling ball. There- 
fore the ion (billiard ball) will continue to accumulate extra energy 
until its average kinetic energy is so high that its average loss of energy 
in a collision equals the amount gained between collisions. In this way, 
by first “heating up” the charge carriers themselves, the work done by 
the electrical force driving the charge carriers is eventually passed on 
to the rest of the medium as random kinetic energy, or heat. 
Suppose a steady current /, in amperes, flows through a resistor 
of R ohms. In every second, J coulombs of charge are transferred 
through a potential difference of V volts, where V = IR. Hence the 
work done in 1 sec is Z?R, in joules. (1 coulomb X 1 volt = 1 joule 
= 10’ ergs.) The watt, or volt-ampere, is the corresponding unit of 
power P (rate of doing work) (1 watt = joule/sec). 


P=PR (24) 


FIGURE 4.18 
Currents and potentials at the nodes of a network. 
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FIGURE 4.19 

In the Van de Graaff generator, charge carriers are 
mechanically transported in a direction opposite that in 
which the electric field would move them. 


CHAPTER FOUR 


Naturally the steady flow of current in a dc circuit requires some 
source of energy capable of maintaining the electric field that drives 
the charge carriers. Until now we have avoided the question of the 
electromotive force by studying only parts of entire circuits; we kept 
the “battery” out of the picture. In Section 4.9 we shall discuss some 
sources of electromotive force. 


ELECTROMOTIVE FORCE AND THE VOLTAIC CELL 

4.9 The origin of the electromotive force in a direct-current circuit 
is some mechanism that transports charge carriers in a direction oppo- 
site that in which the electric field is trying to move them. A Van de 
Graaff electrostatic generator (Fig. 4.19) is an example on a large 
scale. With everything running steadily, we find current in the exter- 
nal resistance flowing in the direction of the electric field E, and 
energy being dissipated there (appearing as heat) at the rate /Vo, or 
P R. Inside the column of the machine, too, there is a downward- 
directed electric field. Here charge carriers can be moved against the 
field if they are stuck to a nonconducting belt. They are stuck so 
tightly that they can’t slide backward along the belt in the generally 
downward electric field. (They can still be removed from the belt by 
a much stronger field localized at the brush in the terminal. We need 
not consider here the means for putting charge on and off the belt near 
the pulleys.) The energy needed to pull the belt is supplied from else- 
where—usually by an electric motor connected to a power line, but it 
could be a gasoline engine, or even a person turning a crank. This Van 
de Graaff generator is in effect a battery with an electromotive force, 
under these conditions, of Vo volts. 

In ordinary batteries it is chemical energy that makes the charge 
carriers move through a region where the electric field opposes their 
motion. That is, a positive charge carrier may move to a place of 
higher electric potential if by so doing it can engage in a chemical 
reaction that will yield more energy than it costs to climb the electrical 
hill. 

To see how this works, let us examine one particular voltaic cell. 
Voltaic cell is the generic name for a chemical source of electromotive 
force. In the experiments of Galvani around 1790 the famous twitch- 
ing frogs’ legs had signaled the chemical production of electric cur- 
rent. It was Volta who proved that the source was not “animal elec- 
tricity,” as Galvani maintained, but the contact of dissimilar metals 
in the circuit. Volta went on to construct the first battery, a stack of 
elementary cells, each of which consisted of a zinc disk and a silver 
disk separated by cardboard moistened with brine. The battery that 
powers your transistor radio comes in a tidier package, but the prin- 
ciple of operation is the same. Several kinds of voltaic cells are in use, 
differing in their chemistry but having common features: two elec- 
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trodes of different material immersed in an ionized fluid, or 
electrolyte. 

As an example, we’ll describe the lead—sulfuric acid cell which 
is the basic element of the automobile battery. This cell has the impor- 
tant property that its operation is readily reversible. With a storage 
battery made of such cells, which can be charged and discharged 
repeatedly, energy can be stored and recovered electrically. 

A fully charged lead—sulfuric acid cell has positive plates which 
hold lead dioxide, PbO, as a porous powder, and negative plates 
which hold pure lead of a spongy texture. The mechanical framework, 
or grid, is made of a lead alloy. All the positive plates are connected 
together and to the positive terminal of the cell. The negative plates, 
likewise connected, are interleaved with the positive plates, with a 
small separation. The schematic diagram in Fig. 4.20 shows only a 
small portion of a positive and a negative plate. The sulfuric acid elec- 
trolyte fills the cell, including the interstices of the active material, the 
porosity of which provides a large surface area for chemical reaction. 

The cell will remain indefinitely in this condition if there is no 
external circuit connecting its terminals. The potential difference 
between its terminals will be close to 2.1 volts. This open-circuit poten- 
tial difference is established “automatically?” by the chemical inter- 
action of the constituents. This is the electromotive force of the cell, 
for which the symbol & will be used. Its value depends on the concen- 
tration of sulfuric acid in the electrolyte, but not at all on the size, 
number, or separation of the plates. 

Now connect the cell’s terminals through an external circuit 
with resistance R. If R is not too small, the potential difference V 
between the cell terminals will drop only a little below its open-circuit 
value 6, and a current J = V/R will flow around the circuit (Fig. 
4.206). Electrons flow into the positive terminal; other electrons flow 
out of the negative terminal. At each electrode chemical reactions are 
proceeding, the overall effect of which is to convert lead, lead dioxide, 
and sulfuric acid into lead sulfate and water. For every molecule of 
lead sulfate thus made, one charge e is passed around the circuit and 
an amount of energy e6 is released. Of this energy the amount eV 
appears as heat in the external resistance R. The difference between 
6 and V is caused by the resistance of the electrolyte itself, through 
which the current / must flow inside the cell. If we represent this inter- 
nal resistance by R; the system can be quite well described by the 
equivalent circuit in Fig. 4.21. 

As discharge goes on and the electrolyte becomes more diluted 
with water, the electromotive force G decreases somewhat. Normally, 
the cell is considered discharged when é has fallen below 1.75 volts. 
To recharge the cell, current must be forced around the circuit in the 
opposite direction by connecting a voltage source greater than 6 
across the cell’s terminals. The chemical reactions then run backward 
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External circuit 
Lead dioxide PbO, 
Spongy lead Pb 
Lead alloy grid 
D Bisulfate ion HSO, 
A Hydrogen ion H* 
(a) Charged cell. 
[| ~e 

FIGURE 4.20 


A schematic diagram, not to scale, showing how the 
lead-sulfuric acid cell works. The electrolyte, sulfuric 
acid solution, permeates the lead dioxide granúles in 
the positive plate and the spongy lead in the negative 
plate. The potential difference between the positive and 
negative terminals is 2.1 volts. With the external circuit 
closed, chemical reactions proceed at the solid-liquid 
interfaces in both plates, the depletion of sulfuric acid 
in the electrolyte, and the transfer of electrons through 
the external circuit from negative terminal to positive 
terminal, which constitutes the current /. To recharge 
the cell, replace the load R by a source with 
electromotive force greater than 2.1 volts, thus forcing 
current to flow through the cell in the opposite direction 
and reversing both reactions. 


A : 
A 
Pb + HSO} —— PbSO, +H + 2c" 


PbO, + HSO; + 3H* + %7 —— PbSO, + 2H,O 


(b) Discharging cell. 


until all the lead sulfate is turned back into lead dioxide and lead. The 
investment of energy in charging the cell is somewhat more than the 
cell will yield on discharge, for the internal resistance R; causes a 
power loss /*R; whichever way the current is flowing. 
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Notice in Fig. 4.205 that the current J in the electrolyte is pro- 
duced by a net drift of positive ions toward the positive plate. Evi- 
dently the electric field in the electrolyte points toward, not away 
from, the positive plate. Nevertheless, the line integral of E around 
the whole circuit is zero, as it must be for any electrostatic field. The 
explanation is this: There are two very steep jumps in potential at the 
interface of the positive plate and the electrolyte and at the interface 
of the negative plate and the electrolyte. That is where the ions are 
moved against a strong electric field by forces arising in the chemical 
reactions. It is this region that corresponds to the belt in a Van de 
Graaff generator. 

Every kind of voltaic cell has its characteristic electromotive 
force, falling generally in the range of 1 to 3 volts. The energy 
involved, per molecule, in any chemical reaction is essentially the gain 
or loss in the transfer of an outer electron from one atom to a different 
atom. That is never more than a few electron volts. We can be pretty 
sure that no one Is going to invent a voltaic cell with a 12-volt electro- 
motive force. The 12-volt automobile battery consists of six separate 
lead—sulfuric acid cells connected in series. 


NETWORKS WITH VOLTAGE SOURCES 

4.10 A network of resistors could contain more than one electro- 
motive force, or voltage source. The circuit in Fig. 4.22 contains two 
batteries with electromotive force 6, and 6, respectively. The positive 
terminal of each battery is indicated next to the conventional battery 
symbol. Assume that R, includes the internal resistance of one bat- 
tery, R» that of the other. Supposing the resistances given, let us find 
the currents in this network. Having assigned directions arbitrarily to 
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FIGURE 4.21 

(a) The equivalent circuit for a voltaic cell is simply a 
resistance A, in series with an electromotive force 6 of 
fixed value. (b) Calculation of the current in a circuit 
containing a voltaic cell. 


FIGURE 4.22 
A network with two voltage sources. 
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the currents /,, J, and J in the branches, we impose the requirements 
stated in Section 4.7 and obtain three independent equations: 


I, — l, — ÍI, = 0 
G | — Ril — R31; = 0 (25) 
6, + Rh — Rh = 0 


To check the signs, note that in writing the two loop equations we have 
gone around each loop in the direction current would flow from the 
battery in that loop. The three equations can be solved for /,, L, and 
L, with the result: 


_ 6, R, + 6i R; + -R3 


l RiR, + RR} + RIR, 
FIGURE 4.23 I, = GoRi + R3 + EIR; (26) 
Make Aeg equal to the resistance that would be Ri Ry, + RR; + RiR; 
measured between the terminals in (a) if all 6.R, —- ER 
electromotive forces were zero. Make Ee equal to the I; = — oa 2A 
voltage observed between the terminals in (a) with the R,R, + R-R3} + RiR; 


external circuit open. Then the circuit below is . ; . Lo. 
equivalent to the circuit above. You can't tell the If in a particular case the value of Z, turns out to be negative, it simply 


difference by any direct-current measurement at those means that the current in that branch flows opposite to the direction 
terminals. we had assigned to positive current. 
Suppose that a network such as this forms part of some larger 
4 system, to which it is connected at two of its nodes. For example, let 
us connect wires to the two nodes A and B and enclose the rest in a 
| 
| 
| 
| 
| 
| 


s 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


“black box” with these two wires as the only external terminals, as in 
Fig. 4.23a. A general theorem called Thévenin’s theorem assures us 
9 that this two-terminal box is completely equivalent, in its behavior in 
any other circuit to which it may be connected, to a single voltage 
8, o source Ĝeq with an internal resistance Req. This holds for any network 
of voltage sources and resistors, no matter how complicated. The val- 
B | ues of Ĝeq and Req are easily determined. G., is the voltage between 
l the two terminal wires when nothing is connected to them outside the 
box. In our example that is just /,R3, with J; given by Eq. 26. The 
resistance R,, is the resistance that would be measured between the 
to two terminals with all the internal electromotive forces made zero. In 
EE q our example that would be the resistance of R,, R}, and R; all in par- 

| 

| 

| 


(a) 


ex) 
Go 

m 
bo 


allel, which is R,R2R3/(R, R: + RR; + R R3). 
What if we didn’t know what was in the box? We could deter- 
Reg mine 6,, and Reg experimentally by two measurements: Measure the 
| open-circuit voltage with a voltmeter that draws negligible current: 


g that is G.,. Now connect the terminals together through an ammeter 
eq | of negligible resistance; this measures the short-circuit current Iy 
| Then 


----—-——--—-—-——-— J R„ = ÊS (27) 


(b) 


po mee an e ree ee me ree ee ee oan 
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In analyzing a complicated circuit it sometimes helps to replace a two- 
terminal section by its equivalent eq and Reg. Thévenin’s theorem 
assumes the linearity of all circuit elements, including the reversibility 
of currents through batteries. If one of our batteries is a nonrecharge- 
able dry cell with the current through it backward, caution is 
advisable! 


VARIABLE CURRENTS 

INCAPACITORS AND RESISTORS 

4.11 Leta capacitor of capacitance C be charged to some potential 
V and then discharged by suddenly connecting it across a resistance 
R. Figure 4.24 shows the capacitor indicated by the conventional sym- 
bol {F} , the resistor R, and a switch which we shall imagine to be 
closed at time ¢ = O. It is obvious that as current flows the capacitor 
will gradually lose its charge, the voltage across the capacitor will 
diminish, and this in turn will lessen the flow of current. To see exactly 
what happens we need only write down the conditions that govern the 
circuit. Let Q be the charge on the capacitor at any instant, V the 
potential difference between the plates which is also the voltage across 
the resistance R. Let J be the current, considered positive if it flows 
away from the positive side of the capacitor. These quantities, all func- 
tions of the time, must be related as follows: 


Q=CV I=ẹ5 -5l (28) 


Eliminating / and V, we obtain the equation which governs the time 
variation of Q: 


dg_ Q 

dt RC (22) 
Writing this in the form 

d dt 

ag = — — (30) 

Q RC 


we can integrate both sides, obtaining 
—t 
In Q = pE | const (31) 


The solution of our differential equation is therefore 
Q = (another constant) X e~" Pe (32) 


We said that at £ = 0, V = Vo, so that O = CV, for t = O. 


FIGURE 4.24 
Charge and current in an AC circuit. Charge decays by 


the factor 1/ 


e in time AC. 


c 
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This determines the constant, and we now have the exact behavior of 
Q after the switch is closed: 


Q = Che "S (33) 
The behavior of the current J is found directly from this: 
dQ _ Vo 
I= — = — ee IRE 34 
dt R° (34) 


At the closing of the switch the current rises at once to the value 
V,/R and then decays exponentially to zero. The time that character- 
izes this decay is the constant RC. We should not be surprised to find 
that the product of resistance and capacitance has the dimensions of 
time, for we know that C has the dimensions of length, and we have 
already remarked that resistance X length, when it appears as ohm- 
cm, the unit of resistivity, has the dimensions of time. People often 
speak of the “RC time constant” associated with a circuit or part of a 
circuit. 

In SI units the unit of capacitance is the farad. A capacitor of 
l-farad capacitance has a charge of 1 coulomb for a potential differ- 
ence of 1 volt. With R in ohms and C in farads, the product RC is a 
time in sec. Just to check this, note that ohm = volts/amp = volt- 
sec/coulomb, while farad = coulombs/volt. If we make the circuit of 
Fig. 4.24 out of a 0.05-microfarad capacitor and a 5-megohm resistor, 
both of which are reasonable objects to find around any laboratory, 
we would have RC = 5 X 10° X 0.05 X 10°° or 0.25 sec. 

Quite generally, in any electrical system made up of charged 
conductors and resistive current paths, one time scale—perhaps not 
the only one—for processes in the system is set by some resistance- 
capacitance product. This has a bearing on our earlier observation 
about the dimensions of resistivity. Imagine a capacitor with plates of 
area A and separation s. Its capacitance C is A/4as. Now imagine 
the space between the plates suddenly filled with a conductive medium 
of resistivity p. To avoid any question of how this might affect the 
capacitance, let us suppose that the medium is a very slightly ionized 
gas; a substance of that density will hardly affect the capacitance at 
all. This new conductive path will discharge the capacitor as effec- 
tively as did the external resistor in Fig. 4.24. How quickly will this 
happen? The resistance of the path, R, is ps/A. Hence the time con- 
stant RC is just (ps/A)(A/4as) = p/4x. For example, if our weakly 
ionized gas had a resistivity of 10° ohm-cm, the time constant for dis- 
charge of the capacitor would be about 10 microseconds. It does not 
depend on the size or shape of the capacitor. 

What we have here is simply the time constant for the relaxation 
of an electric field in a conducting medium by redistribution of charge. 
We really don’t need the capacitor plates to describe it. Imagine that 
we could suddenly imbed two sheets of charge, a negative sheet and a 
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positive sheet, opposite one another in a conductor—for instance, in 
an n-type semiconductor (Fig. 4.25a). What will make these charges 
disappear? Do negative charge carriers move from the sheet on the 
left across the intervening space, neutralizing the positive charges 
when they arrive at the sheet on the right? Surely not—if that were 
the process, the time required would be proportional to the distance 
between the sheets. What happens instead is this. The entire popula- 
tion of negative charge carriers that fills the space between the sheets 
is caused to move by the electric field. Only a very slight displacement 
of this cloud of charge suffices to remove excess negative charge on 
the left, while providing on the right the extra negative charge needed 
to neutralize the positive sheet, as indicated in Fig. 4.255. Within a 
conductor, in other words, neutrality is restored by a small readjust- 
ment of the entire charge distribution, not by a few charge carriers 
moving a long distance. That is why the relaxation time can be inde- 
pendent of the size of the system. 

For a metal with resistivity typically 107° ohm-cm, p/4r is 
about 10~'* sec, orders of magnitude shorter than the mean free time 
of a conduction electron in the metal. As a relaxation time this makes 
no sense. Our theory, at this stage, can tell us nothing about events on 
a time scale as short as that. 


PROBLEMS 


4.1 We have 5 X 10'° doubly charged positive ions per cm?, all 
moving west with a speed of 10’ cm/sec. In the same region there are 
10'' electrons per cm? moving northeast with a speed of 10° cm/sec. 
(Don’t ask how we managed it!) What is the direction of J? What is 
its magnitude in esu/sec-cm”? In amps/meter”? 
Ans. 48.8° west of south; 5.14 X 10° esu/sec-cm?; 

1.71 X 10* amps/meter’. 


4.2 Ina 6-gigaelectron-volt (GeV) electron synchrotron, electrons 
travel around the machine in an approximately circular path 240 
meters long. It is normal to have about 10!’ electrons circling on this 
path during a cycle of acceleration. The speed of the electrons is prac- 
tically that of light. What is the current? We give this very simple 
problem to emphasize that nothing in our definition of current as rate 
of transport requires the velocities of the charge carriers to be nonre- 
lativistic and that there is no rule against a given charged particle 
getting counted many times during a second as part of the current. 
Ans. 0.020 amp. 
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FIGURE 4.25 

In a conducting medium, here represented by an n-type 
conductor, two fixed sheets of charge, one negative 
and one positive, can be neutralized by a slight motion 
of the entire block of mobile charge carriers lying 
between them. (a) Before the block of negative charge 
has moved. (b) After the net charge density has been 
reduced to zero at each sheet. 
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4.3 Ina Van de Graaff electrostatic generator, a rubberized belt 30 
cm wide travels at a velocity of 20 meters/sec. The belt is given a 
surface charge at the lower roller, the surface charge density being 
high enough to cause a field of 40 statvolts/cm on each side of the 
belt. What is the current in milliamperes (milliamps)? 


4.4 The first telegraphic messages crossed the Atlantic in 1858, by 
a cable 3000 km long laid between Newfoundland and Ireland. The 
conductor in this cable consisted of seven copper wires, each of diam- 
eter 0.73 mm, bundled together and surrounded by an insulating 
sheath. 

(a) Calculate the resistance of the conductor. Use 3 X 10°° 
ohm-cm for the resistivity of the copper, which was of somewhat 
dubious purity. 

(b) A return path for the current was provided by the ocean 
itself. Given that the resistivity of seawater is about 25 ohm-cm, see 
if you can show that the resistance of the ocean return would have 
been much smaller than that of the cable. 


4.5 Show that the total amount of charge at the junction of the two 
materials in Fig. 4.6 is (//42)(1/o2 — 1/0,), where / is the current 
flowing through the junction, in esu/sec, and the conductivities o, and 


o> are expressed in CGS units of sec !. 


4.6 A wire of pure tin is drawn through a die, reducing its diameter 
by 25 percent and increasing its length. By what factor will its resis- 
tance be increased? Then it is flattened into a ribbon by rolling, which 
results in a further increase in its length, which is now twice the orig- 
inal length. What has been the overall change in resistance? Assume 
the density and resistivity remain constant throughout. 


4.7 A laminated conductor was made by depositing, alternately, 
layers of silver 100 angstroms thick and layers of tin 200 angstroms 
thick. The composite material, considered on a larger scale, may be 
considered a homogeneous but anisotropic material with an electrical 
conductivity o, for currents perpendicular to the planes of the layers, 
and a different conductivity o, for currents parallel to that plane. 
Given that the conductivity of silver is 7.2 times that of tin, find the 
ratio oj /o,. 

Ans. 0.457. 


4.8 A copper wire | km long is connected across a 6-volt battery. 
The resistivity of the copper is 1.7 X 10~° ohm-cm; the number of 
conduction electrons per cubic centimeter is 8 X 1077. What is the 
drift velocity of the conduction electrons under these circumstances? 
How long does it take an electron to drift once around the circuit? 
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4.9 Normally in the earth’s atmosphere the greatest density of free 
electrons (liberated by ultraviolet sunlight) amounts to 10° per cm? 
and is found at an altitude of about 100 km where the density of air 
is so low that the mean free path of an electron is about 10 cm. At 
the temperature which prevails there an electron’s mean speed is 
10’ cm/sec. What is the conductivity in sec”! and in (ohm-cm)~'? 
Ans. 2 X 108 sec7!; 2 X 1074 (ohm-cm)7! 


4.10 An ion in a liquid is so closely surrounded by neutral mole- 
cules that one can hardly speak of a “free time” between collisions. 
Still, it is interesting to see what value of 7 is implied by Eq. 20 if we 
take the observed conductivity of pure water from Table 4.1 and the 
values given for N, and N_, 10’? per cm®. A typical thermal speed 
for a water molecule is 5 X 10* cm/sec. How far would it travel in 
that time 7? 

Ans. 2.5 X 1078 cm. 


4.11 The resistivity of seawater is about 25 ohm-cm. The charge 
carriers are chiefly Na* and Cl” ions, and of each there are about 3 
X 10%” per cm’. If we fill a plastic tube 2 meters long with seawater 
and connect a 12-volt battery to the electrodes at each end, what is 
the resulting average drift velocity of the ions, in cm/sec? 


4.12 Use the figures given in Section 4.6 for the conductivity of 
pure silicon at 500 K and the density of conduction electrons and holes 
at that temperature to deduce the mean free time between collisions, 
assuming it is the same for electrons and holes. 


4.13 Ina silicon junction diode the region of the planar junction 
between n-type and p-type semiconductors can be approximately rep- 
resented as two adjoining slabs of charge, one negative and one posi- 
tive. Away from the junction, outside these charge layers, the potential 
is constant, its value being @¢, in the n-type material and ¢, in the p- 
type material. Given that the difference between ¢, and ¢, is 0.3 volt, 
and that the thickness of each of the two slabs of charge is 0.01 cm, 
find the charge density in each of the two slabs, and make a graph of 
the potential ¢ as a function of position x through the junction. What 
is the strength of the electric field at the midplane? 


4.14 Refer to Eq. 20 and Fig. 4.10. Assume that 7, = 7_ and M, 
= M_ = m, the electron mass. If a conductivity of 0.3 (ohm-cm) 7! 
results from the presence of 10'° electrons per cm? in the conduction 
band and the same number of holes, what must be the value of the 
mean free time 7? The rms speed of an electron at 500 K is 1.5 X 10’ 
cm/sec. Compare the mean free path with the distance between 
neighboring silicon atoms, which is 2.35 X 1078 cm. 
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4.15 Suppose that each of the resistors in the circuit at the left in 
Fig. 4.16 has the value 100 ohms. What is the resistance of the single 


equivalent resistor at the far right? 


4.16 Inthe circuit, if Rọ is given, what value must R; have in order 
that the input resistance between the terminals shall be equal to Ro? 


4.17 Ifthe voltage at the terminals of an automobile battery drops 
from 12.3 to 9.8 volts when a 0.5-ohm resistor is connected across the 
battery, what is the internal resistance? 


4.18 Show that, if a battery of fixed emf 6 and internal resistance 
R; is connected to a variable external resistance R, the maximum 
power is delivered to the external resistor when R = R; 


4.19 You have a microammeter which reads 50 microamps at full- 
scale deflection, and the coil in the meter movement has a resistance 
of 20 ohms. By adding two resistors, R, and R,, and a 1.5-volt battery 
you can convert this into an ohmmeter. When the two outcoming leads 
of this ohmmeter are connected together, the meter is to register 0 
ohms by giving exactly full-scale deflection. When the leads are con- 
nected across an unknown resistance R, the deflection will indicate the 
resistance value if the scale is appropriately marked. In particular, we 
want half-scale deflection to indicate 15 ohms. What values of R, and 
R, are required, how should the connections be made, and where on 
the ohm scale will the marks be (with reference to the old microam- 
meter calibration) for 5 ohms and for 50 ohms? 


4.20 A black box with three terminals, a, b, and c, contains nothing 
but three resistors and connecting wire. Measuring the resistance 
between pairs of terminals, we find Ra = 30 ohms, Rac = 60 ohms, 
and Rẹ = 70 ohms. Show that the contents of the box could be either 


Hee P ina ” 


bee 


Is there any other possibility? Are the two boxes completely equiva- 
lent, or is there an external measurement that would distinguish 


between them? 
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4.21 Inthe circuit, all five resistors have the same value, 100 ohms, 
and each cell has an electromotive force of 1.5 volts. Find the open- 
circuit voltage and the short-circuit current for the terminals A, B. 
Then find G9 and Ro for the Thévenin equivalent circuit. 


4.22 A resistor R is to be connected across the terminals A, B, of 
the circuit on the right. For what value of R will the power dissipated 
in the resistor be greatest? To answer this, construct the Thévenin 
equivalent circuit and then invoke the result for Problem 4.18. How 
much power will be dissipated in R? 


4.23 Suppose the conducting medium in Fig. 4.25 is n-type silicon 
with 10'° electrons per cm? in the conduction band. Assume the initial 
density of charge on the sheets is such that the electric field strength 
is | statvolt/cm. By what distance must the intervening distribution 
of electrons be displaced to restore neutrality and reduce the electric 
field to zero? 


4.24 As an illustration of the point made in the first footnote in 
Section 4.7 consider a black box which is approximately a 10-cm cube 
with two binding posts. Each of these terminals is connected by a wire 
to some external circuits. Otherwise, the box is well insulated from 
everything. A current of approximately 1 amp flows through this cir- 
cuit element. Suppose now that the current in and the current out 
differ by one part in a million. About how long would it take, unless 
something else happens, for the box to rise in potential by 1000 volts? 


4.25 Return to the example of the capacitor C discharging through 
the resistor R which was worked out in the text and show that the 
total energy dissipated in the resistor agrees with the energy originally 
stored in the capacitor. Suppose someone objects that the capacitor is 
never really discharged because Q only becomes zero for t = 00. How 
would you counter this objection? You might find out how long it 
would take the charge to be reduced to one electron, with some rea- 
sonable assumptions. 


4.26 Two graphite rods are of equal length. One is a cylinder of 
radius a. The other is conical, tapering linearly from radius a at one 
end to radius b at the other. Show that the end-to-end electrical resis- 
tance of the conical rod is a/b times that of the cylindrical rod. Hint: 
Consider the rod made up of thin, disklike slices, all in series. 


165 


PROBLEM 4.21 


20volts 


E ohms | 


PROBLEM 4.22 


166 CHAPTER FOUR 


rs 


bs ene oe > GU) GIN conn e om GEE GHD wun st) Wh GED 


r-------------- 


PROBLEM 4.27 4.27 This concerns the equivalent resistance R,, between terminé 
T, and T, for the network of five resistors. One way to derive a fc 
mula for R,, would be to solve the network for the current J that flo 
in at 7, for a given voltage difference V between T, and T; then / 
= V/I. The solution involves rather tedious algebra in which it is ea 
to make a mistake, so we'll tell you most of the answer: 


R,R,R; + R, RR, +? + RRR, + R5(R,R3 + RR; +? + Rik 
R Ra + RiR t+? + RR, + RR; + Ro + R; + R4) 
By considering the symmetry of the network you should be able to 
in the missing terms. Now check the formula by directly calculat 
Req in three special cases: (a) Rs = 0, (b) R; = œ, and (c) R, = 
= 0, and comparing your results with what the the formula gives. 


Reg = 


4.28 A 12-volt lead-acid storage battery with a 20 ampere-h 
capacity rating has a mass of 10 kg. 

(a) How many kilograms of lead sulfate is formed when | 
battery is discharged. (Molecular weight of PbSO, is 303.) 

(b) How many kilograms of batteries of this type would 
required to store the energy derived from 1 kg of gasoline by an eng 
of 20 percent efficiency? (Heat of combustion of gasoline: 4.5 X 
joules /gm.) 


4.29 The common 1.5-volt dry cell used in flashlights and ir 
merable other devices releases its energy by oxidizing the zinc 
which is its negative electrode, while reducing manganese diox 
MnQ,, to Mn,Q; at the positive electrode. (It is called a carbon-: 
cell, but the carbon rod is just an inert conductor.) A cell of size 
weighing 90 gm, can supply 100 milliamps for about 30 hours. 
(a) Compare its energy storage, in joules/kg, with that of 
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lead-acid battery described in Problem 4.28. Unfortunately the cell is 
not rechargeable. 

(b) How high could you lift yourself with one D cell powering a 
50 percent efficient winch? 


4.30 The result for Problem 3.24 can help us to understand the flow 
of current in a Circuit, part of which consists of charged particles mov- 
ing through space between two electrodes. The question is, what is the 
nature of the current when only one particle traverses the space? (If 
we can work that out, we can easily describe any flow involving a 
larger number arriving on any schedule.) Consider the simple circuit 
in the figure, which consists of two electrodes in vacuum connected by 
a short wire. Suppose the electrodes are 2 mm apart. A rather slow 
alpha particle, of charge 2e, is emitted by a radioactive nucleus in the 
left plate. It travels directly toward the right plate with a constant 
speed of 10° cm/sec and stops in this plate. Make a quantitative graph 
of the current in the connecting wire, plotting current against time. 
Do the same for an alpha particle that crosses the gap moving with 
the same speed but at an angle of 45° to the normal. (Actually for 
pulses as short as this the inductance of the connecting wire, here 
neglected, would affect the pulse shape.) Suppose we had a cylindrical 
arrangement of electrodes, with the alpha particles being emitted from 
a thin wire on the axis of a small cylindrical electrode. Would the 
current pulse have the same shape? 


4.31 All networks can be drawn flat if we adopt a conventional way 
of representing a “crossing without touching” such as YC . Sup- 
pose a cube has a resistor along each edge. At each corner the leads 
from three resistors are soldered together. Flatten this network out 
into a circuit diagram. Find the equivalent resistance between two 
nodes that represent diagonally opposite corners of the cube, in the 
case where all resistors have the same value Rọ. For this you do not 
need to solve a number of simultaneous equations; instead use sym- 
metry arguments. Now find the equivalent resistance between two 
nodes that correspond to diagonally opposite corners of one face of the 
cube. Here again, considerations of symmetry will reduce the problem 
to a very simple one. For both these calculations, a sketch of the struc- 
ture as a cube, rather than flattened out, will help you to spot the 
necessary symmetries in the currents. 


4.32 Some important kinds of networks are infinite in extent. The 
figure shows a chain of series and parallel resistors stretching off end- 
lessly to the right. The line at the bottom is the resistanceless return 
wire for all of them. This is sometimes called an attenuator chain, or 
a ladder network. The problem is to find the “input resistance,” that 
is, the equivalent resistance between terminals A and B. Our interest 
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PROBLEM 4.32 


Prob. 4.29 


PROBLEM 4.33 


in this problem mainly concerns the method of solution, which takes 
an odd twist and which can be used in other places in physics where 
we have an iteration of identical devices (even an infinite chain of 
lenses, in optics). The point is that the input resistance which we do 
not yet know—call it R—will not be changed by adding a new set of 
resistors to the front end of the chain to make it one unit longer. But 
now, adding this section, we see that this new input resistance is just 
R; in series with the parallel combination of R, and R. We get imme- 
diately an equation that can be solved for R. Show that, if voltage Vo 
is applied at the input to such a chain, the voltage at successive nodes 
decreases in a geometric series. What ratio is required for the resistors 
to make the ladder an attenuator that halves the voltage at every step? 
Obviously a truly infinite ladder would not be practical. Can you sug- 
gest a way to terminate it after a few sections without introducing any 
error in its attenuation? 


4.33 The figure shows two resistors in parallel, with values R, and 
R,. The current Jọ divides somehow between them. Show that the con- 
dition that /; + I, = Io, together with the requirement of minimum 
power dissipation, leads to the same current values that we would cal- 
culate with ordinary circuit formulas. This illustrates a general vari- 
ational principle that holds for direct current networks: The distribu- 
tion of currents within the network, for given input current Jo, 1s 
always that which gives the /east total power dissipation. 
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FROM OERSTED TO EINSTEIN 

5.1 In the winter of 1819-1820 Hans Christian Oersted was lec- 
turing on electricity, galvanism, and magnetism to advanced students 
at the University of Copenhagen. Electricity meant electrostatics; gal- 
vanism referred to the effects produced by continuous currents from 
batteries, a subject opened up by Galvani’s chance discovery and the 
subsequent experiments of Volta; magnetism dealt with the already 
ancient lore of lodestones, compass needles, and the terrestrial mag- 
netic field. It seemed clear to some that there must be a relation 
between galvanic currents and electric charge, although there was lit- 
tle more direct evidence than the fact that both could cause shocks. 
On the other hand, magnetism and electricity appeared to have noth- 
ing whatever to do with one another. Still Oersted had a notion, vague 
perhaps, but tenaciously pursued, that magnetism like the galvanic 
current might be a sort of “hidden form” of electricity. Groping for 
some manifestation of this, he tried before his class the experiment of 
passing a galvanic current through a wire which ran above and at right 
angles to a compass needle. It had no effect. After the lecture, some- 
thing impelled him to try the experiment with a wire running parallel 
to the compass needle. The needle swung wide—and when the gal- 
vanic current was reversed it swung the other way! 

The scientific world was more than ready for this revelation. A 
ferment of experimentation and discovery followed as soon as the word 
reached other laboratories. Before long Ampère, Faraday, and others 
had worked out an essentially complete and exact description of the 
magnetic action of electric currents. Faraday’s crowning discovery of 
electromagnetic induction came less than 12 years after Oersted’s 
experiment. In the previous two centuries since the publication in 1600 
of William Gilbert’s great work De Magnete, man’s understanding of 
magnetism had advanced not at all. Out of these experimental discov- 
eries there grew the complete classical theory of electromagnetism. 
Formulated mathematically by Maxwell, it was triumphantly corrob- 
orated by Hertz’s demonstration of electromagnetic waves in 1888. 

Special relativity has its historical roots in electromagnetism. 
Lorentz, exploring the electrodynamics of moving charges, was led 
very close to the final formulation of Einstein. And Einstein’s great 
paper of 1905 was entitled not “Theory of Relativity,” but rather “On 
the Electrodynamics of Moving Bodies.” Today we see in the postu- 
lates of relativity and their implications a wide framework, one that 
embraces all physical laws and not solely those of electromagnetism. 
We expect any complete physical theory to be relativistically invar- 
iant. It ought to tell the same story in all inertial frames of reference. 
As it happened, physics already had one relativistically invariant the- 
ory—Maxwell’s electromagnetic theory—long before the significance 
of relativistic invariance was recognized. Whether the ideas of special 
relativity could have evolved in the absence of a complete theory of 
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the electromagnetic field is a question for the historian of science to 
speculate about; probably it can’t be answered. We can only say that 
the actual history shows rather plainly a path running from Oersted’s 
compass needle to Einstein’s postulates. 

Still, relativity is not a branch of electromagnetism, nor a con- 
sequence of the existence of light. The central postulate of special rel- 
ativity, which no observation has yet contradicted, is the equivalence 
of reference frames moving with constant velocity with respect to one 
another. Indeed, it is possible, without even mentioning light, to derive 
the formulas of special relativity from nothing more than that postu- 
late and the assumption that all spatial directions are equivalent.* The 
universal constant c then appears in these formulas as a limiting veloc- 
ity, approached by an energetic particle but never exceeded. Its value 
can be ascertained by an experiment that does not involve light or 
anything else (such as neutrinos) which are believed to travel at pre- 
cisely that speed. In other words, we would have special relativity even 
if electromagnetic waves could not exist. 

Later in this chapter we are going to follow the historical path 
from Oersted to Einstein almost in reverse. We’ll take special relativ- 
ity as given, and ask how an electostatic system of charges and fields 
looks in another reference frame. In this way we shall find the forces 
that act on electric charges in motion, including the force that acts 
between electric currents. Magnetism, seen from this viewpoint, is a 
relativistic aspect of electricity.t But first, let’s review some of the phe- 
nomena we shall be trying to explain. 


MAGNETIC FORCES 

5.2 Two wires running parallel to one another and carrying cur- 
rents in the same direction are drawn together. The force on one of 
the wires, per unit length of wire, is inversely proportional to the dis- 


*See N. David Mermin, “Relativity Without Light,” American Journal of Physics, 
52:119 (1984), in which it is shown that the most general law for the addition of 
velocities which is consistent with the equivalence of inertial frames must have the 
form v = (vı + v2)/(1 + v,v>/c’), identical to our Eq. 6 in Appendix A. To discover 
the value of the constant c in our universe we need only measure with adequate accu- 
racy three lower speeds v, vi, and v». For references to other articles on the same 
theme see also N.D. Mermin, American Journal of Physics, 52, 967 (1984). 


tThe earliest exposition of this approach, to my knowledge, is the article by L. Page, 
A Derivation of the Fundamental Relations of Electrodynamics from Those of Elec- 
trostatics, American Journal of Science, XXXIV: 57 (1912). It was natural for Page, 
writing only 7 years after Einstein’s revolutionary paper, to consider relativity more 
in need of confirmation than electrodynamics. His concluding sentence reads: “Viewed 
from another standpoint, the fact that we have been able, by means of the principle 
of relativity, to deduce the fundamental relations of electrodynamics from those of 
electrostatics, may be considered as some confirmation of the principle of relativity.” 
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FIGURE 5.1 

(a) Parallel wires carrying currents in the same direction 
are pulled together. (b) Parallel wires carrying currents 
in opposite directions are pushed apart. (c) These 
forces are not affected by putting a metal plate 
between the wires. 
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tance between the wires (Fig. 5.1a). Reversing the direction of one of 
the currents changes the force to one of repulsion. Thus the two sec- 
tions of wire in Fig. 5.15, which are part of the same circuit, tend to 
fly apart. There is some sort of “action at a distance” between the two 
filaments of steady electric current. It seems to have nothing to do 
with any static electric charge on the surface of the wire. There may 
be some such charge and the wires may be at different potentials, but 
the force we are concerned with depends only on the charge movement 
in the wires, that is, on the two currents. You can put a sheet of metal 
between the two wires without affecting this force at all (Fig. 5.1c). 
These new forces that come into play when charges are moving are 
called magnetic. 

Oersted’s compass needle (Fig. 5.2a) doesn’t look much like a 
direct-current circuit. We now know, however, as Ampère was the first 
to suspect, that magnetized iron is full of perpetually moving 
charges—electric currents on an atomic scale. A slender coil of wire 
with a battery to drive current through it (Fig. 5.2b) behaves just like 
the compass needle under the influence of a nearby current. 

Observing the motion of a free charged particle, instead of a 
wire carrying current, we find the same thing happening. In a cathode 
ray tube, electrons that would otherwise follow a straight path are 
deflected toward or away from an external current-carrying wire, 
depending on the relative direction of the current in that wire (Fig. 
5.3). You are already familiar with this from the laboratory, and you 
know that this interaction of currents and other moving charges can 
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be described by introducing a magnetic field. (The electric field, 
remember, was simply a way of describing the action at a distance 
between stationary charges that is expressed in Coulomb’s law.) We 
say that an electric current has associated with it a magnetic field 
which pervades the surrounding space. Some other current, or any 
moving charged particle which finds itself in this field, experiences a 
force proportional to the strength of the magnetic field in that locality. 
The force is always perpendicular to the velocity, for a charged par- 
ticle. The entire force on a particle carrying charge q is given by 


F= gE+_2vxB 
C 


(1) 
where B is the magnetic field. t 

We shall take Eq. l as the definition of B. The inclusion of a 
factor 1/c in the second term appears, at this stage, quite arbitrary. 
We are free to include it since we have not previously specified the 
units for B. We shall deal with the question of units at the beginning 
of the next chapter. All that concerns us now is that the magnetic field 
strength is a vector which determines the velocity-proportional part of 
the force on a moving charge. In other words, the command, “Mea- 


tHere for the first time we make use of the vector product, or cross product, of two 
vectors. A reminder: The vector vy X B is a vector perpendicular to both v and B and 
of magnitude vB sin 6, where 6 is the angle between the directions of v and B. A right- 
hand rule determines the sense of the direction of the vector v X B. In our Cartesian 
coordinates X X ŷ = Zandv X B = X(v,B. — v.B,) + Ẹ(v-Bx — v,B.) + (vB, 
— v,B,). 
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FIGURE 5.2 

A compass needle (a) and a coil of wire carrying 
current (6) are similarly influenced by current in a 
nearby conductor. The direction of the current /is 
understood to be that in which positive ions would be 
moving if they were the carriers of the current. In the 
earth’s magnetic field the black end of the compass 
needle would point north. 


FIGURE 5.3 

An example of the attraction of currents in the same 
direction. Compare with Fig. 5.14. We can also 
describe it as the deflection of an electron beam by a 
magnetic field. 
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FIGURE 5.4 

(a) The magnitude of a charge at rest is determined by 
the force on a test charge at rest and Coulomb's law. 
(b) In the case of a moving charge, the force, for all we 
know now, may depend on the position of the test 
charge. If so, we can’t use procedure (a). (c) At the 
instant Q passes through the center of the spherical 
array of test charges, measure the radial force 
component on each, and use the average value of F, to 
determine Q. This is equivalent to measuring the 
surface integral of E. 


(a) F 
oe iil 


p ° Test charge 
p kra at rest 
a 
Charge at rest 


sure the direction and magnitude of the vector B at such and such a 
place,” calls for the following operations: Take a particle of known 
charge q. Measure the force on q at rest, to determine E. Then mea- 
sure the force oñ the particle when its velocity is v; repeat with v in 
some other direction. Now find a B that will make Eq. 1 fit all these 
results; that is the magnetic field at the place in question. 

Clearly this doesn’t explain anything. Why does Eq. 1 work? 
Why can we always find a B that is consistent with this simple rela- 
tion, for all possible velocities? We want to understand why there is a 
velocity-proportional force. It is really most remarkable that this force 
is strictly proportional to v, and that the effect of the electric field does 
not depend on v at all! In the following pages we’ll see how this comes 
about. [t will turn out that a field B with these properties must exist 
if the forces between electric charges obey the postulates of special 
relativity. Seen from this point of view, magnetic forces are a relativ- 
istic aspect of charge in motion. 

A review of the essential ideas and formulas of special relativity 
is provided in Appendix A. This would be a good time to read througl 


it. 


MEASUREMENT OF CHARGE IN MOTION 
5.3 How are we going to measure the quantity of electric charge o: 
a moving particle? Until this question is settled, it is pointless to as 
what effect motion has on charge itself. A charge can only be mez 
sured by the effects it produces. A point charge Q which is at rest ca 
be measured by determining the force that acts on a test charge q 
certain distance away (Fig. 5.4a). That is based on Coulomb’s lav 
But if the charge we want to measure is moving, we are on uncertai 
ground. There is now a special direction in space, the instantaneot 
direction of motion. It could be that the force on the test charge 
depends on the direction from Q to q, as well as on the distanc 
between the two charges. For different positions of the test charge, : 
in Fig. 5.46, we would observe different forces. Putting these into Co 
lomb’s law would lead to different values for the same quantity ¢ 
Also we have as yet no assurance that the force will always be in t! 
direction of the radius vector r. 

To allow for this possibility, let’s agree to define Q by averagi 
over all directions. Imagine a large number of infinitesimal t 
charges distributed evenly over a sphere (Fig. 5.4c). At the instant t 
moving charge passes the center of the sphere, the radial compone 
of force on each test charge is measured, and the average of the 
force magnitudes is used to compute Q. Now this is just the operati 
that would be needed to determine the surface integral of the elect 
field over that sphere, at time ¢. The test charges here are all at re 
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remember; the force on q per unit charge gives, by definition, the elec- 
tric field at that point. This suggests that Gauss’s law, rather than 
Coulomb’s law, offers the natural wayt to define quantity of charge 
for a moving charged particle, or for a collection of moving charges. 
We can frame such a definition as follows. 

The amount of electric charge in a region is defined by the sur- 
face integral of the electric field E over a surface S enclosing the 
region. This surface S is fixed in some coordinate frame F. The field 
E is measured, at any point (x, y, z) and at time ¢ in F, by the force 
on a test charge at rest in F, at that time and place. The surface inte- 
gral is to be determined for a particular time ft. That is, the field values 
used are those measured simultaneously by observers deployed all over 
S. (This presents no difficulty, for S is stationary in the frame F.) Let 
us denote such a surface integral, over S at time t, by 


E - da (2) 
S(t) 


We define the amount of charge inside S as 1/4r times this integral: 


e 
4m Jsi 


Q E - da (3) 

It would be embarrassing if the value of Q so determined 
depended on the size and shape of the surface S. For a stationary 
charge it doesn’t—that is Gauss’s law. But how do we know that 
Gauss’s law holds when charges are moving? Fortunately it does. We 
can take that as an experimental fact. This fundamental property of 
the electric field of moving charges permits us to define quantity of 
charge by Eq. 3. From now on we can speak of the amount of charge 
in a region or on a particle, and that will have a perfectly definite 
meaning even if the charge is in motion. 

Figure 5.5 summarizes these points in an example. Two protons 
and two electrons are shown in motion, at a particular instant of time. 
It is a fact that the surface integral of the electric field E over the 
surface S, is precisely equal to the surface integral over S, evaluated 
at the same instant, and we may use this integral, as we always have 
used Gauss’s law in electrostatics, to determine the total charge 
enclosed. Figure 5.6 raises a new question. What if the same particles 
had some other velocities? For instance, suppose the two protons and 
two electrons combine to form a hydrogen molecule. Will the total 
charge appear exactly the same as before? 


tlt is not the only possible way. You could, for instance, adopt the arbitrary rule that 
the test charge must always be placed directly ahead (in the direction of motion) of 
the charge to be measured. Charge so defined would not have the simple properties 
we are about to discuss, and your theory would prove clumsy and complicated. 
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FIGURE 5.5 

Gauss’ law remains valid for the field of moving 
charges. The flux of E through S; is equal to the flux of 
E through S,, evaluated at the same instant of time 


FIGURE 5.6 

Does the flux of E through S depend on the state of 
motion of the charged particles? Is the surface integral 
of E over S the same as in Fig. 5.5? Here the particles 
are bound together as a hydrogen molecule. 
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INVARIANCE OF CHARGE 
3.4 There is conclusive experimental evidence that the total charge 
in a system is not changed by the motion of the charge carriers. We 
are so accustomed to taking this for granted that we seldom pause to 
think how remarkable and fundamental a fact it is. For proof, we can 
point to the exact electrical neutrality of atoms and molecules. We 
have already described in Chapter | the experimental test of the neu- 
trality of the hydrogen molecule, which proved that the electron and 
proton carry charges equal in magnitude to better than 1 part in 10” 
A similar experiment was performed with helium atoms. Now the 
helium atom contains two protons and two electrons, the same charged 
particles that make up the hydrogen molecule. In the helium atom 
their motion is very different. The protons, in particular, instead of 
revolving slowly 0.7 angstrom apart, are tightly bound into the helium 
nucleus where they move with kinetic energies in the range of 1 mil- 
lion ev. If motion had any effect on the amount of charge, we could 
not have exact cancellation of nuclear and electronic charge in both 
the hydrogen molecule and the helium atom. In fact, the helium atom 
was shown to be neutral with nearly the same experimental accuracy. 

Another line of evidence comes from the optical spectra of iso- 
topes of the same element, atoms with different nuclear masses but, 
nominally at least, the same nuclear charge. Here again we find a 
marked difference in the motion of the protons within the nucleus, but 
comparison of the spectral lines of the two species shows no discrep- 
ancy that could be attributed to even a slight difference in total 
nuclear charge. 

Mass is not invariant in the same way. We know that the mass 
of a particle is changed by its motion, by the factor 1/(1 — v?/c?)'””, 
To emphasize the difference, we show in Fig. 5.7 an imaginary exper- 
iment. In the box on the right the two massive charged particles, 
which are fastened to the end of a pivoted rod, have been set revolving 
with speed v. The entire mass on the right is greater than the mass on 
the left, as demonstrated by weighing the box on a spring balance or 
by measuring the force required to accelerate it.f The total electric 
charge, however, is unchanged. A real experiment equivalent to this 
can be carried out with a mass spectrograph, which can reveal quite 
plainly a mass difference between an ionized deuterium molecule (two 
protons, two neutrons, one electron) and an ionized helium atom (also 
two protons, two neutrons, and one electron). These are two very dif- 
ferent structures, within which the component particles are whirling 


tThe difference in mass depends not only on the kinetic energy of the particles, but 
also on any change in potential energy, as in the elastic strain in the rod that holds 
the particles. If the rod is fairly stiff, this contribution will be small compared with 
the v?/c? term. See if you can show why. 
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around with very different speeds. The difference in energy shows up 
as a measurable difference in mass. There is no detectable difference, 
to very high precision, in the electric charge of the two ions. 

This invariance of charge lends a special significance to the fact 
of charge quantization. We emphasized in Chapter 1 the impor- 
tance—and the mystery—of the fact that every elementary charged 
particle has a charge equal in magnitude to that of every other such 
particle. We now observe that this precise equality holds not only for 
two particles at rest with respect to one another, but for any state of 
relative motion. 

The experiments we have described, and many others, show that 


the value of our Gauss’s law surface integral | E - da depends only 


on the number and variety of charged particles inside S, and not on 


FIGURE 5.7 

An imaginary experiment to show the invariance of 
charge. The charge in the box is to be measured by 
measuring the electric field all around the box or, 
equivalently, by measuring the force on a distant test 
charge. 
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FIGURE 5.8 

The surface integral of E over S is equal to the integral 
of E’ over S’. The charge is the same in all frames of 
reference. 
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how they are moving. According to the postulate of relativity, such a 
statement must be true for any inertial frame of reference if it is true 
for one. Therefore if F’ is some other inertial frame, moving with 
respect to F, and if S” is a closed surface in that frame which at time 
t’ encloses the same charged bodies that were enclosed by S at time t, 
we must have 


| E+ da= | E’ - da’ (4) 
S(t) Sr) 


The field E’ is of course measured in F”, that is, it is defined by 
the force on a test charge at rest in F’. The distinction between ¢ and 
t’ must not be overlooked. As we know, events that are simultaneous 
in F need not be simultaneous in F. Each of the surface integrals in 
Eq. 4 is to be evaluated at one instant in its frame. If charges lie on 
the boundary of S, or of S”, one has to be rather careful about ascer- 
taining that the charges within S at t are the same as those within $” 
at t’. If the charges are well away from the boundary, as in Fig. 5.8 
which is intended to illustrate the relation in Eq. 4, there is no problem 
in this respect. 

Equation 4 is a formal statement of the relativistic invariance of 
charge. We can choose our gaussian surface in any inertial frame; the 
surface integral will give a number independent of the frame. Invari- 
ance of charge is not the same as charge conservation, which was dis- 
cussed in Chapter 4 and is expressed mathematically in the equation 


—ðp 


div J = 
IV Jy 


Charge conservation implies that, if we take a closed surface fixed in 
some coordinate system and containing some charged matter, and if 
no particles cross the boundary, then the total charge inside that sur- 
face remains constant. Charge invariance implies that, if we look at 
this collection of stuff from any other frame of reference, we will mea- 
sure exactly the same amount of charge. Energy is conserved, but 
energy is not a relativistic invariant. Charge is conserved, and charge 
is a relativistic invariant. In the language of relativity theory, energy 
is one component of a four-vector, while charge is a scalar, an invar- 
iant number, with respect to the Lorentz transformation. This is an 
observed fact with far-reaching implications. It completely determines 
the nature of the field of moving charges. 


ELECTRIC FIELD MEASURED IN 

DIFFERENT FRAMES OF REFERENCE 

5.5 If charge is to be invariant under a Lorentz transformation, the 
electric field E has to transform in a particular way. “Transforming 
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E” means answering a question like this: If an observer in a certain 
inertial frame F measures an electric field E as so-and-so-many stat- 
volts/cm, at a given point in space and time, what field will be mea- 
sured at the same space-time point by an observer in a different iner- 
tial frame F”? For a certain class of fields, we can answer this question 
by applying Gauss’s law to some simple systems. 

In the frame F (Fig. 5.9a) there are two stationary sheets of 
charge of uniform density ø and —o esu/cm’, respectively. They are 
squares b cm on a side lying parallel to the xy plane, and their sepa- 
ration is supposed to be so small compared with their extent that the 
field between them can be treated as uniform. The magnitude of this 
field, as measured by an observer in F, is of course just 470. Now 
consider an inertial frame F” which moves toward the left, with respect 
to F, with velocity v. To an observer in F’, the charged “squares” are 
no longer square. Their x’ dimension is contracted from b to 
b\V1 — 6°, where @ stands for v/c, as usual. But total charge is invar- 
iant, that is, independent of reference frame, so the charge density 
measured in Æ must be greater than o in the ratio y, that is, 
|/V1 — 8°. Figure 5.9 shows the system in cross section, (b) as seen 
in F and (c) as seen in F’. What can we say about the electric field in 
F if all we know about the electric field of moving charges is con- 
tained in Eq. 4? 

For one thing, we can be sure that the electric field is zero out- 
side the sandwich, and uniform between the sheets, at least in the limit 
as the extent of the sheets becomes infinite. The field of an infinite 
uniform sheet could not depend on the distance from the sheet, nor on 
position along the sheet. There is nothing in the system to fix a position 
along the sheet. But for all we know at this point, the field of a single 
moving sheet of positive charge might look like Fig. 5.10a. However, 
even if it did, the field of a sheet of negative charge moving with the 
same velocity would have to look like Fig. 5.105, and the superposition 
of the two fields would still give zero field outside our two charged 
sheets and a uniform perpendicular field between them, as in Fig. 
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FIGURE 5.9 

(a) Two square sheets of surface density +o and —o, 
stationary in an inertial frame F. (6) A cross-section 
view in the F frame. F’ is a different frame moving in 
the —X direction with respect to F. (c) Cross section of 
the charge sheets as seen in frame F’. Same charge ıs 
on shorter sheet, so charge density is greater: o’ = yo. 
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FIGURE 5.10 

(a) Perhaps the field of a single moving sheet of 
positive charge looks like this. (It really doesn’t, but we 
haven't proved that yet.) (b) If the field of the positive 
sheet looked like Fig. 5.10a, the field of a moving 
negative sheet would look like this. (c) The 
superposition of the fields of the positive and negative 
sheets would look like this, even if Fig. 5.10a and b 
were correct. 
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5.10c. (Actually, as we shall prove before long, the field of a single 
sheet of charge moving in its own plane is perpendicular to the sheet, 
unlike the hypothetical fields pictured in Fig. 5.10a and b.) 

We can apply Gauss’s law to a box stationary in frame F’, the 
box shown in cross section in Fig. 5.10c. The charge content is deter- 
mined by o’, and the field is zero outside the sandwich. Gauss’s law 
tells us that the magnitude of E, which is the only field component 
inside, must be 470’, or 4ro/ V1 — B?. 

E! a E: = yE (5) 
z Vi — & YF: 

Now imagine a different situation with the stationary charged 
sheets in the frame F oriented perpendicular to the x axis, as in Fig. 
5.11. The observer in F now reports a field in the x direction of mag- 
nitude E, = 47. In this case, the surface charge density observed in 
the frame F’ is the same as that observed in F. The sheets are not 
contracted; only the distance between them is contracted, but that 
doesn’t enter into the determination of the field. This time we find by 
applying Gauss’s law to the box stationary in F’: 


E; = 40’ = 4ro = E, (6) 


That is all very well for the particularly simple arrangement of 
charges here pictured; do our conclusions have more general validity? 
This question takes us to the heart of the meaning of field. If the elec- 
tric field E at a point in space-time is to have a unique meaning, then 
the way E appears in other frames of reference, in the same space- 
time neighborhood, cannot depend on the nature of the sources, wher- 
ever they may be, that produced E. In other words, the observer in F, 
having measured the field in his neighborhood at some time, ought to 
be able to predict from these measurements alone what observers in 
other frames of reference would measure at the same space-time 
point. Were this not true, field would be a useless concept. The evi- 
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dence that it is true is the eventual agreement of our field theory with 
experiment. 

Seen in this light, the relations expressed in Eqs. 5 and 6 take 
on a significance beyond the special case of charges on parallel sheets. 
Consider any charge distribution, all parts of which are at rest with 
respect to the frame F. If an observer in F measures a field E, in the 
z direction, then an observer in the frame F’ will report, for the same 
space-time point, a field E} = yE,. That is, he will get a number, as 
the result of his Æ’, measurement, which is larger by the factor y than 
the number the F observer got in his E, measurement. On the other 
hand, if the observer in F measures a field E£, in the x direction, the 
direction of the velocity of F’ with respect to F, then the observer in 
F’ reports a field E} equal to E,. Obviously the y and the z directions 
are equivalent, both being transverse to the velocity v. Anything we 
have said about E; applies to Æ; too. Whatever the direction of E in 
the frame F, we can treat it as a superposition of fields in the x, the 
y, and the z directions, and from the transformation of each of these 
predict the vector field E’ at that point in F’. Let’s summarize this in 
words appropriate to relative motion in any direction: Charges at rest 
in frame F are the source of a field E. Let frame F’ move with speed 
v relative to F. At any point in F, resolve E into a longitudinal com- 
ponent E, parallel to v and a transverse component E}, perpendicular 
to the direction of v. At the same space-time point in F’, the field E’ 
is to be resolved into E£’ and E’,, E’, being parallel to v and EF’, per- 
pendicular thereto. We have now learned that 


(7) 


Our conclusion holds only for fields that arise from charges sta- 
tionary in F. As we shall see presently, if charges in F are moving, the 
prediction of the electric field in F” involves knowledge of two fields in 
F, the electric and the magnetic. But we already have a useful result, 
one that suffices whenever we can find any inertial frame of reference 
in which all the charges remain at rest. We shall use it now to study 
the electric field of a point charge moving with constant velocity. 


FIELD OF A POINT CHARGE 

MOVING WITH CONSTANT VELOCITY 

5.6 Inthe frame F the point charge Q remains at rest at the origin 
(Fig. 5.12a). At every point the electric field E has the magnitude 
Q/r’ and is directed radially outward. In the xz plane its components 
at any point (x, z) are 
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FIGURE 5.11 

The electric field in another frame of reference (relative 
velocity parallel to field direction). (a) In reference 
frame F. (b) Cross-sectional view in reference frame 
F’. 
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FIGURE 5.12 

The electric field of a point charge (a) in a frame in 
which the charge is at rest, and (b) in a frame in which 
the charge moves with constant velocity. 
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Q Qx 
E, = 5 0 = — 
ps (x? + 2*)3/ (8) 
. Qz 
E, = 2 sin 0 = Y 2M 


Consider another frame F” which is moving in the negative x 
direction, with speed v, with respect to frame F. We need the relation 
between the coordinates of an event in the two frames, for which we 
turn to the Lorentz transformation given in Eq. 2 of Appendix A. It 
simplifies the description to assume, as we are free to do, that the 
origins of the two frames coincide at time zero according to observers 
in both frames. In other words that event, the coincidence of the 
origins, can be the event A referred to by Eq. 2, with coordinates x, 
= 0, ya = 0, z = 0, th = O in frame F and x, = 0, yA = 
0, zA = 0, th = 0 in frame F’. Then event B is the space-time point 
we are trying to locate. We can omit the tag B and call its coordinates 
in F just x, y, z, t, and its coordinates in F just x’, y’, z’, t. Then Eq. 
2 of Appendix A would become 

x’ = yx — yßct y =y zZ =z v= yi — 
However, that transformation was for an F’ frame moving in the pos- 
itive x direction with respect to F, as one can quickly verify by noting 
that, with increasing time /, x’ gets smaller. To construct the Lorentz 
transformation for our problem, in which the F” frame moves in the 
opposite direction, we must either reverse the sign of 8 or switch the 
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primes. We’ll choose to do the latter because we want to express x and 
z in terms of x’ and z’.-The Lorentz transformation we need is 
therefore 


x’ 
x= yx’ — yBet’ y= y z= 7 t= yr — VOX (9) 
c 
According to Eqs. 5 and 6, E; = yE, and EY = E,. Using Eqs. 
8 and 9, we can express the field components £; and E% in terms of 
the coordinates in F. For the instant ¢’ = 0, when Ọ passes the origin 


in F’, we have 


yx’ 
E= E, = Ty AAD Nh 
yx’)? + ze (10) 
E; = yE; ie 


Note first that E7/E, = z’/x’. This tells us that the vector E’ 
makes the same angle with the x’ axis as does the radius vector r’. 
Hence E’ points radially outward along a line drawn from the instan- 
taneous position of Q, as in Fig. 5.126. Pause a moment to let this 
conclusion sink in! It means that, if Q passed the origin of the primed 
system at precisely 12:00 noon, “prime time,” an observer stationed 
anywhere in the primed system will report that the electric field in his 
vicinity was pointing, at 12:00 noon, exactly radially from the origin. 
This sounds at first like instantaneous transmission of information! 
How can an observer a mile away know where the particle is at the 
same instant? He can’t. That wasn’t implied. This particle, remember, 
has been moving at constant speed forever, on a “flight plan” that calls 
for it to pass the origin at noon. That information has been available 
for a long time. It is the past history of the particle that determined 
the field observed, if you want to talk about cause and effect. We’ll 
inquire presently into what happens when there is an unscheduled 
change in the flight plan. 

To find the strength of the field, we compute E}? + E??, which 
is the square of the magnitude of the field, £”. 


p2 _ pn n pr? _ vO? (x” + z’*) _ Q(x” + z’*) 
x Z [(yx’)’ + z? tix’? + 7/2 — Bz T 
Q*(1 — 6’)? 
=O; 
25/2 
(x + yi _ oe =| (11) 


(Here, for once, it was neater with 8 worked back into the expression.) 
Let r’ denote the distance from the charge Q, which is momentarily 
at the origin, to the point (x’,z’) where the field is measured: r’ = 
(x? + z’*)'/?, Let & denote the angle between this radius vector and 
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FIGURE 5.13 


The intensity in various directions of the field of a 
moving charge. At this instant, the charge is passing 
the origin of the xy’ z frame. The numbers give the 


field strength relative to Q/r’?. 


FIGURE 5.14 


Another representation of the field of a uniformly 


moving charge. 
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the velocity of the charge Q, which is moving in the positive x’ direc- 
tion in the frame F”. Then since z’ = r’ sin @&, the magnitude of the 
field can be written as 


2 
= g ~~, (12) 
r? (1 — B sin? 0)? 

There is nothing special about the origin of coordinates, nor about the 
x’z’ plane as compared with any other plane through the x’ axis. 
Therefore we can say quite generally that the electric field of a charge 
which has been in uniform motion is at a given instant of time directed 
radially from the instantaneous position of the charge, while its mag- 
nitude is given by Eq. 12 with & the angle between the direction of 
motion of the charge and the radius vector from the instantaneous 
position of the charge to the point of observation. 

For low speeds the field reduces simply to E’ © Q/r”, and is 
practically the same, at any instant, as the field of a point charge sta- 
tionary in F’ at the instantaneous location of Q. But if 8° is not neg- 
ligible, the field is stronger at right angles to the motion than in the 
direction of the motion, at the same distance from the charge. If we 
were to indicate the intensity of the field by the density of field lines, 
as is often done, the lines tend to concentrate in a pancake perpendic- 
ular to the direction of motion. Figure 5.13 shows the density of lines 
as they pass through a unit sphere, from a charge moving in the x’ 
direction with a speed v/c = 0.866. A simpler representation of the 
field is shown in Fig. 5.14, a cross section through the field with some 
field lines in the x’z’ plane indicated.t 

This is a remarkable electric field. It is not spherically symmet- 
rical, which is not surprising because in this frame there is a preferred 
direction, the direction of motion of the charge. However, the field is 
symmetrical about a plane perpendicular to the direction of motion of 
the charge. That, by the way, is sufficient to prove that the field of a 
uniform sheet of charge moving in its own plane must be perpendic- 
ular to the sheet. Think of that field as the sum of the fields of charge 
elements spread uniformly over the sheet. Since each of these individ- 
ual fields has the fore-and-aft symmetry of Fig. 5.14 with respect to 
the direction of motion, their sum could only be perpendicular to the 
sheet. It could not look like Fig. 5.10a. 

The field in Fig. 5.14 is a field that no stationary charge distri- 
bution, whatever its form, could produce. For in this field the line inte- 
gral of E’ is not zero around every closed path. Consider, for example, 


tA two-dimensional diagram like Fig. 5.14 cannot faithfully represent the field inten- 
sity by the density of field lines. Unless we arbitrarily break off some of the lines, the 
density of lines in the picture will fall off as 1/r’, whereas the intensity of the field we 
are trying to represent falls off as 1/r’*. So Fig. 5.14 gives only a qualitative indication 
of the variation of E’ with r’ and @. 
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the closed path ABCD in Fig. 5.14. The circular arcs contribute noth- 
ing to the line integral, being perpendicular to the field; on the radial 
sections, the field is stronger along BC than along DA, so the circu- 
lation of E’ on this path is not zero. But remember, this is not an 
electrostatic field. In the course of time the electric field E’ at any 
point in the frame F” changes as the source charge moves. 

Figure 5.15 shows the electric field at certain instants of time 
observed in a frame of reference through which an electron is moving 
at constant velocity in the x direction.t In Figure 5.15, the speed of 
the electron is 0.33c, its kinetic energy therefore about 30,000 ev [30 
kiloelectron-volts (kev)]. The value of 8° is %, and the electric field 
does not differ greatly from that of a charge at rest. In Fig. 5.16, the 
speed is 0.8c, corresponding to a kinetic energy of 335 kev. If the time 
unit for each diagram is taken as 1.0 X 107!° sec, the distance scale 
is life-size, as drawn. Of course, the diagram holds equally well for 
any charged particle moving at the specified fraction of the speed of 
light. We mention the equivalent energies for an electron merely to 
remind the reader that relativistic speeds are nothing out of the ordi- 
nary in the laboratory. 


FIELD OF A CHARGE THAT STARTS OR STOPS 
5.7 It must be clearly understood that uniform velocity, as we have 
been using the term, implies a motion at constant speed in a straight 
line that has been going on forever. What if our electron had not been 
traveling in the distant past along the negative x axis until it came 
into view in our diagram at t = 0? Suppose it had been sitting quietly 
at rest at the origin, waiting for the clock to read t = 0. Just prior to 
t = 0, something gives the electron a sudden large acceleration, up to 
the speed v, and it moves away along the positive x axis at this speed. 
Its motion from then on precisely duplicates the motion of the electron 
for which Fig. 5.16 was drawn. But Fig. 5.16 does not correctly rep- 
resent the field of the electron whose history was just described. To 
see that it cannot do so, consider the field at the point marked P, at 
time t = 2, which means 2 X 107! sec. In 2 X 107" sec a light 
signal travels 6 cm. Since this point lies more than 6 cm distant from 
the origin, it could not have received the news that the electron had 
started to move at £ = 0! Unless there is a gross violation of relativ- 
ity—and we are taking the postulates of relativity as basis for this 
whole discussion—the field at the point P at time t = 2, and indeed 
at all points outside the sphere of radius 6 cm centered on the origin, 
must be the field of a charge at rest at the origin. 

On the other hand, close to the moving charge itself, what hap- 


+Previously we had the charge at rest in the unprimed frame, moving in the primed 
frame. Here we adopt xyz for the frame in which the charge is moving, to avoid clut- 
tering the subsequent discussion with primes. 
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FIGURE 5.15 
The electric field of a moving charge, shown for three 
instants of time; v/c = '⁄. 


Time unit: 107! sec 


pened in the remote past can’t make any difference. The field must 
somehow change, as we consider regions farther and farther from the 
charge, at the given instant tf = 2, from the field shown in the second 
diagram of Fig. 5.16 to the field of a charge at the origin. We can’t 
deduce more than this without knowing how fast the news does travel. 
Suppose—just supposc—it travels as fast as it can without conflicting 
with the relativity postulates. Then if the period of acceleration is 
neglected, we should expect the field within the entire 6-cm-radius 
sphere, at £ = 2, to be the ficld of a uniformly moving point charge. 
If that is so, the field of the electron which starts from rest, suddenly 
acquiring the speed v at t = 0, must look something like Fig. 5.17. 
There is a thin sphcrical shell (whose thickness in an actual case will 
depend on the duration of the interval required for acceleration) 
within which the transition from one type of field to the other takes 
place. This shell simply expands with specd c, its center remaining at 
x = 0. The arrowheads on the field lines indicate the direction of the 
ficld when the source is a negative charge, as we have been assuming. 

Figure 5.18 shows the field of an electron which had been mov- 
ing with uniform velocity until t = 0, at which time it reached x = 
0 where it was abruptly stopped. Now the news that it was stopped 
cannot reach, by time ¢, any point farther than ct from the origin. The 
ficld outside the sphere of radius R = ct must be that which would 
have prevailed if the clectron had kept on moving at its original speed. 
That is why we sce the “brush” of field lines on the right in Fig. 5.18 
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pointing precisely down to the position where the electron would be if 
it hadn’t stopped. (Note that this last conclusion does not depend on 
the assumption we introduced in the previous paragraph, that the 
news travels as fast as it can.) The field almost seems to have a life of 
its own! 

It is a relatively simple matter to connect the inner and outer 
field lines. There is only one way it can be done that is consistent with 
Gauss’s law. Taking Fig. 5.18 as an example, from some point such 
as A on the radial field line making angle 6) with the x axis, follow 
the field line wherever it may lead until you emerge in the outer field 
on some line making an angle that we may call pọ with the x axis. 
(This line of course is radial from the extrapolated position of the 
charge, the apparent source of the outer field.) Connect A and D to 
the x axis by circular arcs, arc AE centered on the source of the inner 
field, arc DF centered on the apparent source of the outer field. Rotate 
the curve EABCDF around the x axis to generate a surface of revo- 
lution. As the surface encloses no charge, the surface integral of E 
over the entire surface must be zero. The only contributions to the 
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Time unit: 107 19 sec 


FIGURE 5.16 
The electric field ot a moving charge, shown for three 
instants of time; v/c = 4s. 
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t=2 


Charge started moving 
at x = 0, at time t = 0 


FIGURE 5.17 

An electron initially at rest in the laboratory frame is 
suddenly accelerated at t = 0 and moves with 
constant velocity thereafter. This is how the electric 
field looks at the instant tf = 2 all over the laboratory 
frame. 
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integral come from the spherical caps, for the surface generated by 
ABCD is parallel to the field by definition. The field over the inner cap 
is that of a point charge at rest at the origin. The field over the outer 
cap is the field, as given by Eq. 12, of a point charge moving with 
constant speed which would have been located, at this moment, at x 
= 2v. If you work Problem 5.11, you will find that the condition “flux 
in through one cap equals flux out through the other” requires 


tan dp = y tan bo (13) 


The presence of y in this formula is not surprising. We had 
already noticed the “relativistic compression” of the field pattern of a 
rapidly moving charge, illustrated in Fig. 5.14. The important new 
feature in Fig. 5.18 is the zigzag in the field line ABCD. The cause of 
this is not the y in Eq. 13, but the fact that the apparent source of the 
outer field is displaced from the source of the inner field. If AB and 
CD belong to the same field line, the connecting segment BC has to 
run nearly perpendicular to a radial vector. We have a transverse elec- 
tric field there, and one that, to judge by the crowding of the field lines, 
is relatively intense compared with the radial field. As time goes on, 
the zigzag in the field lines will move radially outward with speed c. 
But the thickness of the shell of transverse field will not increase, for 
that was determined by the duration of the deceleration process. 

The ever-expanding shell of transverse electric field would keep 
on going even if at some later time—at t = 3, say—we suddenly 
accelerated the electron back to its original velocity. That would only 
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t=2 


Charge stopped 


moving at x = 0,at t = 0 ai, 


launch a new outgoing shell, this one looking very much like the field 
in Fig. 5.17. The field does have a life of its own! What has been cre- 
ated here before our eyes is an electromagnetic wave. The magnetic 
field that is also part of it was not revealed in this view. Later, in Chap- 
ter 9, we shall learn how the electric and magnetic fields work together 
in propagating an electrical disturbance through empty space. What 
we have discovered here is that such waves must exist if nature con- 
forms to the postulates of special relativity and if electric charge is a 
relativistic invariant. 

More can be done with our “zigzag-in-the-field-line” analysis. 
Appendix B shows how to derive, rather simply, an accurate and sim- 
ple formula for the rate of radiation of energy by an accelerated elec- 
tric charge. We must return now to the uniformly moving charge, 
which has more surprises in store. 


FORCE ON A MOVING CHARGE 
5.8 Equation 12 tells us the force experienced by a stationary 
charge in the field of another charge that is moving at constant veloc- 
ity. We now ask a different question: What is the force that acts on a 
moving charge, one that moves in the field of some other charges? 
We shall look first into the case of a charge moving through the 
field produced by stationary charges. It might be an electron moving 
between the charged plates of an oscilloscope, or an alpha particle 
moving through the Coulomb field around an atomic nucleus. The 
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FIGURE 5.18 

An electron that has been moving with constant 
velocity reaches the origin at t = 0, is abruptly 
stopped, and remains at rest thereafter. This is how the 
field looks in the laboratory frame at the instant t = 2 
The dashed outline follows a field line from A to D. 
Rotating the whole outline EABCDF around the x axis 
generates a closed surface, the total flux through which 
must be zero. The flux in through the spherical cap FD 
must equal the flux out through the spherical cap EA. 
This condition suffices to determine the relation 
between @ and ġo. 
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sources of the field, in any case, are all at rest in some frame of ref- 
erence which we shall call the “lab frame.” At some place and time 
in the lab frame we observe a particle carrying charge g which is mov- 
ing, at that instant, with velocity v through the electrostatic field. 
What force appears to act on q? 

Force means rate of change of momentum, so we are really ask- 
ing, What is the rate of change of momentum of the particle, dp/dt, 
at this place and time, as measured in our lab frame of reference? 
(That is all we mean by the force on a moving particle.) The answer 
is contained, by implication, in what we have already learned. Let’s 
look at the system from a coordinate frame F” moving, at the time in 
question, along with the particle. In this “particle frame” the particle 
will be, at least momentarily, at rest. It is the other charges that are 
now moving. This is a situation we know how to handle. The charge 
q has the same value; charge is invariant. The force on the stationary 
charge q is just E’g, where F’ is the electric field observed in the frame 
F’. We have learned how to find E’ when E is given; Eq. 7 provides 
our rule. Thus knowing E, we can find the rate of change of momen- 
tum of the particle as observed in F”. All that remains is to transform 
this quantity back to F. So our problem hinges on the question, How 
does force, that is, rate of change of momentum, transform from one 
inertial frame to another? 

The answer to that question is worked out later and is expressed 
in Eqs. 12 and 13 of Appendix A. The force component parallel to the 
relative motion of the two frames has the same value in the moving 
frame as it does in the rest frame of the particle. A force component 
perpendicular to the relative frame velocity is always smaller, by 
l /y, than its value in the particle’s rest frame. Let us summarize this 
in Eq. 14 using subscripts || and L to label momentum components, 
respectively, parallel to and perpendicular to the relative velocity of F’ 
and F, as we did in Eq. 7. 


apy _ AP" 

dt dt’ (14) 
api _ | p's 

dt y dt’ 


Note that this is not a symmetrical relation between the primed and 
unprimed quantities. The rest frame of the particle, which we have 
chosen to call F in this case, is special. In it the magnitude of the 
transverse force component is greater than in any other frame. 
Equipped with the force transformation law, Eq. 14, and the 
transformation law for electric field components, Eq. 7, we return now 
to our charged particle moving through the field E, and we discover 
an astonishingly simple fact. Consider first E, the component of E 
parallel to the instantaneous direction of motion of our charged par- 
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ticle. Transform to a frame F” moving, at that instant, with the par- 
ticle. In that frame the longitudinal electric field is £’, and according 
to Eq. 7, FE’, = Ep So the force dp’, /dt’ is 


dp’ 
dt’ 
Back in frame F, observers are measuring the longitudinal force, that 
is, the rate of change of the longitudinal momentum component, 


dp,/dt. According to Eq. 14, dp,/dt = dp’,/dt’, so in frame F the 
longitudinal force component they find is 


= gE’ = qE; (15) 


dp dp’ 

— = — = gE 16 

dt dr 7° (16) 
Of course the particle does not remain at rest in F’ as time goes on. It 


will be accelerated by the field E’, and v’, the velocity of the particle 
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FIGURE 5.19 

In a frame in which the charges producing the field E 
are at rest, the force on a charge q moving with any 
velocity is simply gE. 


192 


CHAPTER FIVE 


in the inertial frame F’, will gradually increase from zero. However, 
as we are concerned with the instantaneous acceleration, only 
infinitesimal values of v’ are involved anyway, and the restriction on 
Eq. 14 is rigorously fulfilled. For £,, the transverse field component 
in F, the transformation is FE’, = yE,, so that dp’, /dt’ = qE’, = 
qgyE,. But on transforming the force back to frame F we have 
dp, /dt = (1/y)( dp’ ,/dt’), so the y drops out after all: 


ap. 
dt 


The message of Eqs. 16 and 17 is simply this: The force on a charged 
particle in motion through F is q times the electric field E in that 
frame, strictly independent of the velocity of the particle. Figure 5.19 
is a reminder of this fact, and of the way we discovered it. 

You have already used this result earlier in the course, where 
you were simply told that the contribution of the electric field to the 
force on a moving charge is gE. Because this is familiar and so simple, 
you may think it is obvious and we have been wasting our time proving 
it. Now we could have taken it as an empirical fact. It has been veri- 
fied over an enormous range, up to velocities so close to the speed of 
light, in the case of electrons, that the factor y is 10*. From that point 
of view it is a most remarkable law. Our discussion in this chapter has 
shown that this fact is also a direct consequence of charge invariance. 


l 
= y (E10) = 4E, (17) 


INTERACTION BETWEEN A MOVING CHARGE 
AND OTHER MOVING CHARGES 
5.9 We know that there can be a velocity-dependent force on a 
moving charge. That force is associated with a magnetic field, the 
sources of which are electric currents, that is, other charges in motion. 
Oersted’s experiment showed that electric currents could influence 
magnets, but at that time the nature of a magnet was totally myste- 
rious. Soon Ampère and others unraveled the interaction of electric 
currents with each other, as in the attraction observed between two 
parallel wires carrying current in the same direction. This led Ampère 
to the hypothesis that a magnetic substance contains permanently cir- 
culating electric currents. If so, Oersted’s experiment could be under- 
stood as the interaction of the galvanic current in the wire with the 
permanent microscopic currents which gave the compass needle its 
special properties. Ampére gave a complete and elegant mathematical 
formulation of the interaction of steady currents, and of the equiva- 
lence of magnetized matter to systems of permanent currents. His 
brilliant conjecture about the actual nature of magnetism in iron had 
to wait a century, more or less, for its ultimate confirmation. 
Whether the magnetic manifestations of electric currents arose 
from anything more than the simple transport of charge was not clear 
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to Ampére and his contemporaries. Would the motion of an electro- 
statically charged object cause effects like those produced by a contin- 
uous galvanic current? Later in the century Maxwell’s theoretical 
work suggested the answer should be yes. The first direct evidence was 
obtained by Henry Rowland, to whose experiment we shall return at 
the end of Chapter 6. 

From our present vantage point, the magnetic interaction of 
electric currents can be recognized as an inevitable corollary to Cou- 
lomb’s law. If the postulates of relativity are valid, if electric charge 
is invariant, and if Coulomb’s law holds, then, as we shall now show, 
the effects we commonly call “magnetic” are bound to occur. They 
will emerge as soon as we examine the electric interaction between a 
moving charge and other moving charges. A very simple system will 
illustrate this. 

In the lab frame of Fig. 5.20a, with spatial coordinates x, y, z, 
there is a line of positive charges, at rest and extending to infinity in 
both directions. We shall call them ions for short. Indeed, they might 
represent the copper ions that constitute the solid substance of a cop- 
per wire. There is also a line of negative charges that we shall call 
electrons. These are all moving to the right with speed vo. In a real 
wire the electrons would be intermingled with the ions; we’ve sepa- 
rated them in the diagram for clarity. The linear density of positive 
charge is ào in esu/cm. It happens that the linear density of negative 
charge along the line of electrons is exactly equal in magnitude. That 
is, any given length of “wire” contains at a given instant the same 
number of electrons and protons.t The net charge on the wire is zero. 
Gauss’ law tells us there can be no flux from a cylinder that contains 
no charge, so the electric field must be zero everywhere outside the 
wire. A test charge g at rest near this wire experiences no force 
whatever. 

Suppose the test charge is not at rest in the lab frame but is 
moving with speed v in the x direction. Transform to a frame moving 
with the test charge, the x’, y’ frame in Fig. 5.205. The test charge q 
is here at rest, but something else has changed: The wire appears to 
be charged! There are two reasons for that: The positive ions are closer 
together, and the electrons are farther apart. Because the lab frame 
in which the positive ions are at rest is moving with speed v, the dis- 
tance between positive ions as seen in the test charge frame is con- 
tracted by V1 — v*/c’, or 1/y. The linear density of positive charge 
in this frame is correspondingly greater; it must be yAp. The density 
of negative charge takes a little longer to calculate, for the electrons 
were already moving with speed vo in the lab frame. Hence their linear 
density in the lab frame, which was — ào, had already been increased 


tit doesn’t have to, but that equality can always be established, if we choose, by 
adjusting the number of electrons per unit length. We assume that has been done. 
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FIGURE 5.20 

A test charge q moving parallel to a current in a wire. 
(a) In the lab frame the wire, in which the positive 
charges are fixed, is at rest. The current consists of 
electrons moving to the right with speed vo. The net 
charge on the wire is zero. There is no electric field 
outside the wire. (b) In a frame in which the test charge 
is at rest the positive ions are moving to the left with 
speed v and the electrons are moving to the right with 
speed vg. The linear density of a positive charge is 
greater than the linear density of negative charge. The 
wire appears positively charged, with an external field 
E, which causes a force gE; on the stationary test 
charge g. (c) That force transformed back to the lab 
frame has the magnitude gE//, which is proportional 
to the product of the speed v of the test charge and 
the current in the wire, —AgVo. 


by a Lorentz contraction. In the electrons’ own rest frame the negative 
charge density must have been —Aj,/‘7yo, where yo is the Lorentz factor 
that goes with vo. 

Now we need the speed of the electrons in the test charge frame 
in order to calculate their density there. To find that velocity (vó in 
Fig. 5.20b) we must add the velocity —v to the velocity Up, remem- 
bering to use the relativistic formula for the addition of velocities (Eq. 
6 in Appendix A). Let 86 = v/c, Bo = Uo/c, and B = v/c. Then 


,_ bo — 8 
Bo = 1 Bp, 


The corresponding Lorentz factor y, obtained from Eq. 18 with a 
little algebra, is 


yó = (1 — B6)? = yyl — Bbo) (19) 


This is the factor by which the linear density of negative charge in the 
electrons’ own rest frame is enhanced when it is measured in the test 
charge frame. The total linear density of charge in the wire in the test 
charge frame, A’, can now be calculated: 


(18) 


(20) 


factor for positive charge negative charge factor for 
transformation density in density in transformation 
to test charge ions’ rest electrons’ to test charge 
frame frame rest frame frame 


The wire is positively charged. Gauss’s law guarantees the existence 
of a radial electric field E} given by our familiar formula for the field 
of any infinite line charge: 


2A” _ 27BBoXo 


r’ r’ 


E; = (21) 
At the location of the test charge q this field is in the — y’ direction. 
The test charge will experience a force 

_ _ 247BBoro 


r’ 


(22) 


Now let’s return to the lab frame, pictured again in Fig. 5.20c. 
What is the magnitude of the force on the charge q as measured 
there? If its value is qE; in the rest frame of the test charge, observers 
in the lab frame will report a force smaller by the factor 1/y. Since r 
= r’, the force on our moving test charge, measured in the lab frame, 
iS 
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_ Fy _ _ 2gBBoro 
y r 
Now — oUo Or —ApBoc is just the total current J in the wire, in the lab 
frame, for it is the amount of charge flowing past a given point per 
second. We’ll call current positive if it is equivalent to positive charge 
flowing in the positive x direction. Our current in this example is neg- 
ative. Our result can be written this way: 

21 


F, = re qu, (24) 


F, (23) 


We have found that in the lab frame the moving test charge experi- 
ences a force in the y direction which is proportional to the current in 
the wire, and to the velocity of the test charge in the x direction. 

It is a remarkable fact that the force on the moving test charge 
does not depend separately on the velocity or density of the charge 
carriers but only on the product, Goo in our example, that determines 
the charge transport. If we have a certain current J, say 10’ esu/sec 
which is the same as 3.3 milliamps, it does not matter whether this 
current is composed of high-energy electrons moving with 99 percent 
of the speed of light, of electrons in a metal executing nearly random 
thermal motions with a slight drift in one direction, or of charged ions 
in solution with positive ions moving one way, negatives the other. Or 
it could be any combination of these, as Problem 5.18 will demon- 
strate. Furthermore, the force on the test charge is strictly propor- 
tional to the velocity of the test charge v. Our derivation was in no 
way restricted to small velocities, either for the charge carriers in the 
wire or for the moving charge g. Equation 24 is exact, with no 
restrictions. 

Let’s see how this explains the mutual repulsion of conductors 
carrying currents in opposite directions, as shown in Fig. 5.15 at the 
beginning of this chapter. Two such wires are represented in the lab 
frame in Fig. 5.21a. Assume the wires are uncharged in the lab frame. 
Then there is no electrical force from the opposite wire on the positive 
ions which are stationary in the lab frame. Transferring to a frame in 
which one set of electrons is at rest (Fig. 5.216), we find that in the 
other wire the electron distribution is Lorentz-contracted more than 
the positive ion distribution. Because of that the electrons at rest in 
this frame will be repelled by the other wire. But when we transfer to 
the frame in which those other electrons are at rest (Fig. 5.21c), we 
find the same situation. They too will be repelled. These repulsive 
forces will be observed in the lab frame as well, modified only by the 
factor y. We conclude that the two streams of electrons will repel one 
another in the lab frame. The stationary positive ions, although they 
feel no direct electrical force from the other wire, will be the indirect 
bearers of this repulsive force if the electrons remain confined within 
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the wire. So the wires will be pushed apart, as in Fig. 5.15, until some 
external force balances the repulsion. 

Moving parallel to a current-carrying conductor, the charged 
particle experienced a force perpendicular to its direction of motion. 
What if it moves, instead, at right angles to the conductor? A velocity 
perpendicular to the wire will give rise to a force parallel to the wire— 
again, a force perpendicular to the particle’s direction of motion. To 
see how this comes about, let us return to the lab frame of that system 
and give the test charge a velocity v in the y direction, as in Fig. 5.22a. 
Transferring to the rest frame of the test charge (Fig. 5.226), we find 
the positive ions moving vertically downward. Certainly they cannot 
cause a horizontal field at the test-charge position. The x’ component 
of the field from an ion on the left will be exactly cancelled by the x’ 
component of the field of a symmetrically positioned ion on the right. 
The effect we are looking for is caused by the electrons. They are all 
moving obliquely in this frame, downward and toward the right. Con- 
sider the two symmetrically located electrons e, and ez. Their electric 
fields, relativistically compressed in the direction of the electrons’ 
motion, have been represented by a brush of field lines in the manner 
of Fig. 5.14. You can see that, although e, and e, are equally far away 
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FIGURE 5.21 

(a) Lab frame with two wires carrying current in 
opposite directions. As in metal wire, current is due to 
motion of negative ions (electrons) only. (b) Rest frame 
of electrons in wire 1. Note that in wire 2 positive ions 
are compressed, but electron distribution is contracted 
even more. (c) Rest frame of electrons in wire 2. Just 
as in (b), the other wire appears to these electrons at 
rest to be negatively charged. 


Current 
Wire 1 —e 
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At rest Current 
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FIGURE 5.22 

(a) The “wire” with its current of moving negative 
charges, or ‘‘electrons,”’ is the same as in Fig. 5.20, 
but now the test charge is moving toward the wire. (b) 
In the rest frame of the test charge the positive 
charges, or ‘‘ions,"’ are moving in the —¥ direction. 
The electrons are moving obliquely. Because the field 
of a moving charge is stronger in directions more 
nearly perpendicular to its velocity, an electron on the 
right, such as ez, Causes a stronger field at the position 
of the test charge than does a symmetrically located 
electron on the left. Therefore the vector sum of the 


fields has in this frame a component in the &’ direction. 


Ions at rest 


from the test charge, the field of electron e, will be stronger than the 
field of electron e; at that location. That is because the line from e; to 
the test charge is more nearly perpendicular to the direction of motion 
of e). In other words, the angle 6 that appears in the denominator of 
Eq. 12 is here different for e, and e>, so that sin? 65 > sin? 6%. That 
will be true for any symmetrically located pair of electrons on the line, 
as you can verify with the aid of Fig. 5.23. The electron on the right 
always wins. Summing over all the electrons is therefore bound to 
yield a resultant field Æ’ in the X direction. The y’ component of the 
electrons’ field will be exactly cancelled by the field of the ions. That 
E;, is zero is guaranteed by Gauss’s law, for the number of charges 
per unit length of wire is the same as it was in the lab frame. The wire 
is uncharged in both frames. 
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The force on our test charge, gE’, when transformed back into 
the lab frame, will be a force proportional to v in the X direction, 
which is the direction of v X B if B is a vector in the Z direction, 
pointing at us out of the diagram. We could show that the magnitude 
of this velocity-dependent force is given here also by Eq. 24: F = 
2qvI/rc*. The physics needed is all in Eq. 12, but the integration is 
somewhat laborious and will not be undertaken here. 

In this chapter we have seen how the fact of charge invariance 
implies forces between electric currents. That does not oblige us to 
look on one fact as the cause of the other. These are simply two aspects 
of electromagnetism whose relationship beautifully illustrates the 
more general law: Physics is the same in all inertial frames of 
reference. 

If we had to analyze every system of moving charges by trans- 
forming back and forth among various coordinate systems, our task 
would grow both tedious and confusing. There is a better way. The 
overall effect of one current on another, or of a current on a moving 
charge, can be described completely and concisely by introducing a 
new field, the magnetic field. 


FIGURE 5.23 

A closer look at the geometry of Fig. 5.22b, showing 
that, for any pair of electrons equidistant from the test 
charge, the one on the right will have a larger value of 
sin? 6’. Hence, according to Eq. 5.12, it will produce the 
stronger field at the test charge. 


sin 6; = sin(¢ — a) 


sin 03 = sin(¢ + a) 


sin” 04 —sin’ 0; =4sin ¢ cos¢ sina cosa >0 if 
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PROBLEMS 


5.1 A capacitor consists of two parallel rectangular plates with a 
vertical separation of 2 cm. The east-west dimension of the plates is 
20 cm, the north-south dimension is 10 cm. The capacitor has been 
charged by connecting it temporarily to a battery of 300 volts (1 stat- 
volt). How many excess electrons are on the negative plate? What is 
the electric field strength between the plates? Now give the following 
quantities as they would be measured in a frame of reference which 
is moving eastward, relative to the laboratory in which the plates are 
at rest, with speed 0.6c: the three dimensions of the capacitor; the 
number of excess electrons on the negative plate; the electric field 
strength between the plates. Answer the same questions for a frame 
of reference which is moving upward with speed 0.6c. 


5.2 Ona nylon filament 0.01 cm in diameter and 4 cm long there 
are 5.0 X 10° extra electrons distributed uniformly over the surface. 
What is the electric field strength at the surface of the filament: 

(a) In the rest frame of the filament? 

(b) In a frame in which the filament is moving at a speed 0.9c 
in a direction parallel to its length? 


5.3 A beam of 9.5-megaelectron-volt (Mev) electrons (y = 20) 
amounting as current to 0.05 microamperes, is traveling through vac- 
uum. The transverse dimensions of the beam are less than 1 mm, and 
there are no positive charges in or near it. 

(a) In the lab frame, what is approximately the electric field 
strength 1 cm away from the beam, and what is the average distance 
between an electron and the next one ahead of it, measured parallel 
to the beam”? 

(b) Answer the same questions for the electron rest frame. 


5.4 Consider the trajectory of a charged particle which is moving 
with a speed 0.8c in the x direction when it enters a large region in 
which there is a uniform electric field in the y direction. Show that 
the x velocity of the particle must actually decrease. What about the 
x component of momentum? 


5.5 Fixed in the frame F is a sheet of charge, of uniform surface 
density o, which bisects the dihedral angle formed by the xy and the 
yz planes. The electric field of this stationary sheet is of course per- 
pendicular to the sheet. How will this be described by observers in a 
frame F’ that is moving in the x direction with velocity 0.6c with 
respect to F? What is the surface charge density o’ and what is the 
direction and strength of the electric field in F”? Is it perpendicular to 
the sheet? 


5.6 Ina colliding beam storage ring an antiproton going east passed 
a proton going west, the distance of closest approach being 107° cm. 
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The kinetic energy of each particle in the lab frame was 93 Gev, cor- 
responding to y = 100. In the rest frame of the proton, what was the 
maximum intensity of the electric field at the proton due to the charge 
on the antiproton? For about how long, approximately, did the field 
exceed half its maximum intensity? 


5.7 The most extremely relativistic charged particles we know 
about are cosmic rays which arrive from outer space. Occasionally one 
of these particles has so much kinetic energy that it can initiate in the 
atmosphere a “giant shower” of secondary particles, dissipating, in 
total, as much as 10'° ev of energy (more than 1 joule!). The primary 
particle, probably a proton, must have had y = 10'°. How far away 
from such a proton would the field rise to 1 volt/meter as it passes? 
Roughly how thick is the “pancake” of field lines at that distance? 
Ans. 4 meters; 4 X 107'° meter. 


5.8 Inthe laboratory frame a proton is at rest at the origin at ¢ = 
0. At that instant a negative pion which has been traveling in along 
the x axis at a speed of 0.6c has reached the point x = 0.01 cm. There 
are no other charges around. What is the magnitude of the force on 
the pion? What is the magnitude of the force on the proton? What 
about Newton’s third law? 


5.9 The deflection plates in a high-voltage cathode ray oscilloscope 
are two rectangular plates, 4 cm long and 1.5 cm wide, spaced 0.8 cm 
apart. There is a difference in potential of 6000 volts between the 
plates. An electron which has been accelerated through a potential 
difference of 250 kilovolts enters this deflector from the left, moving 
parallel to the plates and halfway between them, initially. We want to 
find the position of the electron and its direction of motion when it 
leaves the deflecting field at the other end of the plates. We shall 
neglect the fringing field and assume the electric field between the 
plates is uniform right up to the end. The rest mass of the electron 
may be taken as 500 kev. First carry out the analysis in the lab frame 
by answering these questions: y = ? ; 8 = ? ; p,, in units of mc, = 
? ; time spent between the plates = ? (Neglect the change in hori- 
zontal velocity discussed in Problem 5.4); transverse momentum com- 
ponent acquired, in units of mc, = ? ; transverse velocity at exit = ? 
; vertical position at exit = ? ; direction of flight at exit? Now describe 
this whole process as it would appear in an inertial frame which moved 
with the electron at the moment it entered the deflecting region: What 
do the plates look like? What is the field between them? What hap- 
pens to the electron in this coordinate system? Your main object in 
this exercise is to convince yourself that the two descriptions are com- 
pletely consistent. 


5.10 Inthe rest frame of a particle with charge q, another particle 
with charge q, is approaching, moving with velocity v not small com- 
pared with c. If it continues to move in a straight line, it will pass a 
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PROBLEM 5.13 
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distance d from the position of the first particle. It is so massive that 
its displacement from the straight path during the encounter is small 
compared with d. Likewise, the first particle is so massive that its dis- 
placement from its initial position while the other particle is nearby is 
also small compared with d. 

(a) Show that the increment in momentum acquired by each 
particle as a result of the encounter is perpendicular to v and in mag- 
nitude 2q,q2/vd. (Gauss’s law can be useful here.) 

(b) Expressed in terms of the other quantities, how large must 
the masses of the particles be to justify our assumptions? 


5.11 Derive Eq. 13 by performing the integration to find the flux 
of E through each of the spherical caps described in the legend of Fig. 
5.18. On the inner cap the field strength is constant, and the element 
of surface area may be taken as 2zr’ sin 0 d0. On the outer cap the 
field is described by Eq. 12 with the appropriate changes in symbols, 
and the element of surface area is 2zr’ sin ọ do. The integral you will 
need is 


dx B x 
(a? ka x*)3/? = aka? + a ki 


5.12 Inthe field of the moving charge Q, given by Eq. 12, we want 
to find an angle 6 such that half of the total flux from Q is contained 
between the two conical surfaces # = 2/2 + dand& = x/2 — 6. If 
you have done Problem 5.11 you have already done most of the work. 
You should find that, for y > 1, the angle between the two cones is 
roughly 1/y. 


5.13 In the figure you see an electron at time t = 0.0 and the asso- 
ciated electric field at that instant. Distances in centimeters are given. 


o sag. 18 cm 
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in the diagram. 

(a) Describe what has been going on. Make your description as 
complete and quantitative as you can. 

(b) Where was the electron at the time t = —7.5 X 107" sec? 

(c) What was the strength of the electric field at the origin at 
that instant? 


5.14 The figure shows a highly relativistic positive particle 
approaching the origin from the left and a negative particle approach- 
ing with equal speed from the right. They collide at the origin at ¢ = 
0, find some way to dispose of their kinetic energy, and remain there 
as a neutral entity. What do you think the electric field looks like at 
some time t > 0? Sketch the field lines. How does the field change as 
time goes on? 


5.15 In Fig. 5.20 the relative spacing of the black and white dots 
was designed to be consistent with y = 1.2 and Bp = 0.8. Calculate 
ßo. Find the value, as a fraction of Xo, of the net charge density A’ in 
the test-charge frame. 


5.16 Suppose that the velocity of the test charge in Fig. 5.20 is 
made equal to that of the electrons, vg. What would then be the linear 
densities of positive charge, and of negative charge, in the test-charge 
frame? 


5.17 Two protons are moving parallel to one another a distance r 
apart, with the same velocity Gc in the lab frame. According to Eq. 
12, at the instantaneous position of one of the protons the electric field 
E caused by the other, as measured in the lab frame, is ye/r?. But the 
force on the proton measured in the lab frame is not ye?/r?. Verify 
that by finding the force in the proton rest frame and transforming 
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that force back to the lab frame. Show that the discrepancy can be 
accounted for if there is a magnetic field 8 times as strong as the elec- 
tric field, accompanying this proton as it travels through the lab frame. 


5.18 Consider a composite line charge consisting of several kinds 
of carriers, each with its own velocity. For one kind, k, the linear den- 
sity of charge measured in frame F is A, and the velocity is 8,c par- 
allel to the line. The contribution of these carriers to the current in F 
is then J, = A,6,c. How much do these k-type carriers contribute to 
the charge and current in a frame F” which is moving parallel to the 
line at velocity — c with respect to F? By following the steps we took 
in the transformations in Fig. 5.20, you should be able to show that 


I 
Ne= Y (x + en) Pk = Wk + Bors) 
If each component of the linear charge density and current transforms 


in this way, then so must the total À and J: 


I 
v= v(a +£) l = y(I + Bed) 
You have now derived the Lorentz transformation to a parallel-mov- 


ing frame for any line charge and current, whatever its composition. 


5.19 A proton moves in along the x axis toward the origin at a 
velocity v, = —c/2. At the origin it collides with a massive nucleus, 
rebounds elastically and moves outward on the x axis with nearly the 
same speed. Make a sketch showing approximately how the electric 
field of which the proton is the source looks at an instant 107’ sec 
after the proton reached the origin. 


5.20 A stationary proton is located on the z axis at z = a. A neg- 
ative muon is moving with speed 0.8c along the x axis. Consider the 
total electric field of these two particles, in this frame, at the time 
when the muon passes through the origin. What are the values at that 
instant of E, and E, at the point (a, 0, 0) on the x axis? 

Ans. E, = —0.00645 e/a’; E, = —0.354 e/a’. 


5.21 Ina high-voltage oscilloscope the source of electrons is a cath- 
ode at potential — 125 kilovolts with respect to the anode and the 
enclosed region beyond the anode aperture. Within this region there 
is a pair of parallel plates 5 cm long in the x-direction (the direction 
of the electron beam) and 8 mm apart in the y-direction. An electron 
leaves the cathode with negligible velocity, is accelerated toward the 
anode, and subsequently passes between these deflecting plates at a 
time when the potential of the lower plate is — 120 volts, that of the 
upper plate +120 volts. 

Fill in the blanks. Use rounded-off constants: electron rest mass 
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= 5 X 10° ev, etc. When the electron arrives at the anode, its kinetic 
energy is ______ ev, its mass has increased by a factor of 
and its velocity is ________c. Its momentum is 
gm-cm/sec in the x direction. Beyond the anode the electron passes 
between parallel metal plates. The field between the plates is 
statvolts/cm; the force on the electron is _________ dynes upward. 
The electron spends ____________sec between the plates and 
emerges, having acquired y momentum of magnitude p, = 
gm cm/sec. Its trajectory now slants upward at an angle 9 = ___ 
radians. 

A fast neutron which just happened to be moving along with the 
electron when it passed through the anode reported subsequent events 
as follows: “We were sitting there when this capacitor came flying at 


9 


us at _____________scm/sec. It was ——— cm long, so it sur- 
rounded us for___-._—~~—SSS—S— sec. That didn’t bother me, but the elec- 
tric field of ___statvolts/cm accelerated the electron so 


that after the capacitor left us the electron was moving away from me 
at—— ss cm/sec.” 
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DEFINITION OF THE MAGNETIC FIELD 
6.1 A charge which is moving parallel to a current of other charges 
experiences a force perpendicular to its own velocity. We can see it 
happening in the deflection of the electron beam in Fig. 5.3. We dis- 
covered in Section 5.9 that this is consistent with—indeed, is required 
by—Coulomb’s law with charge invariance and special relativity. And 
we found that a force perpendicular to the charged particle’s velocity 
also arises in motion at right angles to the current-carrying wire. For 
a given current the magnitude of the force, which we calculated for 
the particular case in Fig. 5.20a, is proportional to the product of the 
particle’s charge q and its speed v in our frame. Just as we defined the 
electric field E as the vector force on unit charge at rest, so we can 
define another field B by the velocity-dependent part of the force that 
acts on a charge in motion. The defining relation was introduced at 
the beginning of Chapter 5. Let us state it again more carefully. 

At some instant ¢ a particle of charge g passes the point (x, y, 
z) in our frame, moving with velocity v. At that moment the force on 
the particle (its rate of change of momentum) is F. The electric field 
at that time and place is known to be E. Then the magnetic field at 
that time and place is defined as the vector B which satisfies the vector 
equation 


F=qE+7vXB (1) 


Of course, F here includes only the charge-dependent force and 
not, for instance, the weight of the particle carrying the charge. A 
vector B satisfying Eq. | always exists. Given the values of E and B 
in some region, we can with Eq. | predict the force on any other par- 
ticle moving through that region with any other velocity. For fields 
that vary in time and space Eq. | is to be understood as a local relation 
among the instantaneous values of F, E, v, and B. Of course, all four 
of these quantities must be measured in the same inertial frame. 

In the case of our “test charge” in the lab frame of Fig. 5.20a, 
the electric field E was zero. With the charge g moving in the positive 
x direction, v = Xv, we found that the force on it was in the negative 
y direction, with magnitude 2Iqu/rc’: 

„~ 2Iqu 


F= —-§~; (2) 


In this case the magnetic field must be 
, at 


B=zZ 
rc 


for then Eq. | becomes 
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FIGURE 6.1 
The magnetic field of a current in a long straight wire 
n ` v\ 2I _ 2Iqu and the force on a charged particle moving through 
F = fy x B = (Å X 2) 2) z = —ŷ 1 (4) that field. 
C C re re 


in agreement with Eq. 2. 

The relation of B to v and to the current / is shown in Fig. 6.1. 
Three mutually perpendicular directions are involved: the direction of 
B at the point of interest, the direction of a vector r from that point 
to the wire, and the direction of current flow in the wire. Here ques- 
tions of handedness arise for the first time in our study. Having 
adopted Eq. | as the definition of B and agreed on the conventional 
rule for the vector product, that is, K X y = Z, etc., in coordinates 
like those of Fig. 6.1, we have determined the direction of B. That 
relation has a handedness, as you can see by imagining a particle that 
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FIGURE 6.2 
A reminder. The helix in (a) is called a right-handed 
helix, that in (b) a left-handed helix. 
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moves along the wire in the direction of the current while circling 
around the wire in the direction of B. Its trail, no matter how you look 
at it, would form a right-hand helix, like that in Fig. 6.2a, not a left- 
hand helix like that in Fig. 6.26. 

Consider an experiment like Oersted’s, as pictured in Fig. 5.2a. 
The direction of the current was settled when the wire was connected 
to the battery. Which way the compass needle points can be stated if 
we color one end of the needle and call it the head of the arrow. By 
tradition long antedating Oersted the “north-seeking” end of the 
needle is so designated, and that is the black end of the needle in Fig. 
5.2a.t If you compare that picture with Fig. 6.1 you will see that we 
have defined B so that it points in the direction of “local magnetic 
north.” Or to put it another way, the current arrow and the compass 
needle in Fig. 5.2a define a right-handed helix (see Fig. 6.2), as do the 
current direction and the vector B in Fig. 6.1. This is not to say that 
there is anything intrinsically right-handed about electromagnetism. 
It is only the self-consistency of our rules and definitions that concerns 
us here. Let us note, however, that a question of handedness could 
never arise in electrostatics. In this sense the vector B differs in char- 
acter from the vector E. In the same way, a vector representing an 
angular velocity, in mechanics, differs from a vector representing a 
linear velocity. 

As for the units in which magnetic field strength is to be 
expressed, notice that our defining equation, Eq. 1, gives B the same 
dimensions as E, the factor v/c being dimensionless. With force F in 
dynes and charge q in esu, unit magnetic field strength is 1 dyne/esu. 
This unit has a name, the gauss. There is no special name for the unit 
dyne/esu when it is used as a unit of electric field strength. It is the 
same as | statvolt/cm, which is the term we shall usually use for unit 
electric field strength in our CGS system. When we use Eq. 3 to cal- 
culate the strength of the magnetic field at distance r caused by a 
current / in the straight wire, B will be in gauss (or dynes/esu) if / is 
in esu/sec, r in cm, and c in cm/sec. 

In SI units the equations look a bit different because the force 
equation equivalent to our Eq. | defining B is written like this: 


F = qE+qvXxXB (1’) 


F is in newtons, g in coulombs, E in volts/meter, and v in meters/sec. 
Notice that c does not appear. In a magnetic field of unit strength a 
charge of one coulomb moving with a velocity of one meter/sec per- 
pendicular to the field experiences a force of one newton. The unit of 
B so defined is called the tes/a. One tesla is equivalent to precisely 10° 


tWe now know that the earth’s magnetic field has reversed many times in geologic 
history. See page 296 and the reference there given. 
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gauss. The relation between field and current, the equivalent of our 
Eq. 3, now takes the following form in SI units: 


Hol 
Dmr 


B=z2 (3’) 
where B is in teslas, J is in amps, and r is in meters. The constant uo, 
like the constant €) we met in electrostatics, is a fundamental constant 
in the SI unit system. Its value is exactly 4r X 107’. 

Let us use Eqs. 1 and 3 to calculate the magnetic force between 
parallel wires carrying current. Let r be the distance between the 
wires, and let J, and J, be the currents which we'll assume are flowing 
in the same direction, as shown in Fig. 6.3. The wires are assumed to 
be infinitely long—a fair assumption in a practical case if they are 
very long compared with the distance r between them. We want to 
predict the force that acts on some finite length / of one of the wires. 
The current in wire 1 causes a magnetic field of strength 


_ 2h 
cr 


B; (5) 
at the location of wire 2. Within wire 2 there are n, moving charges 
per centimeter length of wire, each with charge q, and speed vz. They 
constitute the current J: 


h = N2qQ2v2 (6) 


According to Eq. 1 the force on each charge is q3v2B,/c.t The force 
on each centimeter length of wire is therefore n.q.UB,/c, or simply 
LB,/c, in dynes/cm. In view of Eq. 4, the force on a length / of wire 
2 is 
P= zh Ll 7) 
cr 
Obviously the force on an equal length of wire 1 caused by the 
field of wire 2 must be given by the same formula. We have not both- 
ered to keep track of signs because we knew already that currents in 
the same direction attract one another. 
The same exercise carried out in SI units, with Eqs. 1’ and 3’, 
will lead to 


Ko bl 
2x d 


F = (7’) 


+B, is the field inside wire 2, caused by the current in wire 1. When we study magnetic 
fields inside matter in Chapter 11, we'll find that most conductors, including copper 
and aluminum, but not including iron, have very little influence on a magnetic field. 
For the present, let us agree to avoid things like iron, ferromagnetic materials. Then 
we can safely assume that the magnetic field inside the wire is practically what it 
would be in vacuum with the same currents flowing. 
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FIGURE 6.3 

Current J, produced magnetic field B, at conductor 2. 
The force on a length / of conductor 2 is given by Eq. 
7 or 7’. 
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FIGURE 6.4 

(a) The current in each copper wire is 9.5 X 10" esu/ 
sec, and the force F on the 20-cm length of conductor 
is 80 dynes. (b) One way to measure the force on a 
length of conductor. The section BCDE swings like a 
pendulum below the conducting pivots. The force on 
the length CD due to the field of the straight conductor 
GH is the only force deflecting the pendulum from the 
vertical. 
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Here F is in newtons, while /, and J, are in amps. As the factor 
l/d which appears in both Eqs. 7 and 7’ is dimensionless, / and d could 
be in any units.T 

Let’s apply Eq. 6 to the pair of wires in Fig. 6.4a. They are cop- 
per wires | mm in diameter and 5 cm apart. In copper the number of 
conduction electrons per cubic centimeter, already mentioned in 
Chapter 4, is 8.45 X 10”, so there are (7/4)(0.01)(8.45 X 10”) or 
6.6 X 10” conduction electrons in a 1-cm length of this wire. Suppose 


+Equation 7’ has usually been regarded as the primary definition of the ampere in the 
SI system, uo being assigned the value 4r X 107’. That is to say, one ampere is that 
current which, flowing in each of two infinitely long parallel wires a distance d apart, 
will cause a force of exactly 2 X 1077 newton on a length d of one of the wires. The 
other SI electrical units are then defined in terms of the ampere. Thus a coulomb is 
one ampere-second, a volt is one joule/coulomb, and an ohm is one volt /ampere. See 
Appendix E. 
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their mean drift velocity v is 0.3 cm/sec. (Of course their random 
speeds are vastly greater.) The current in each wire is then 


I = ngu = (6.6 X 107° cm™')(4.80 X 107'° esu)(0.3 cm/sec) 
= 9.5 X 10'° esu/sec (8) 


The attractive force on a 20-cm length of wire is 


2rl 29.5 X 10!°)* X 20 
F= 4 = = 80d 9 
Cd (3 X 102 x 5 ynes (9) 


Now 80 dynes is not an enormous force, but it is easily measur- 
able. Figure 6.45 shows how the force on a given length of conductor 
could be observed. The c? in the denominator of Eq. 9 reminds us that, 
as we discovered in the last chapter, this is a relativistic effect, strictly 
proportional to v*/c? and traceable to a Lorentz contraction. And here 
with v less than the speed of a healthy ant, it is causing a quite respect- 
able force! The explanation is the immense amount of negative charge 
the conduction electrons represent, charge which ordinarily is so pre- 
cisely neutralized by positive charge that we hardly notice it. To 
appreciate that, consider the force with which our wires in Fig. 6.3 
would repel one another if the charge of the 6.6 X 10” electrons per 
cm were not neutralized. You will find that the force is just c*/v” times 
the force we calculated above, or roughly 40 trillion tons per centi- 
meter of wire. So full of electricity is all matter! If the electrons in one 
raindrop were removed from the earth, the whole earth’s potential 
would rise by several million volts. 

Matter in bulk, from raindrops to planets, is almost exactly neu- 
tral. You will find that any piece of it much larger than a molecule 
contains nearly the same number of electrons as protons. If it didn’t, 
the resulting electric field would be so strong that the excess charge 
would be irresistibly blown away. That would happen to electrons in 
our copper wire even if the excess of negative charge were no more 
than 107!° of the total. A magnetic field, on the other hand, cannot 
destroy itself in this way. No matter how strong it may be, it exerts 
no force on a stationary charge. That is why forces that arise from the 
motion of electric charges can dominate the scene. The second term 
on the right in Eq. 1 can be much larger than the first. Thanks to that 
second term, an electric motor can start your car. In the atomic 
domain, however, where the coulomb force between pairs of charged 
particles comes into play, magnetic forces do take second place rela- 
tive to electrical forces. They are weaker, generally speaking, by just 
the factor we should expect, the square of the ratio of the particle 
speed to the speed of light. 
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Inside atoms we find magnetic fields as large as 10° gauss. The 
strongest large-scale fields easily produced in the laboratory are on 
that order of magnitude too, although fields up to several million gauss 
have been created for short times. In ordinary electrical machinery, 
electric motors for instance, 10* gauss (or 1 teslat) would be more 
typical. The strength of the earth’s magnetic field is a few tenths of a 
gauss at the earth’s surface, and presumably many times stronger 
down in the earth’s metallic core where the currents that cause the 
field are flowing. We see a spectacular display of magnetic fields on 
and around the sun. A sunspot is an eruption of magnetic field with 
local intensity of a few thousand gauss. Some other stars have stronger 
magnetic fields. Strongest of all is the magnetic field at the surface of 
a neutron star, or pulsar, where the intensity is believed to reach the 
hardly conceivable range of 10'* gauss. On a vaster scale, our galaxy 
is pervaded by magnetic fields which extend over thousands of light 
years of interstellar space. The field strength can be deduced from 
observations in radioastronomy. It is a few microgauss—enough to 
make the magnetic field a significant factor in the dynamics of the 
interstellar medium. 


SOME PROPERTIES OF THE MAGNETIC FIELD 
6.2 The magnetic field, like the electric field, is a device for describ- 
ing how charged particles interact with one another. If we say that the 
magnetic field at the point (4.5, 3.2, 6.0) at 12:00 noon points hori- 
zontally in the negative y direction and has a magnitude of 5 gauss, 
we are making a statement about the acceleration a moving charged 
particle at that point in space-time would exhibit. The remarkable 
thing is that a statement of this form, giving simply a vector quantity 
B, says all there is to say. With it one can predict uniquely the veloc- 
ity-dependent part of the force on any charged particle moving with 
any velocity. It makes unnecessary any further description of the other 
charged particles which are the sources of the field. In other words, if 
two quite different systems of moving charges happen to produce the 
same E and B at a particular point, the behavior of any test particle 
at the point would be exactly the same in the two systems. It is for 
this reason that the concept of field, as an intermediary in the inter- 
action of particles, is useful. And it is for this reason that we think of 
the field as an independent entity. 

Is the field more, or less, real than the particles whose interac- 
tion, as seen from our present point of view, it was invented to 
describe? That is a deep question which we would do well to set aside 


t Nikola Tesla (1856~1943) inventor and electrical engineer for whom the SI unit was 
named, invented the alternating-current induction motor and other useful electromag- 
netic devices. Gauss’s work in magnetism was concerned mainly with the earth’s mag- 
netic field. Perhaps this will help you to remember which is the larger unit. 
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for the time being. People to whom the electric and magnetic fields 
were vividly real—Faraday and Maxwell, to name two—were led 
thereby to new insights and great discoveries. Let’s view the magnetic 
field as concretely as they did and learn some of its properties. 

So far we have studied only the magnetic field of a straight wire 
or filament of steady current. The field direction, we found, is every- 
where perpendicular to a plane containing the filament and the point 
where the field is observed. The magnitude of the field is proportional 
to 1/r. The field lines are circles surrounding the filament, as shown 
in Fig. 6.5. The sense of direction of B is determined by our previously 
adopted convention about the vector cross-product, by the (arbitrary) 
decision to write the second term in Eq. 1 as (q/c)v X B, and by the 
physical fact that a positive charge moving in the direction of a posi- 
tive current is attracted to it rather than repelled. These are all con- 
sistent if we relate the direction of B to the direction of the current 
that is its source in the manner shown in Fig. 6.5. Looking in the direc- 
tion of positive current, we see the B lines curling clockwise. Or you 
may prefer to remember it as a right-hand-thread relation. 

Let’s look at the line integral of B around a closed path in this 
field. (Remember that a similar inquiry in the case of the electric field 
of a point charge led us to a simple and fundamental property of all 
electrostatic fields.) Consider first the path ABCD in Fig. 6.6a. This 
lies in a plane perpendicular to the wire; in fact, we need only work in 
this plane, for B has no component parallel to the wire. The line inte- 
gral of B around the path shown is zero, for the following reason. 
Paths BC and DA are perpendicular to B and contribute nothing. 
Along AB, B is stronger in the ratio r/r, than it is along CD; but CD 
is longer than AB by the same factor, for these two arcs subtend the 
same angle at the wire. So the two arcs give equal and opposite con- 
tributions, and the whole integral is zero. 

It follows that the line integral is also zero on any path that can 
be constructed out of radial segments and arcs, such as the path in 
Fig. 6.6b. From this it is a short step to conclude that the line integral 
is zero around any path that does not enclose the wire. To smooth out 
the corners we would only need to show that the integral around a 
little triangular path vanishes. The same step was involved in the case 
of the electric field. 

A path which does not enclose the wire is one like the path in 
Fig. 6.6c, which, if it were made of string, could be pulled free. The 
line integral around any such path is zero. 

Now consider a circular path that encloses the wire, as in Fig. 
6.6d. Here the circumference is 27r and the field is 2//cr and every- 
where parallel to the path, so the value of the line integral around this 
particular path is (2ar)(2//rc), or 421 /c. We now claim that any path 
looping once around the wire must give the same value. Consider, for 
instance, the crooked path C in Fig. 6.6e. Let us construct the path C 
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Magnetic field lines around a straight wire carrying 
current. 
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| / (a) Path lying in plane 
+ perpendicular to wire. 


(b) Path constructed of 


° radial segments and arcs. 


° (c) Path which does not 
enclose the wire. 


FIGURE 6.6 
The line integral of the magnetic field B over any 
closed path depends only on the current enclosed. 
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(d) Circular path 
enclosing wire. 


c . 
(e} Crooked path 
enclosing wire. 
C’ 
o 


(f) Circular and 
crooked path not 
enclosing wire. 


(g) Loop of N turns 
enclosing wire. 


in Fig. 6.6f made of a path like C and a circular path, but not enclos- 
ing the wire. The line integral around C” must be zero, and therefore 
the integral around C must be the negative of the integral around the 
circle, which we have already evaluated as 4a//c in magnitude. The 
sign will depend in an obvious way on the sense of traversal of the 
path. Our general conclusion ts: 


4 
| B- ds = — X current enclosed by path (10) 


Equation 10 holds when the path loops the current filament once. 
Obviously a path which loops it N times, like the one in Fig. 6.6g, will 
give just N times as big a result for the line integral. 
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Pure water; negative ions moving 
right at 3.5 cm/sec; positive ions 
moving left at 2 cm/sec 


—350 kV $ > —300 kV 


Van de Graaff generator; 
negative charge carried up, 
positive charge down, 

v ~ 2000 cm/sec 


High-voltage electron beam 
in vacuum; electron velocity 
~ 2.4 X 10" cm/sec 


Copper wire; conduction electrons 
drifting to left with average 
velocity ~ 1074 cm/sec 


FIGURE 6.7 
The line integral of B has precisely the same value 
around every part of this circuit, although the velocity 


The magnetic field, as we have emphasized before, depends only Shas CN 
of the charge carriers is quite different in different parts. 


on the rate of charge transport, the number of units of charge passing 
a given point in the circuit, per second. Figure 6.7 shows a circuit with 
a current of 5 milliamperes, equivalent to 15 X 10° esu/sec. The aver- 
age velocity of the charge carriers ranges from 1074 cm/sec in one 
part of the circuit to 0.8 times the speed of light in another. The line 
integral of B over a closed path has the same value around every part 
of this circuit, namely: 


| B ds = 4x1 _ 4r X (15 X 10° esu/sec) 
c 3 X 10!° cm/sec (11) 
0.00628 gauss-cm 


What we have proved for the case of a long straight filament of 
current clearly holds, by superposition, for the field of any system of 
straight filaments. In Fig. 6.8 several wires are carrying currents in 
different directions. If Eq. 10 holds for the magnetic field of one of 
these wires, it must hold for the total field which is the vector sum, at 
every point, of the fields of the individual wires. That is a pretty com- 
plicated field. Nevertheless, we can predict the value of the line inte- 
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FIGURE 6.8 

A superposition of straight current filaments. The line 
integral of B around the closed path, in the direction 
indicated by the arrowhead, is equal to (4r /c)(— l, + 


ls). 


J is the local current density. The surface integral of J 


over S is the current enclosed by the curve C. 


CHAPTER SIX 


gral of B around the closed path in Fig. 6.8 merely by noting which 
currents the path encircles, and in which sense. 

However, we are interested in other things than long straight 
wires. We want to understand the magnetic field of any sort of current 
distribution—for example, that of a current flowing in a closed loop, 
a circular ring of current, to take the simplest case. Perhaps we can 
derive this field too from the fields of the individual moving charge 
carriers, properly transformed. A ring of current could be a set of elec- 
trons moving at constant speed around a circular path. But here that 
strategy fails us. The trouble is that an electron moving on a circular 
path is an accelerated charge, whereas the magnetic fields we have 
rigorously derived are those of charges moving with constant velocity. 
We shall therefore abandon our program of derivation at this point 
and state the remarkably simple fact: These more general fields obey 
exactly the same law, Eq. 10. The line integral of B around a bent 
wire is equal to that around a long straight wire carrying the same 
current. As this goes beyond anything we have so far deduced, we 
must look on it here as a postulate confirmed by the experimental tests 
of its implications. 

To state the law in the most general way, we must talk about 
volume distributions of current. A general steady current distribution 
is described by a volume current density J(x, y, z) which varies from 
place to place but is constant in time. A current in a wire is merely a 
special case in which J has a large value within the wire but is zero 
elsewhere. We discussed volume distribution of current in Chapter 4, 
where we noted that, for time-independent currents, J has to satisfy 
the continuity equation, or conservation-of-charge condition, 


divJ = 0 (12) 


Take any closed curve C in a region where currents are flowing. 
The total current enclosed by C is the flux of J through the surface 


spanning C, that is, the surface integral | J - da over this surface S$ 
S 


(see Fig. 6.9). A general statement of the relation in Eq. 10 is 


therefore 
| Be as= f3- aa (13) 
E È S 


Let us compare this with Stokes’ theorem, which we developed in 
Chapter 2: 


| F - ds = | (curl F) - da (14) 
C S 


We see that a statement equivalent to Eq. 13 is this: 
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(15) 


This is the simplest and most general statement of the relation 
between the magnetic field and the moving charges which are its 
source. 

However, Eq. 15 is not enough to determine B(x, y, z), given 
J(x, y, z), for many different vector fields could have the same curl. 
We need to complete it with another condition. We had better think 
about the divergence of B. Going back to the magnetic field of a single 
straight wire, we observe that the divergence of that field is zero. You 
can’t draw a little box anywhere, even one enclosing the wire, which 
will have a net outward or inward flux. It is enough to note that the 
boxes V, and V, in Fig. 6.10 have no net flux and can shrink to zero 
without developing any. For this field then, div B = 0, and hence also 
for all superpositions of such fields. Again we postulate that the prin- 
ciple can be extended to the field of any distribution of currents, so 
that a companion to Eq. 12 is the condition 


In SI units the relation of magnetic field B in teslas to current 
density J in amps/m* is 


curl B = uoJ (15) 


We are concerned with fields whose sources lie within some 
finite region. We won’t consider sources that are infinitely remote and 
infinitely strong. With that proviso, Eqs. 15 and 16 together determine 
B uniquely if J is given. For suppose both equations are satisfied by 
two different fields B; and B,. Their difference, the vector field D = 
B, — B,, is a field with zero divergence and zero curl everywhere. 
What could it be like? Having zero curl, it must be the gradient of 
some potential function f(x, y, z): D = Vf. But V - D = 0, too, so 
V- Vf or V?f = 0 everywhere. Over a sufficiently remote enclosing 
boundary f must take on some constant value fo. Since f satisfies 
Laplace’s equation everywhere inside that boundary, it cannot have a 
maximum or a minimum anywhere in that region (Section 2.11) and 
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FIGURE 6.10 
There is zero net flux of B from either box. 
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so it must have the value fọ everywhere. Hence D = Vf = O, and B; 
= B.. 

In the case of the electrostatic field the counterpart of Eqs. 15 
and 16 was 


div E = 4rp and curl E = 0 (17) 


In the case of the electric field, however, we could begin with 
Coulomb’s law, which expressed directly the contribution of each 
charge to the electric field at any point. Here we shall have to work 
our way back to some relation of that type.t We shall do so by means 
of a potential function. 


VECTOR POTENTIAL 

6.3 We found that the scalar potential function (x, y, z) gave us 
a simple way to calculate the electrostatic field of a charge distribu- 
tion. If there is some charge distribution p(x, y, z), the potential at 
any point (x), yı, Z1) is given by the volume integral 


P(X2, Y2, Z2) duz (18) 


Fi2 


(xı, Vis Z1) = | 


The integration is extended over the whole charge distribution, and r,, 
is the magnitude of the distance from (x2, Y2, Z2) to (x), Yı, z1). The 
electric field E is obtained as the negative of the gradient of »: 


E = —grad ¢ (19) 


The same trick won’t work here, because of the essentially dif- 
ferent character of B. The curl of B is not necessarily zero, so B can’t, 
in general, be the gradient of a scalar potential. However, we know 
another kind of vector derivative, the curl. It turns out that we can 
usefully represent B, not as the gradient of a scalar function but as 
the curl of a vector function, like this: 


(20) 


By obvious analogy, we call A the vector potential. It is not 
obvious, at this point, why this tactic is helpful. That will have to 
emerge as we proceed. It is encouraging that Eq. 16 is automatically 


+The student may wonder why we couldn’t have started from some equivalent of Cou- 
lomb’s law for the interaction of currents. The answer is that a piece of a current 
filament, unlike an electric charge, is not an independent object that can be physically 
isolated. You cannot perform an experiment to determine the field from part of a 
circuit; if the rest of the circuit isn’t there, the current can’t be steady without violating 
the continuity condition. 


THE MAGNETIC FIELD 


satisfied, since div curl A = 0, for any A.f Or to put it another way, 
the fact that div B = O presents us with the opportunity to represent 
B as the curl of another vector function. Our job now is to discover 
how to calculate A, when the current distribution J is given, so that 
Eq. 20 will indeed yield the correct magnetic field. In view of Eq. 15, 
the relation between J and A is 


4rJ 
curl (curl A) = — (21) 


Equation 21, being a vector equation, is really three equations. 
We shall work out one of them, say the x-component equation. The x 
component of curl B is 0B,/dy — OB,/dz. The z and y components of 
B are, respectively, 


_ 94, 94, p _ Ax OA; 


B, =— = — 22 
ðx ðy ” øz Ox (22) 
Thus the x component part of Eq. 21 reads 
ð (AA, ðA ð Sa B a _ And, (23) 
Oy\ ax oy dz \ dz Ox c 


We assume our functions are such that the order of partial differen- 
tiation can be interchanged. Taking advantage of that and rearrang- 
ing a little, we can write Eq. 23 in this way: 


0°A, OA, 0 (OA, 0[0A,\  4rJ, 
— = |] = (24) 
Oy Ox \ dz 
To make the thing more symmetrical, let’s add and subtract the same 
term, 07A,/0x’, on the left: 


0A, QA, A, ð (0A, OA, ðA: 4r, 
—|—4+—4 = —— (25) 
ðx ðy Oz 


Oy’ ðz? ax 


dx? Oy’ Oz? Ox 

We can now recognize the first three terms as the negative of 

the Laplacian of A,. The quantity in parentheses is the divergence of 

A. Now we have a certain latitude in the construction of A. All we 

care about is its curl; its divergence can be anything we like. Let us 
require that 


divA = 0 (26) 


In other words, among the various functions which might satisfy our 


tIf you are not familiar with this fact, refer back to Problem 2.16. 


{To see why we are free to do this, suppose we had an A such that curl A = B, but 
divA = f(x, y, z) # 0. Treating flike the charge density p in an electrostatic field, 
we obviously can find a field F, the analog of the electrostatic E, such that div F = f. 
But we know that the curl of such a field will be zero. Hence we could add —F to A, 
making a new field with the correct curl and zero divergence. 
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FIGURE 6.11 i 
Some field lines around a current filament. Current 
flows toward you (out of the plane of the paper). 


Current flowing 
in z direction 
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requirement that curl A = B, let us consider as candidates only those 
which also have zero divergence. Then that part of Eq. 25 drops away 
and we are left simply with 
OA, OA, A, 4nJ, 
3 r E = (27) 
Ox Oy Oz c 
J, is a known scalar function of x, y, z. Let us compare Eq. 27 
with Poisson’s equation, Eq. 2.54, which reads 


+ 52 = —4rp (28) 


The two equations are identical in form. We already know how to find 
a solution to Eq. 28. The volume integral in Eq. 18 is the prescription. 
Therefore a solution to Eq. 27 must be given by 


l JAX, Y2, Z2) dV 
Adan yoz) = | Aa Gay 
12 


The other components must satisfy similar formulas. They can all be 
combined neatly in one vector formula: 


1 f J(x2, y2, z2) dv 
A(x, yn 21) = = | Sete a) a (30) 


12 


There is only one snag. We stipulated that div A = 0, in order 
to get Eq. 27. How do we know the A given by Eq. 30 will have this 
special property? Fortunately, it can be shown that it does. 

As an example of a vector potential, consider a long straight wire 
carrying a current /. In Fig. 6.11 we see the current coming toward 
us out of the page, flowing along the positive z axis. We know what 
the magnetic field of the straight wire looks like. The field lines are 
circles, as sketched already in Fig. 6.5. A few are shown in Fig. 6.11. 
The magnitude of B is 2//cr. Using a unit vector ¢ in the “circum- 
ferential” direction we can write the vector B as 

B = ae (31) 
cr 
Noting that the unit vector ¢ is —sin gk + cos y¥, we can write this 
in terms of x and y as follows: 


"n 21(—sin y + cos pf) _ oe + x9 


32). | 
cVx? +y e\ x+y sa 
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One vector function A(x, y, z) that will satisfy V X A = B is the 
following: 


I 
A= -2-7 In (x? + y’) (33) 


To verify this, we calculate the components of V X A: 


aA, OA —2Iy 
( ) dy Oz (x? + y’) ( ) 
ðA ðA 2Ix 
V x A = = — Z = = B 
( )y Oz Ox c(x? + y’) (58) G4) 
ðA 0A, 
(V X A), = + -=0 (= B,) 
Ox Oy 


Of course, this is not the only function that could serve as the vector 
potential for this particular B. To the A of Eq. 33 could be added any 
vector function with zero curl. This all holds for the space outside the 
wire. Inside the wire, B is different, so A must be different also. It is 
not hard to find the appropriate vector potential function for the inte- 
rior of a solid round wire—see Problem 6.26. 

Incidentally, the A for our particular example above could not 
have been obtained by Eq. 30. The integral would diverge owing to 
the infinite extent of the wire. This may remind you of the difficulty 
we encountered in Chapter 2 in setting up a scalar potential for 
the electric field of a charged wire. Indeed the two problems are 
very closely related, as we should expect from their identical geo- 
metry and the similarity of Eqs. 30 and 18. We found (Eq. 17 of Chap- 
ter 2) that a suitable scalar potential for the line charge problem is 
—\ In (x? + y?) + arbitrary constant. This assigns zero potential to 
some arbitrary point which is neither on the wire nor an infinite 
distance away. Both that scalar potential and the vector potential of 
Eq. 33 are singular at the origin and at infinity. 


FIELD OF ANY CURRENT-CARRYING WIRE 

6.4 Figure 6.12 shows a loop of wire carrying current J. The vector 
potential A at the point (x), y1, Z1) is given according to Eq. 30 by the 
integral over the loop. For current confined to a thin wire we may take 
as the volume element dv, a short section of the wire of length dl. The 
current density J is Z/a, where a is the cross-section area, and dv, = 
adl. Hence J dv, = I dl, and if we make the vector dl point in the 
direction of positive current, we can simply replace J dv, by J dl. Thus 
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FIGURE 6.12 
Each element of the current loop contributes to the 
vector potential A at the point (x1, Y4,Z1). 


fig 
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(xpyp2)) 


AON 


for a thin wire or filament, we can write Eq. 30 as a line integral over 
the circuit: 
If dl 
A=- | — (35) 
C F12 
To calculate A everywhere and then find B by taking the curl of 
A might be a long job. It will be more useful to isolate one contribution 
to the line integral for A, the contribution from the segment of wire 
at the origin, where the current happens to be flowing in the x direc- 
tion (Fig. 6.13). We shall denote the length of this segment by dl. Let 
dA be the contribution of this part of the integral to A. Then at the 
point (x, y, 0) in the xy plane, dA, which points in the positive x direc- 
tion, is 
(I/c) dl 
It is clear from symmetry that the contribution of this part of A to 


curl A must be perpendicular to the xy plane. Denoting the corre- 
sponding part of B by dB we have 


A 
curl (dA) = 2(- ô | 
dy 
_, U/e)dly _ ,(U/c) dlsing 
— (2 + pp? =Z Pp 


dA = Å (36) 


dB 
(37) 
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With this result we can free ourselves at once from a particular 
coordinate system. Obviously all that matters is the relative orienta- 
tion of the element dl and the radius vector r from that element to the 
point where the field B is to be found. The contribution to B from any 
short segment of wire dl can be taken to be a vector perpendicular to 
the plane containing dl and r, of magnitude J dl sin g/r’c, where ¢ is 
the angle between d/ and r. This can be written compactly using the 
cross-product and is illustrated in Fig. 6.14. 


(38) 


If you are familiar with the rules of the vector calculus, you can take 
a short cut from Eq. 35 to Eq. 38. Writing dB = V X dA, with dA 
= I dl/cr, we treat V as a vector, reversing the order of the cross- 
product and changing the sign. Here dl is a constant, so that V oper- 
ates only on 1/r, otherwise we couldn’t get away with this! We recall 
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FIGURE 6.13 

if we find dA, the contribution to A of the particular 
element shown, its contribution to B can be calculated 
using B = curl A. 


FIGURE 6.14 
The field of any circuit can be calculated by using this 
relation for the contribution of each circuit element. 
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that V(1/r) = —#/r’ (as in going from the Coulomb potential to the 
Coulomb field). Thus: 


w=vxite —laxy(t| 
c r (39) 


Il 
| 
SIIN 
Q 
~ 
x 
P 
| 
= 


Historically, Eq. 38 is known as the Biot-Savart law. The mean- 
ing of Eq. 38 is that, if B is computed by integrating over the complete 
circuit, taking the contribution from each element to be given by this 
formula, the resulting B will be correct. As we remarked in the foot- 
note at the end of Section 6.2, the contribution of part of a circuit is 
not physically identifiable. In fact, Eq. 38 is not the only formula that 
could be used to get a correct result for B—to it could be added any 
function which would give zero when integrated around a closed path. 

We seem to have discarded the vector potential as soon as it 
performed one essential service for us. Indeed, it is often easier, as a 
practical matter, to calculate the field of a current system directly, 
now that we have Eq. 38, than to find the vector potential first. We 
shall practice on some examples in the next section. However, the vec- 
tor potential is important for deeper reasons. For one thing, it has 
revealed to us a striking parallel between the relation of the electro- 
static field E to its sources, electric charges, and the relation of the 
magnetic field B to steady currents. Its greatest usefulness lies ahead, 
in the study of time-varying fields, and electromagnetic radiation. 


FIELDS OF RINGS AND COILS 

6.5 A current filament in the form of a circular ring of radius b is 
shown in Fig. 6.15a. We could predict without any calculation that 
the magnetic field of this source must look something like Fig. 6.158, 
where we have sketched some field lines in a plane through the axis of 
symmetry. The field as a whole must be rotationally symmetrical 
about this axis, the z axis in Fig. 6.15a, and the field lines themselves 
must be symmetrical with respect to the plane of the loop, the xy 
plane. Very close to the filament the field will resemble that near a 
long straight wire, since the distant parts of the ring are there rela- 
tively unimportant. 

It is easy to calculate the field on the axis, using Eq. 38. Each 
element of the ring of length d/ contributes a dB perpendicular to r. 
We need only include the z component of dB, for we know the total 
field on the axis must point in the z direction, 


dB, = —s cos 6 = > Z (40) 
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Integrating over the whole ring, we have simply | dl = 2rb, so the 


field on the axis at any point z is 
2rb°I = 2rb*I 

cr’ c(b? + 27)? 
At the center of the ring, z = 0, the magnitude of the field is 


_ 2ml 
cb 


The cylindrical coil of wire shown in Fig. 6.16a is usually called 
a solenoid. We assume the wire is closely and evenly spaced so that 
the number of turns in the winding, per centimeter length along the 
cylinder, is a constant, n. Now the current path is actually helical, but 
if the turns are many and closely spaced, we can ignore this and regard 
the whole solenoid as equivalent to a stack of current rings. Then we 
can use Eq. 41 as a basis for calculating the field at any point, such 
as the point z, on the axis of the coil. Take first the contribution from 
the current ring included between radii from the point z making 
angles 0 and 0 + d0 with the axis. The length of this segment of the 
solenoid, shaded in Fig. 6.165, is r d@/sin 0, and it is therefore equiv- 


B, = 


(field on axis) (41) 


B, (field at center) (42) 
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FIGURE 6.15 
The magnetic field of a ring of current. (a) Calculation 
of field on the axis. (b) Some field lines. 
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(a) 


FIGURE 6.16 
(a) Solenoid. (b) Calculation of the field on the axis of a 
solenoid. - 
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alent to a ring carrying a current Jnr d6/sin 6. Since r = b/sin 8, we 
have, for the contribution of this ring to the axial field: 


2mb? Inr dd 2riIn 


dB, = —> — = —~ sin 6 dé (43) 
cr sinô C 
Carrying out the integration between the limits 6; and 6, gives 
2aI "2 2al 
= — | sin 0 dð = £Z (cos 6, — cos 0) (44) 
41 


We have used Eq. 44 to make a graph, in Fig. 6.17, of the field 
strength on the axis of a coil the length of which is four times its diam- 
eter. The ordinate is the field strength B, relative to the field strength 
in a coil of infinite length with the same number of turns per centi- 
meter and the same currents in each turn. For the infinite coil, 6, = 
0 and 6, = v, so 

_ 4nin 


Z 


(infinitely long solenoid) (45) 


At the center of the “‘four-to-one” coil the field is very nearly as large 
as this, and it stays pretty nearly constant until we approach one of 
the ends. 

Figure 6.18 shows the magnetic field lines in and around a coil 
of these proportions. Note that some field lines actually penetrate the 
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FIGURE 6.17 
Field strength B; on the axis, for the solenoid shown in 
Fig. 6.18. 


FIGURE 6.18 
_ Field lines in and around a solenoid. 
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FIGURE 6.19 

A solenoid formed by a single cylindrical conducting 
sheet. Inset shows how the field lines change direction 
inside the current-carrying conductor. 


winding. The cylindrical sheath of current is a surface of discontinuity 
for the magnetic field. Of course, if we were to examine the field very 
closely in the neighborhood of the wires, we would not find any infi- 
nitely abrupt kinks, but we would find a very complicated, ripply pat- 
tern around and through the individual wires. 

It is quite possible to make a long solenoid with a single turn of 
a thin wide ribbonlike conductor, as in Fig. 6.19. To this our calcula- 
tion and the diagram in Fig. 6.18 apply exactly, the quantity nī being 
merely replaced by the current per centimeter flowing in the sheet. 
Now the change in direction of a field line that penetrates the wall 
occurs entirely within the thickness of the sheet, as suggested in the 
inset in Fig. 6.19. 

In calculating the field of the solenoid in Fig. 6.16 we treated it 
as a stack of rings, ignoring the longitudinal current which must exist 
in any coil in which the current enters at one end and leaves at the 
other. Let us see how the field is modified if that is taken into account. 
The helical coil in Fig. 6.20c is equivalent, so far as its external field 
is concerned, to the superposition of the stack of current rings in Fig. 
6.20a and a single axial conductor in Fig. 6.20b. Adding the field of 
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B’ 


| 


the latter, B’, to the field B of the former, we get the external field of 
the coil. It has a helical twist. Some field lines have been sketched in 
Fig. 6.20c. As for the field inside the solenoid, the longitudinal current 
I flows, in effect, on the cylinder itself. Such a current distribution, a 
uniform hollow tube of current, produces zero field inside the cylin- 
der—leaving unmodified the interior field we calculated before. If you 
follow a looping field line from inside to outside to inside again, you 
will discover that it does not close on itself. Field lines generally don’t. 
You might find it interesting to figure out how this picture would be 
changed if the wire that leads the current 7 away from the coil were 
brought down along the axis of the coil to emerge at the bottom. 


CHANGE IN B AT A CURRENT SHEET 

6.6 In the example of Fig. 6.19 we had a solenoid constructed from 
a single curved sheet of current. Let’s look at something even simpler, 
a flat, unbounded current sheet. You may think of this as a sheet of 
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FIGURE 6.20 

The helical coil (c) is equivalent to a stack of circular 
rings, each carrying current / and shown in (a), plus a 
current / parallel to the axis of the coil. A path around 
the coil encloses the current /, the field of which, B’, 
must be added to the field B of the rings to form the 
external field of the helical coil. 
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FIGURE 6.21 
At a sheet of surface current there must be a change in 
the parallel component of B from one side to the other. 
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copper of uniform thickness in which a current flows with constant 
density and direction everywhere within the metal. In order to refer to 
directions, let us locate the sheet in the xz plane and let the current 
flow in the x direction. As the sheet is supposed to be of infinite extent 
with no edges, it is hard to draw a picture of it! We show a broken- 
out fragment of the sheet in Fig. 6.21, in order to have something to 
draw; you must imagine the rest of it extending over the whole plane. 
The thickness of the sheet will not be very important, finally, but we 
may suppose that it has some definite thickness t. If the current den- 
sity inside the metal is J in esu/sec-cm’, then every centimeter of 
height, in the z direction, includes a ribbon of current amounting to 
Jt esu/sec. We call this the surface current density or sheet current 
density and use the symbol ¢ to distinguish it from the volume current 
density J. The units of ¢ are esu/sec-cm. If we are not concerned with 
what goes on inside the sheet itself, # is a useful quantity. It is # that 
determines the change in the magnetic field from one side of the sheet 
to the other, as we shall see. 

The field in Fig. 6.21 is not merely that due to the sheet alone. 
Some other field in the z direction was present, from another source. 
The total field, including the effect of the current sheet, is represented 
by the B vectors drawn in front of and behind the sheet. 

Consider the line integral of B around the rectangle 12341 in 
Fig. 6.21. One of the long sides is in front of the surface, the other 
behind it, with the short sides piercing the sheet. Let B} denote the z 
component of the magnetic field immediately in front of the sheet, 
B; the z component of the field immediately behind the sheet. We 
mean here the field of a// sources that may be around, including the 
sheet itself. The line integral of B around the long rectangle is simply 
I(B} — Bz). (Even if there were some other source which caused a 
field component parallel to the short legs of the rectangle, these legs 
themselves can be kept much shorter than the long sides, since we 
assume the sheet is thin, in any case, compared with the scale of any 
field variation.) The current enclosed by the rectangle is just /¢. 
Hence we have the relation I(B} — B7) = 4rdlI/c, or 


_ 4nd 
c 


B; — B; (46) 
A current sheet of density ¢ gives rise to a jump in that component 
of B which is parallel to the surface and perpendicular to ¢. This may 
remind you of the change in electric field at a sheet of charge. There, 
the perpendicular component of E is discontinuous, the magnitude of 
the jump depending on the density of surface charge. 

If the sheet is the only current source we have, then of course 
the field is symmetrical about the sheet. B is 2ré/c, and B7 is 
— 2nd /c. This is shown in Fig. 6.22a. Some other situations, in which 
the effect of the current sheet is superposed on a field already present 
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Current sheet 


(a) (c) 


(b) 


from another source, are shown in Fig. 6.226 and c. Suppose there are 
two sheets carrying equal and opposite surface currents, as shown in 
cross section in Fig. 6.23, with no other sources around. The direction 
of current flow is perpendicular to the plane of the paper, out on the 
left and in on the right. The field between the sheets is 4aé/c, and 
there is no field at all outside. Something like this is found when cur- 
rent is carried by two parallel ribbons or slabs, close together com- 
pared with their width, as sketched in Fig. 6.24. Often bus bars for 
distributing heavy currents in power stations are of this form. 

The change in B takes place within the sheet, as we already 
remarked in connection with Fig. 6.19. For the same ¢@, the thinner 
the sheet, the more abrupt the transition. We looked at a situation 
very much like this in Chapters 1 and 2 when we examined the dis- 
continuity in the perpendicular component of E that occurs at a sheet 
of surface charge. It was instructive then to ask about the force on the 
surface charge, and we shall ask a similar question here. 

Consider a square portion of the sheet, 1 cm on a side. The cur- 
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FIGURE 6.22 

Some possible forms of the total magnetic field near a 
current sheet. Current flows in the & direction (out of 
the page). (a) The field of the sheet alone. (b) 
Superposed on a uniform field in the z direction (this is 
like the situation in Fig. 6.21). (c) Superposed on a 
uniform field in another direction. In every case the 
component B, changes by 47d /c, on passing through 
the sheet, with no change in B,. 


FIGURE 6.23 
The magnetic field between plane-parallel current 


sheets. 
_ 4m 
| 


B=0 B=0 
= £ 
8 S 
S =} 
E E 


234 


FIGURE 6.24 
The magnetic field of a pair of copper bus bars, shown 
in cross section, Carrying Current in opposite directions. 
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rent included is equal to £, the length of current path is 1 cm, and the 
average field that acts on this current, assuming the current is uni- 
formly distributed through the thickness of the sheet, is X( B} + B7). 
Therefore the force on this portion of the current distribution is 


] d 
Force on | cm? of sheet = 5 (Bi + Bz) pe (47) 


In view of Eq. 46, we can substitute (B7 — Bz )/4r for ¢/c, so that 
the force per square centimeter can be expressed in this way: 


: (= + a (= — 2: 
rorce perem = M 
2 4r 


(48) 
= = (8? — (B7) 
T 

The force is perpendicular to the surface and proportional to the 
area, like the stress caused by hydrostatic pressure. To make sure of 
the sign, we can figure out the direction of the force in a particular 
case, such as that in Fig. 6.23. The force is outward on each conduc- 
tor. It is as if the high-field region were the region of high pressure. 
The repulsion of any two conductors carrying current in opposite 
directions, as in Fig. 6.24, can be seen as an example of that. 
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We have been considering an infinite flat sheet, but things are 
much the same in the immediate neighborhood of any surface where 
there is a change in B. Wherever the component of B parallel to the 
surface changes from B, to B,, from one side of the surface to the 
other, we may conclude not only that there 1s a sheet of current flow- 
ing in the surface, but that the surface must be under a perpendicular 
stress of (Bi — B3 )/8m, measured in dynes/cm’. This is one of the 
controlling principles in magnetohydrodynamics, the study of electri- 
cally conducting fluids, a subject of interest both to electrical engi- 
neers and to astrophysicists. 


HOW THE FIELDS TRANSFORM 

6.7 A sheet of surface charge, if it is moving parallel to itself, con- 
stitutes a surface current. If we have a uniform charge density of o on 
the surface, with the surface itself sliding along at speed v, the surface 
current density is just £ = ov. This simple idea will help us to see 
how the electric and magnetic field quantities must change when we 
transform from one inertial frame of reference to another. 

Let’s imagine two plane sheets of surface charge, parallel to the 
xz plane as in Fig. 6.25. Again, we show fragments of surfaces only 
in the sketch; the surfaces are really infinite in extent. In the inertial 
frame F, with coordinates x, y, and z, the density of surface charge is 
g on one sheet and —o on the other. Here o means the amount of 
charge within unit area when area is measured by observers stationary 
in F. (It is not the density of charge in the rest frame of the charges 
themselves, which would be smaller by | /y.) In the frame F the uni- 
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FIGURE 6.25 

As observed in the frame F on the left, the surface 
charge density is øe and the surface current density is 

o Vo. Frame F” on the right moves in the x direction with 
speed v as seen from F. In F’ the surface charge 
density is g’ and the current density is o’ Vo. 
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form electric field E points in the positive y direction, and Gauss’ law 
assures us, as usual, that its strength is 


E, = 410 (49) 


In this frame F the sheets are both moving in the positive x 
direction with speed vo, so that we have a pair of current sheets. The 
density of surface current is fy = oUo in one sheet, the negative of 
that in the other. As in the arrangement in Fig. 6.23, the field between 
two such current sheets is 


B, =" = (50) 


The inertial frame F is one that moves, as seen from F, witha 
speed v in the positive x direction. What fields will an observer in F 
measure? To answer this we need only find out what the sources look 
like in Z”. 

In F the x’ velocity of the charge-bearing sheets is vó, given by 
the velocity addition formula 


; Vo — U Bo — B 


0 T= upv/e “1 — Bob 


There is a different Lorentz contraction of the charge density in this 
frame, exactly as in our earlier example of the moving line charge in 
Section 5.9. We can repeat the argument we used then: The density 
in the rest frame of the charges themselves is o(1 — v6/c’)!/*, or 
o/7o, and therefore the density of surface charge in the frame F’ is 


(51) 


d =o— (52) 
Yo 
As usual, y% stands for (1 — vf?/c?)~'/?. By means of Eq. 51 we can 
eliminate y4, expressing it in terms of Go and $, or yo and y. When we 
do this, the result 1s 


o = oy(1 — Bop) (53) 


The surface current density in the frame F” is charge density X charge 
velocity: 
(Bo — b) 


f’ = o'v = oy(l — BoB)e Tg = oy (vo — v) (54) 


We now know how the sources appear in frame F’, so we know what 
the fields in that frame must be. In saying this, we are again invoking 
the postulate of relativity. The laws of physics must be the same in all 
inertial frames, and that includes the formulas connecting electric 
field with surface charge density, and magnetic field with surface cur- 
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rent density. It follows then that 


E; = Ano’ = y | 4x0 — ga 2) (55) 
C C 

trovo _ ang 2) (56) 
C C 


If we look back at the values of E, and B, in Eqs. 49 and 50, we see 
that our result can be written as follows: 


E; = y (Ey — BB,) (57) 
B; Y (B: — BE,) 


If the sandwich of current sheets had been oriented parallel to 
the xy plane, instead of the xz plane, we would have obtained relations 
connecting E; with E£, and B,, and B; with B, and E,. Of course they 
would have the same form as the relations above, but if you trace the 
directions through, you will find that there are differences in sign, fol- 
lowing from the rules for the direction of B. 

Now we must learn how the field components in the direction of 
motion change. We discovered in Section 5.5 that a longitudinal com- 
ponent of E has the same magnitude in the two frames. That this is 
true also of a longitudinal component of B can be seen as follows. 
Suppose a longitudinal component of B, a B, component in the 
arrangement in Fig. 6.25, is produced by a solenoid around the x axis 
in frame F. The field strength inside a solenoid, as we know, depends 
only on the current in the wire, Z, which is charge per second, and n, 
the number of turns of wire per centimeter of axial length. In the 
frame F the solenoid will be Lorentz-contracted, so the number of 
turns per centimeter in that frame will be greater. But the current, as 
reckoned by the observer in F’, will be reduced, since from his point 
of view, the F observer who measured the current by counting the 
number of electrons passing a point on the wire, per second, was using 
a slow-running watch. The time dilation just cancels the length con- 
traction in the product nI. Indeed any quantity of the dimensions (lon- 
gitudinal length)~'! X (time)~' is unchanged in a Lorentz transfor- 
mation. So B} = B,. 

Remember the point made early in Chapter 5, in the discussion 
following Eq. 5.6: The transformation properties of the field are local 
properties. The values of E and B at some space-time point in one 
frame must uniquely determine the field components observed in any 
other frame at that same space-time point. Therefore the fact that we 
have used an especially simple kind of source (the parallel uniformly 
charged sheets) in our derivation in no way compromises the gener- 
ality of our result. We have in fact arrived at the general laws for the 
transformation of all components of the electric and magnetic field, of 
whatever origin or configuration. 
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We give below the full list of transformations. All primed quan- 
tities are measured in the frame F’, which is moving in the positive x 
direction with speed v as seen from F. Unprimed quantities are the 
numbers which are the results of measurement in F. As usual, 8 stands 
for v/c and y for (1 — B’)7'/*. 


EX, = Ex E= y(E,— BB) Ez = y (Ez + BBy) | (58) 
Bo = B, B; = y(B, + BE.) Br = y(B, — BE) 


The equations in the box confront us with an astonishing fact, 
their symmetry with respect to E and B. If the printer had mistakenly 
interchanged E’s with B’s, and y’s with z’s, the equations would come 
out exactly the same! Yet our previous view was that magnetism is a 
kind of “second-order” effect arising from relativistic changes in the 
electric fields of moving charges. Certainly magnetic phenomena as 
we find them in Nature are distinctly different from electrical phe- 
nomena. The world around us is by no means symmetrical with 
respect to electricity and magnetism. Nevertheless, with the sources 
out of the picture, we find that the fields themselves, E and B, are 
connected to one another in a highly symmetrical way. 

It appears too that the electric and magnetic fields are in some 
sense aspects, or components, of a single entity. We can speak of the 
electromagnetic field, and we may think of Ex, E,, Ez, Bx, B,, and B, 
as six components of the electromagnetic field. The same field viewed 
in different inertial frames will be represented by different sets of val- 
ues for these components, somewhat as a vector is represented by dif- 
ferent components in different coordinate systems rotated with respect 
to one another. However, the electromagnetic field so conceived is not 
a vector, mathematically speaking, but rather something called a ten- 
sor. The totality of the equations in the box forms the prescription for 
transforming the components of such a tensor when we shift from one 
inertial frame to another. We are not going to develop that mathe- 
matical language here. In fact, we shall return now to our old way of 
talking about the electric field as a vector field, and the magnetic field 
as another vector field coupled to the first in a manner to be explored 
further in Chapter 7. To follow up on this brief hint of the unity of 
the electromagnetic field as represented in four-dimensional space- 
time, you will have to wait for a more advanced course. 

We can express the transformation of the fields, Eq. 58, in a 
more elegant way which is often useful. Let 6c be the velocity of a 
frame F” as seen from a frame F. We can always resolve the fields in 
both F and F into vectors parallel to and perpendicular to, respec- 
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tively, the direction of 8. Thus, using an obvious notation: 


E=E,+E, E 
B = B; + B; B’ 


F’, + E’, (59) 
B’) + B 


Then the transformation can be written like this: 


YE, + £ X B,) (60) 
= 7(B, — 6 X E)) 


In the special case that led us to Eq. 59, 8 was BX, E, was 4roĵ, and 
B, was 4rovo2/c. The symmetry of the transformation is even more 
striking in the more general form, Eq. 60. 

In SI units, with E in volts/meter and B in teslas, the Lorentz 
transformation of the fields reads as follows: 


l 
= yE, + ——6 X B,) 


V €oo 


(60) 


= y(Bi — Veouo 8 X E,) 


In this system, unfortunately, the use of different units for E and B 
tends to obscure the essential electromagnetic symmetry of the vac- 
uum. The electric and magnetic fields are after all components of one 
tensor. The Lorentz transformation is something like a rotation, turn- 
ing E partly into B’, and B partly into E’. It seems quite natural and 
appropriate that the only parameter in Eq. 60 is the dimensionless 
ratio 8. To draw an analogy which is not altogether unfair, imagine 
that it has been decreed that east-west displacement components must 
be expressed in centimeters while north-south components are to be in 
inches. The transformation effecting a rotation of coordinate axes 
would be, to say the least, aesthetically unappealing. Nor is symmetry 
restored to Eq. 60’ when B 1s replaced, as is often done, by a vector 
H, which we shall meet in Chapter 11, and which in the vacuum is simply 
B/ Uo. 

There is a remarkably simple relation between the electric and 
magnetic field vectors in a special but important class of cases. Sup- 
pose a frame exists—let’s call it the umprimed frame—in which B is 
zero in some region. Then in any other frame F” which moves with 
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The electric and magnetic fields, at one instant of time, 


of a charge in uniform motion. 
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velocity Bc relative to that special frame, we have according to Eq. 60 


But 8 X E, = 0 in any case, for E, is parallel to 6 by definition. 
Hence the relation between E” and B’ reduces simply to 


B= -BXE (62) 


This holds in every frame if B = 0 in one frame. Remember that 6c 
is the velocity of the frame in question with respect to the special 
frame in which B = 0. 

In the same way, we can deduce from Eq. 60 that, if there exists 
a frame in which E = 0, then in any other frame 


E’ = B X B’ (63) 


As before, c is the velocity of the frame F” with respect to the special 
frame F in which, in this case, E = 0. 

Because Eqs. 62 and 63 involve only quantities measured in the 
same frame of reference, they are easy to apply, whenever the restric- 
tion is met, to fields that vary in space. A good example is the field of 
a point charge g moving with constant velocity, the problem studied 
in Chapter 5. Take the unprimed frame to be the frame in which the 
charge is at rest. In this frame, of course, there is no magnetic field. 
Equation 61 tells us that in the lab frame, where we find the charge 
moving with speed v, there must be a magnetic field perpendicular to 
the electric field and to the direction of motion. We have already 
worked out the exact form of the electric field in this frame: We know 
the field is radial from the instantaneous position of the charge, with 
a magnitude given by Eq. 12 of Chapter 5. The magnetic field lines 
must be circles around the direction of motion, as indicated crudely in 
Fig. 6.26. When the velocity of the charge is high, so that y > 1, the 
radial “spokes” which are the electric field lines are folded together 
into a thin disk. The circular magnetic field lines are likewise concen- 
trated in this disk. The magnitude of B is then nearly equal to the 
magnitude of E. That is, the magnitude of the magnetic field in gauss 
is almost exactly the same as the magnitude of the electric field, at 
the same point and instant of time, in statvolts/cm. 

We have come a long way from Coulomb’s law in the last two 
chapters. Yet with each step we have only been following out consis- 
tently the requirements of relativity and of the invariance of electric 
charge. We can begin to see that the existence of the magnetic field 
and its curiously symmetrical relationship to the electric field is a nec- 
essary consequence of these general principles. We remind the reader 
again that this was not at all the historical order of discovery and elu- 
cidation of the laws of electromagnetism. One aspect of the coupling 
between the electric and magnetic fields which is implicit in Eq. 58 
came to light in Michael Faraday’s experiments with changing elec- 
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tric currents, which will be described in Chapter 7. That was 75 years 
before Einstein, in his epochal paper of 1905, first wrote out our Eq. 
58. 


ROWLAND’S EXPERIMENT 
6.8 As we remarked in Sec. 5.9, it was not obvious 100 years ago 
that a current flowing in a wire and a moving electrically charged 
object are essentially alike as sources of magnetic field. The unified 
view of electricity and magnetism which was then emerging from 
Maxwell’s work suggested that any moving charge ought to cause a 
magnetic field, but experimental proof was hard to come by. 

That the motion of an electrostatically charged sheet produces 
a magnetic field was first demonstrated by Henry Rowland, the great 
American physicist renowned for his perfection of the diffraction grat- 
ing. Rowland made many ingenious and accurate electrical measure- 
ments, but none that taxed his experimental virtuosity as severely as 
the detection and measurement of the magnetic field of a rotating 
charged disk. The field to be detected was something like 107° of the 
earth’s field in magnitude—a formidable experiment, even with 
today’s instruments! In Fig. 6.27, you will see a sketch of Rowland’s 
apparatus and a reproduction of the first page of the paper in which 
he described his experiment. Ten years before Hertz’ discovery of elec- 
tromagnetic waves, Rowland’s result gave independent, if less dra- 
matic, support to Maxwell’s theory of the electromagnetic field. 


ELECTRIC CONDUCTION IN A MAGNETIC FIELD: 

THE HALL EFFECT 

6.9 When a current flows in a conductor in the presence of a mag- 
netic field, the force (g/c)v X B acts directly on the moving charge 
carriers. Yet we observe a force on the conductor as a whole. Let’s see 
how this comes about. Figure 6.28a shows a section of a metal bar in 
which a steady current 1s flowing. Driven by a field E, electrons are 
drifting to the left with average speed v, which has the same meaning 
as the u in our discussion of conduction in Chapter 4. The conduction 
electrons are indicated, very schematically, by the white dots. The 
black dots are the positive ions which form the rigid framework of the 
solid metal bar. Since the electrons are negative, we have a current in 
the y direction. The current density J and the field E are related by 
the conductivity of the metal, o, as usual: J = oF. There is no mag- 
netic field in Fig. 6.28a except that of the current itself, which we shall 
ignore. Now an external field B in the x direction is switched on. The 
state of motion immediately thereafter is shown in Fig. 6.285. The 
electrons are being deflected downward. But since they cannot escape 
at the bottom of the bar, they simply pile up there, until the surplus 
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FIGURE 6.27 
The essential parts of Rowland’s apparatus. In the 


tube at the left two short magnetized needles are sus- 


pended horizontally. 


ON THE MAGNETIC EFFECT OF ELECTRIC CONVECTION ’* 


[American Journal of Science 13], X V, 30-88, 1878] 


The experiments described in this paper were made with a view of 
determining whether or not an electrified body in motion produces 
magnetic effects. ‘There seems to be no theoretical ground upon which 
we can settle the question, seeing that the magnetic action of a con- 
ducted electric current may be ascribed to some mutual action between 
the conductor and the current. Hence an experiment is of value. Pro- 
fessor Maxwell, in his ‘ Treatise on Electricity,’ Art. 770, has computed 
the magnetic action of a moving electrified surface, but that the action 
exists has not yet been proved experimentally or theoretically. 

The apparatus employed consisted of a vulcanite disc 21-1 centi- 
metres in diameter and -5 centimetre thick which could be made to 
revolve around a vertical axis with a velocity of 61- turns per second. 
On either side of the disc at a distance of -6 cm. were fixed glass plates 
having a diameter of 38-9 cm. and a hole in the centre of 7-8 cm. The 
vuleanite disc was gilded on both sides and the glass plates had an 
annular ring of gilt on one side, the outside and inside diameters being 
24-0 cm. and 8:9 cm. respectively. The gilt sides could be turned 
toward or from the revolving disc but were usually turned toward it so 
that the problem might be calculated more readily and there should 
be no uncertainty as to the electrification. The outside plates were 
usually connected with the earth; and the inside disc with an electric 
battery, by means of a point which approached within one-third of a 
millimetre of the edge and turned toward it. As the edge was broad, 
the point would not discharge unless there was a difference of potential 
between it and the edge. Between the electric battery and the disc, 


1 The experiments described were made in the laboratory of the Berlin University 
through the kindness of Professor Helmholtz, to whose advice they are greatly in- 
debted for their completeness. The idea of the experiment first occurred to me in 
1868 and was recorded in a note book of that date. 
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of negative charge at the bottom of the bar and the corresponding 
excess of positive charge at the top create an electric field E, in which 


FIGURE 6.28 

(a) A current flows in a metal bar. Only a short section 
of the bar is shown. Conduction electrons are indicated 
(not in true size and number!) by white dots, positive 
ions of the crystal lattice by black dots. The arrows 
indicate the average velocity v of the electrons. (b) A 
magnetic field is applied to the x direction, Causing (at 
first) a downward deflection of the moving electrons. (c) 
The altered charge distribution makes a transverse 
electric field E,. In this field the stationary positive ions 
experience a downward force. 
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FIGURE 6.29 

The Hall effect. When a magnetic field is applied 
perpendicular to a conductor carrying current, a 
potential difference is observed between points on 
opposite sides of the bar—points which, in the 
absence of the field, would be at the same potential. 
This is consistent with the existence of the field E, 
inside the bar. By measuring the “Hall voltage” one 
can determine the number of charge carriers per cubic 
centimeter, and their sign. 
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the upward force, of magnitude eE, exactly balances the downward 
force (e/c)uB. In the steady state (which is attained very quickly!) the 
average motion is horizontal again, and there exists in the interior of 
the metal this transverse electric field E,, as observed in coordinates 
fixed in the metal lattice (Fig. 6.28c). This field causes a downward 
force on the positive ions. That is how the force, (—e/c)v X B, on the 
electrons is passed on to the solid bar. The bar, of course, pushes on 
whatever is holding it. 

The condition for zero average transverse force on the moving 
charge carriers is 


y 
E,+-XB=0 (64) 


Suppose there are m mobile charge carriers per cm? and, to be 
more general, denote the charge of each by q. Then the current density 
J is ngv. If we now substitute J/ng for v in Eq. 63, we can relate the 
transverse field E, to the directly measurable quantities J and B: 


—J X B 
E, = ——— (65) 
ngc 
For electrons q = —e, so E, has in that case the direction of J X B, 


as it does in Fig. 6.28c. 

The existence of the transverse field can easily be demonstrated. 
Wires are connected to points P, and P, on opposite edges of the bar 
(Fig. 6.29), the junction points being carefully located so that they are 
at the same potential when current is flowing in the bar and B is zero. 
The wires are connected to a voltmeter. After the field B is turned on 
P, and P, are no longer at the same potential. The potential difference 
is E, times the width of the bar, and in the case illustrated P is posi- 
tive relative to P). A steady current will flow around the external cir- 


5 To galvanometer 
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cuit from P, to P», its magnitude determined by the resistance of the 
voltmeter. Notice that the potential difference would be reversed if the 
current J consisted of positive carriers moving to the right rather than 
electrons moving to the left. Here for the first time we have an exper- 
iment that promises to tell us the sign of the charge carriers in a 
conductor. 

The effect was discovered in 1879 by E. H. Hall who was study- 
ing under Rowland at Johns Hopkins. In those days no one understood 
the mechanism of conduction in metals. The electron itself was 
unknown. It was hard to make much sense of the results. Generally 
the sign of the “Hall voltage” was consistent with conduction by neg- 
ative carriers, but there were exceptions even to that. A complete 
understanding of the Hall effect in metallic conductors came only with 
the quantum theory of metals, about 50 years after Hall’s discovery. 

The Hall effect has proved to be especially useful in the study 
of semiconductors. There it fulfills its promise to reveal directly both 
the concentration and the sign of the charge carriers. The n-type and 
p-type semiconductors described in Chapter 4 give Hall voltages of 
opposite sign, as we should expect. As the Hall voltage is proportional 
to B, an appropriate semiconductor in the arrangement of Fig. 6.29 
can serve, once calibrated, as a simple and compact device for mea- 
suring an unknown magnetic field. An example is described in Prob- 
lem 6.35. 


PROBLEMS 


6.1 Suppose the current Z that flows in the circuit in Fig. 5.15 is 6 
X 10'° esu/sec, or 20 amperes. The distance between the wires is 5 
cm. How large is the force, per centimeter of length, that pushes hor- 
izontally on one of the wires? 


6.2 A current of 8000 amperes flows through an aluminum rod 4 
cm in diameter. Assuming the current density is uniform through the 
cross section, find the strength of the magnetic field at 1 cm, at 2 cm, 
and at 3 cm from the axis of the rod. 


6.3 Consider the magnetic field of a circular current ring, at points 
on the axis of the ring, given by Eq. 41. Calculate explicitly the line 
integral of the field along the axis from —© to ©, to check the gen- 


eral formula 
4rI 
| B-ds = a 
C 


Why may we ignore the “return” part of the path which would be 
necessary to complete a closed loop? 
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6.4 A long wire is bent into the hairpinlike shape shown in the fig- 
ure. Find an exact expression for the magnetic field at the point P 
which lies at the center of the half-circle. 


6.5 Three long straight parallel wires are located as shown in the 
diagram. One wire carries current 2/ into the paper; each of the others 
carries current J in the opposite direction. What is the strength of the 
magnetic field at the point P, and at the point P}? 


6.6 Suppose that the current J, in Fig. 6.45 is equal to Z, but 
reversed, so that CD is repelled by GH. Suppose also that AB and EF 
lie vertically above GH, that the lengths BC and CD are 30 and 15 
cm, respectively, and that the conductor BCDE, which is 1-mm-diam- 
eter copper wire as in (a), has a weight of 8 dynes/cm. In equilibrium 
the deflection of the hanging frame from the vertical is such that r = 
1.5 cm. How large is the current in esu/sec and in amperes? Is the 
equilibrium stable? 


6.7 The earth’s metallic core extends out to 3000 km, about half 
the earth’s radius. Imagine that the field we observe at the earth’s 
surface, which has a strength of roughly 0.5 gauss at the north mag- 
netic pole, is caused by a current flow around the “equator” of the 
core. How big would that current be, in amperes? 

Ans. 3 X 10? amps. 


6.8 A wire carrying current J runs down the y axis to the origin, 
thence out to infinity along the positive x axis. Show that the magnetic 
field in the quadrant x > 0, y > 0 of the xy plane is given by 


l l x 


peat ey 
cx y pVx?+y? xVx*? 4 y’ 


6.9 Describing the experiment in which he discovered the influence 
of an electric current on a nearby compass needle, H. C. Oersted 
wrote: “If the distance of the connecting wire does not exceed three- 
quarters of an inch from the needle, the declination of the needle 
makes an angle of about 45°. If the distance is increased the angle 
diminishes proportionally. The declination likewise varies with the 
power of the battery.” About how large a current, in amperes, must 
have been flowing in Oersted’s “connecting wire”? Assume the hori- 
zontal component of the earth’s field in Copenhagen in 1820 was the 
same as it is today, 0.2 gauss. 


6.10 A 50-kilovolt direct-current power line consists of two con- 
ductors 2 meters apart. When this line is transmitting 10 megawatts, 
how strong is the magnetic field midway between the conductors? 


6.11 A solenoid is made by winding two layers of No. 14 copper 
wire on a cylindrical form 8 cm in diameter. There are four turns per 
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centimeter in each layer, and the length of the solenoid is 32 cm. From 
the wire tables we find that No. 14 copper wire, which has a diameter 
of 0.163 cm, has a resistance of 0.010 ohm/meter at 75°C. (The coil 
will run hot!) If the solenoid is connected to a 50-volt generator, what 
will be the magnetic field strength at the center of the solenoid in 
gauss and what is the power dissipation in watts? 


6.12 Current / flows around the wire frame in the figure. 

(a) What is the direction of the magnetic field at P, the center 
of the cube? 

(b) Show by using superposition that the field at P is the same 
as if the frame were replaced by the single square loop shown on the 
right. 


6.13 One way to produce a very uniform magnetic field is to use a 
very long solenoid and work only in the middle section of its interior. 
This is often convenient, wasteful of space and power. Can you suggest 
ways in which two short coils or current rings might be arranged to 
achieve good uniformity over a limited region? Hint: Consider two 
coaxial current rings of radius a, separated axially by a distance b. 
Investigate the uniformity of the field in the vicinity of the point on 
the axis midway between the two coils. Determine the magnitude of 
the coil separation b which for given coil radius a will make the field 
in this region as nearly uniform as possible. 


6.14 A coil is wound evenly on a torus of rectangular cross section. 
There are N turns of wire in all. Only a few are shown in the figure. 
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With so many turns, we shall assume that the current on the surface 
of the torus flows exactly radially on the annular end faces, and 


900 amp exactly longitudinally on the inner and outer cylindrical surfaces. First 
convince yourself that on this assumption symmetry requires that the 
P magnetic field everywhere should point in a “circumferential” direc- 


tion, that is, that all field lines are circles about the axis of the torus. 

Second, prove that the field is zero at all points outside the torus, 

including the interior of the central hole. Third, find the magnitude of 
| the field inside the torus, as a function of radius. 


6.15 For a delicate magnetic experiment, a physicist wants to can- 

rem cel the earth’s field over a volume roughly 30 X 30 X 30 cm in size, 

so that the residual field in this region will not be greater than 10 

Renn milligauss at any point. The strength of the earth’s field in this location 

is 0.55 gauss, making an angle of 30° with the vertical. It may be 

PROGLEN 3.19 assumed constant to a milligauss or so over the volume in question. 


(The earth’s field itself would hardly vary that much over a foot or so, 
but in a laboratory there are often local perturbations.) Suggest an 
arrangement of coils suitable for the task, and estimate the number of 
ampere turns required in your compensating system. 


6.16 A long copper rod 8 cm in diameter has an off-center cylin- 
drical hole, as shown in the diagram, down its full length. This con- 
ductor carries a current of 900 amps flowing in the direction “into the 
paper.” We want to know the direction, and strength in gauss, of the 
magnetic field at the point P which lies on the axis of the outer 
cylinder. 


[— 
al RF Ae a n 6.17 A number of simple facts about the fields of solenoids can be 
D i ie ; i f 

found by using superposition. The idea is that two solenoids of the 
same diameter, and length L, if joined end to end, make a solenoid of 
length 2L. Two semi-infinite solenoids butted together make an infi- 
nite solenoid, and so on. (A semi-infinite solenoid is one that has one 
end here and the other infinitely far away.) Here are some facts you 
can prove this way: 


(a) In the finite-length solenoid in part (a) of the figure, the 

magnetic field on the axis at the point P, at one end is approximately 
K half the field at the point P, in the center. (Is it slightly more than 
half, or slightly less than half?) 

(b) In the semi-infinite solenoid shown in part (b) of the figure, 
the field line FGH which passes through the very end of the winding 
is a straight line from G out to infinity. 

(c) The flux of B through the end face of the semi-infinite sole- 
noid is just half the flux through the coil at a large distance back in 

ae the interior. 
(b) | he (d) Any field line which is ro cm from the axis far back in the 
interior of the coil exits from the end of the coil at a radius r; = 
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Show that these statements are true. What else can you find 
out? 


6.18 Two long coaxial aluminum cylinders are charged to a poten- 
tial difference of 50 statvolts. The inner cylinder has an outer diameter 
of 6 cm, the outer cylinder an inner diameter of 8 cm. With the outer 
cylinder stationary the inner cylinder is rotated around its axis at a 
constant speed of 30 revolutions per sec. Describe the magnetic field (a) 
this produces and determine its intensity in gauss. What if both cyl- 

inders are rotated in the same direction at 30 revolutions per sec. 


PROBLEM 6.17 


6.19 A student said, “You almost convinced me that the force 
between currents, which I thought was magnetism, is explained by 
electric fields of moving charges. But if so, why doesn’t the metal plate 
in Fig. 5.1c shield one wire from the influence of the other?” Can you 
explain it? 


6.20 Suppose we had a situation in which the component of the 
magnetic field parallel to the plane of a sheet had the same magnitude 
on both sides, but changed direction by 90° in going through the 
sheet. What is going on here? Would there be a force on the sheet? 
Should our formula for the force on a current sheet apply to cases like 
this? 


6.21 Since parallel current filaments attract one another, one 
might think that a current flowing in a solid rod like the conductor in 
Problem 6.2 would tend to concentrate near the axis of the rod. That 
is, the conduction electrons, instead of distributing themselves evenly 
as usual over the interior of the metal, would crowd in toward the axis 
and most of the current would be there. What do you think prevents 
this from happening? Ought it happen to any extent at all? Can you 
suggest an experiment to detect such an effect, if it should exist? 


6.22 The main goal of this problem is to find the torque that acts 
on a current loop in a constant magnetic field. The constant field B 
points in some direction in space. We shall orient our coordinates so 
that B is perpendicular to the x axis, and our current loop lies in the 
xy plane, as shown in the figure. The shape and size of the loop are 
arbitrary; we may think of the current as being supplied by twisted 
leads on which any net force will be zero. Consider some small element 
of the loop, and work out its contribution to the torque about the x 
axis. Only the z component of force on it will be involved, and hence 
only the y component of the field B, which we have indicated as 9B, 
on the diagram. Set up the integral which will give the total torque. 
Show that this integral will give, except for constant factors, the area 
of the loop. The magnetic moment of a current loop is defined as a 
vector m of magnitude /a/c where / is the current in esu/sec, a is the 
area of the loop in cm’, and the direction of the vector is normal to 
the loop with a right-hand-thread relation to the current, as shown in 
the figure. (We’ll meet the current loop and its magnetic moment 
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again in Chapter 11.) Show now that your result implies that the 
torque N on any current loop is given by the vector equation 


N =m XB 
What about the net force on the loop? 


6.23 For some purposes it is useful to accelerate negative hydrogen 
ions in a cyclotron. A negative hydrogen ion, H~, is a hydrogen atom 
to which an extra electron has become attached. The attachment is 
fairly weak; an electric field of only 1.5 X 10* statvolts/cm (a rather 
small field by atomic standards) will pull an electron loose, leaving a 
hydrogen atom. If we want to accelerate H~ ions up to a kinetic 
energy of 1 Gev (10° ev), what is the highest magnetic field we dare 
use to keep them on a circular orbit up to final energy? (To find y for 
this problem you only need the rest mass of the H~ ion, which is of 
course practically the same as that of the proton, approximately | 
Gev.) 


6.24 An electron is moving at a speed 0.0lc on a circular orbit of 
radius 1078 cm. What is the strength of the resulting magnetic field 
at the center of the orbit? (The numbers given are typical, in order of 
magnitude, for an electron in an atom.) 


6.25 See if you can devise a vector potential that will correspond 
to a uniform field in the z direction: B, = 0, B, = 0, Bz = Bo. 


6.26 A round wire of radius rọ carries a current Z distributed uni- 
formly over the cross section of the wire. Let the axis of the wire be 
the z axis, with z the direction of the current. Show that a vector 
potential of the form A = constant X 2% (x? + y?) will correctly give 
the magnetic field B of this current at all points inside the wire. What 
is the value of the constant? 


6.27 A particle of charge q and rest mass m is moving with velocity 
v where the magnetic field is B. Here B is perpendicular to v, and there 
is no electric field. Show that the path of the particle is a curve with 
radius of curvature R given by R = pc/qB, where p is the momentum 
of the particle, 8Symc. (Hint: Note that the force gv X B/c can only 
change the direction of the particle’s momentum, not its magnitude. 
By what angle A0 is the direction of p changed in a short time At?) If 
B is the same everywhere the particle will follow a circular path. Find 
the time required to complete one revolution. 


6.28 A proton with kinetic energy 10'° ev (y = 10’) is moving per- 
pendicular to the interstellar magnetic field which in that region of the 
galaxy has a strength 3 X 107° gauss. What is the radius of curvature 
of its path and how long does it take to complete one revolution? (Use 
the results for Problem 6.27.) 


6.29 A high-energy accelerator produces a beam of protons with 
kinetic energy 2 Gev (that is, 2 X 10° ev per proton). The current is 
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1 milliamp. The beam diameter is 2 mm. As measured in the labo- 
ratory frame: 

(a) What is the strength of the electric field caused by the beam 
1 cm from the central axis of the beam? 

(b) What is the strength of the magnetic field at the same dis- 
tance? Now consider a frame F” which is moving along with the pro- 
tons. What fields would be measured in F”? For this problem you may 
assume that the rest energy of a proton is 10” ev. 


6.30 In the neighborhood of the origin in the coordinate system x, 
y, z, there is an electric field E of magnitude 100 statvolts/cm, point- 
ing in a direction that makes angles of 30° with the x axis, 60° with 
the y axis. The frame Æ” has its axes parallel to those just described, 
but is moving, relative to the first frame, with a speed 0.6c in the pos- 
itive y direction. Find the direction and magnitude of the electric field 
which will be reported by an observer in the frame F”. What magnetic 
field does this observer report? 


6.31 According to observers in the frame F, the following events 
occurred in the xy plane. A singly charged positive ion which had been 
moving with the constant velocity v = 0.6c in the ¥ direction passed 
through the origin at t = 0. At the same instant a similar ion which 
had been moving with the same speed, but in the — ¥ direction, passed 
the point (2, 0, 0) on the x axis. The distances are in cm. 

(a) What is the strength and direction of the electric field, at ¢ 
= 0, at the point (3, 0, 0)? 

(b) What is the strength and direction of the magnetic field at 
the same place and time? 

Ans. E = (*%s) eX; B = (%) 2. 


6.32 Consider two electrons in a cathode ray tube which are mov- 
ing on parallel paths, side by side, at the same speed v. The distance 
between them, a distance measured at right angles to their velocity, is 
r. What is the force that acts on one of them, owing to the presence 
of the other, as observed in the laboratory frame? If v were very small 
compared to c, you could answer e”/r’ and let it go at that. But v isn’t 
small, so you have to be careful. 

(a) The easiest way to get the answer is this: Go to a frame of 
reference moving with the electrons. In that frame the two electrons 
are at rest, the distance between them is still r (why?), and the force 
is just e?/r°. Now transform the force into the laboratory frame, using 
the force transformation law, Eq. 14 of Chapter 5. (Be careful about 
which is the primed system; is the force in the lab frame greater or 
less than the force in the electron frame?) 

(b) It should be possible to get the same answer working entirely 
in the lab frame. In the lab frame, at the instantaneous position of 
electron 1, there are both electric and magnetic fields arising from 
electron 2 (see Fig. 6.26). Calculate the net force on electron 1, which 
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is moving through these fields with speed v, and show that you get the 
same result as in (a). Make a diagram to show the directions of the 
fields and forces. 

(c) In the light of this, what can you say about the force between 
two side-by-side moving electrons, in the limit v > c? 


6.33 The figure shows the path of a positive ion moving in the xy 
plane. There is a uniform magnetic field of 6000 gauss in the Z direc- 
tion. Each period of the ion’s cycloidal motion is completed in | micro- 
second. What is the magnitude and the direction of the electric field 
that must be present? Hint: Think about a frame in which the electric 


field is zero. 
Ans. E = —2X statvolts/cm. 


6.34 Calculate approximately the magnetic field to be expected 
just above the rotating disk in Rowland’s experiment. Take the rele- 
vant data from the description on the page of his paper that is repro- 
duced in Fig. 6.27. You will need to know also that the potential of 
the rotating disk, with respect to the grounded plates above and below 
it, was around 10 kilovolts in most of his runs. This information is of 
course given later in his paper, as is a description of a crucial part of 
the apparatus, the “astatic” magnetometer shown in the vertical tube 
on the left. This is an arrangement in which two magnetic needles, 
oppositely oriented, are rigidly connected together on one suspension 
so that the torques caused by the earth’s field cancel one another. The 
field produced by the rotating disk, acting mainly on the nearer needle, 
can then be detected in the presence of a very much stronger uniform 
field. That is by no means the only precaution Rowland had to take. 


6.35 A Hall probe for measuring magnetic fields is made from 
arsenic-doped silicon which has 2 X 10'° conduction electrons per cm’ 
and a resistivity of 1.6 ohm-cm. The Hall voltage is measured across 
a ribbon of this n-type silicon which is 0.2 cm wide, 0.005 cm thick, 
and 0.5 cm long between thicker ends at which it is connected into a 
l-volt battery circuit. What voltage will be measured across the 0.2 
cm dimension of the ribbon when the probe is inserted into a field of 
1 kilogauss? 

Ans. 7.8 millivolts. 


6.36 Show that the SI version of Eq. 65 must read E, = —J X 
B/nq, where E, is in volts/meter, B in teslas, n in m~*, and q in 
coulombs. 


6.37 Consider two solenoids, one of which is a tenth-scale model of 
the other. The larger solenoid is 2 meters long, and 1 meter in diam- 
eter and is wound with l-cm-diameter copper wire. When the coil is 
connected to a 120-volt direct-current generator, the magnetic field at 
its center is 1000 gauss. The scaled-down model is exactly one-tenth 
the size in every linear dimension, including the diameter of the wire. 
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The number of turns is the same, and it is designed to provide the 
same central field. 

(a) Show that the voltage required is the same, namely, 120 
volts. 

(b) Compare the coils with respect to the power dissipated and 
the difficulty of removing this heat by some cooling means. 


6.38 This problem concerns the electrically charged interstellar 
dust grain that was the subject of Problem 2.22. Its mass, which was 
not involved in that problem, may be taken as 107" gm. Suppose it is 
moving quite freely, with speed v <&c, in a plane perpendicular to the 
interstellar magnetic field which in that region has a strength of 3 X 
1076 gauss. How many years will it take to complete a circular orbit? 
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FARADAY’S DISCOVERY 


hiihii — Ns 7-1 
BATTERY 1. The power which electricity of tension possesses of caus- 
p j ing an opposite electrical state in its vicinity has been expressed 
(erp A by the general term Induction; which, as it has been received 
— í 77 S i _ into scientific language, may also, with propriety, be used in the 
K | as N same general sense to express the power which electrical cur- 
| ( — pix WOOD rents may possess of inducing any particular state upon matter 
N Nli ( i ests J in their immediate neighbourhood, otherwise indifferent. It is 
NE, with this meaning that I purpose using it in the present paper. 


`~ 


2. Certain effects of the induction of electrical currents 

TWO COILS have already been recognised and described: as those of mag- 

netization; Ampére’s experiments of bringing a copper disc near 
6 LAYERS EACH to a flat spiral; his repetition with electromagnets of Arago’s 
extraordinary experiments, and perhaps a few others. Still it 
appeared unlikely that these could be all the effects which induc- 
tion by currents could produce; especially as, upon dispensing 
with iron, almost the whole of them disappear, whilst yet an 
infinity of bodies, exhibiting definite phenomena of induction 
with electricity of tension, still remain to be acted upon by the 
induction of electricity in motion. 

3. Further: Whether Ampére’s beautiful theory were 
adopted, or any other, or whatever reservation were mentally 
made, still it appeared very extraordinary, that as every electric 
current was accompanied by a corresponding intensity of mag- 

IAL netic action at right angles to the current, good conductors of 

z> electricity, when placed within the sphere of this action, should 

(a) GALVANOMETER ` not have any current induced through them, or some sensible 
effect produced equivalent in force to such a current. 

4. These considerations, with their consequence, the hope 


=f 100-PLATE DD, of obtaining electricity from ordinary magnetism, have stimu- 


lated me at various times to investigate experimentally the 
inductive effect of electric currents. I lately arrived at positive 
results; and not only had my hopes fulfilled, but obtained a key 
which appeared to me to open out a full explanation of Arago’s 
magnetic phenomena, and also to discover a new state, which 
may probably have great influence in some of the most impor- 
tant effects of electric currents. 

5. These results I purpose describing, not as they were 
obtained, but in such a manner as to give the most concise view 
of the whole. 


FIGURE 7.1 So begins Michael Faraday’s account of the discovery of elec- 


(a-e) Interpretation by the author of some of Faraday’s 9 . ; 
experiments described in his ‘‘Experimental tromagnetic induction. This passage was part of a paper Faraday pre- 


Researches in Electricity,’ London, 1839. sented in 1831. It is quoted from his “Experimental Researches in 
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Electricity,” published in London in 1839. There follows in the paper 
a description of a dozen or more experiments, through which Faraday 
brought to light every essential feature of the production of electric 
effects by magnetic action. 

By “electricity of tension” Faraday meant electrostatic charges, 
and the induction he refers to in the first sentence involves nothing 
more than we have studied in Chapter 3: The presence of a charge 
causes a redistribution of charges on conductors nearby. Faraday’s 
question was, why does not an electric current cause another current 
in nearby conductors? 

The production of magnetic fields by electric currents had been 
thoroughly investigated after Oersted’s discovery. The familiar labo- 
ratory source of these “galvanic” currents was the voltaic battery. The 
most sensitive detector of such currents was a galvanometer. It con- 
sisted of a magnetized needle pivoted like a compass needle or sus- 
pended by a weak fiber between two coils of wire. Sometimes another 
needle, outside the coil but connected rigidly to the first needle, was 
used to compensate the influence of the earth’s magnetic field (Fig. 
7.1a). The sketches in Fig. 7.15 through e represent a few of Fara- 
day’s induction experiments. You must read his own account, one of 
the classics of experimental science, to appreciate the resourcefulness 
with which he pressed the search, the alert and open mind with which 
he viewed the evidence. 

In his early experiments Faraday was puzzled to find that a 
steady current had no detectable effect on a nearby circuit. He con- 
structed various coils of wire, of which Fig. 7.1a shows an example, 
winding two conductors so that they should lie very close together 
while still separated by cloth or paper insulation. One conductor would 
form a circuit with the galvanometer. Through the other he would 
send a strong current from a battery. There was, disappointingly, no 
deflection of the galvanometer. But in one of these experiments he 
noticed a very slight disturbance of the galvanometer when the current 
was switched on and another when it was switched off. Pursuing this 
lead, he soon established beyond doubt that currents in other conduc- 
tors are induced, not by a steady current, but by a changing current. 
One of Faraday’s brilliant experimental tactics at this stage was to 
replace his galvanometer, which he realized was not a good detector 
for a brief pulse of current, by a simple small coil in which he put an 
unmagnetized steel needle (Fig. 7.15). He found that the needle was 
left magnetized by the pulse of current induced when the primary cur- 
rent was switched on—and it could be magnetized in the opposite 
sense by the current pulse induced when the primary circuit was 
broken. 

Here is his own description of another experiment: 


In the preceding experiments the wires were placed near to each 
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FIGURE 7.2 

(a) A conducting rod moves through a magnetic field. 
(b) Any charge q that travels with the rod is acted upon 
by the force (g/c)v X B. (c) The reference frame F’ 
moves with the rod; in this frame there is an electric 
field E’. 
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other, and the contact of the inducing one with the battery made 
when the inductive effect was required; but as the particular 
action might be supposed to be exerted only at the moments of 
making and breaking contact, the induction was produced in 
another way. Several feet of copper wire were stretched in wide 
zigzag forms, representing the letter W, on one surface of a 
broad board; a second wire was stretched in precisely similar 
forms on a second board, so that when brought near the first, 
the wires should everywhere touch, except that a sheet of thick 
paper was interposed. One of these wires was connected with the 
galvanometer, and the other with a voltaic battery. The first wire 
was then moved towards the second, and as it approached, the 
needle was deflected. Being then removed, the needle was 
deflected in the opposite direction. By first making the wires 
approach and then recede, simultaneously with the vibrations of 
the needle, the latter soon became very extensive; but when the 
wires ceased to move from or towards each other, the, galvanom- 
eter needle soon come to its usual position. 

As the wires approximated, the induced current was in the 
contrary direction to the inducing current. As the wires receded, 
the induced current was in the same direction as the inducing 
current. When the wires remained stationary, there was no 
induced current. 


In this chapter we study the electromagnetic interaction that 
Faraday explored in those experiments. From our present viewpoint, 
induction can be seen as a natural consequence of the force on a 
charge moving in a magnetic field. In a limited sense, we can derive 
the induction law from what we already know. In following this course 
we again depart from the historical order of development, but we do 
so (borrowing Faraday’s own words from the end of the passage first 
quoted) “to give the most concise view of the whole.” 


A CONDUCTING ROD MOVING 
THROUGH A UNIFORM MAGNETIC FIELD 
7.2 Figure 7.2a shows a straight piece of wire, or slender metal rod, 
supposed to be moving at constant velocity v in a direction perpendic- 
ular to its length. Pervading the space through which the rod moves 
there is a uniform magnetic field B, constant in time. This could be 
supplied by a large solenoid enclosing the entire region of the diagram. 
The reference frame F with coordinates x, y, z is the one in which this 
solenoid is at rest. In the absence of the rod there is no electric field 
in that frame, only the uniform magnetic field B. 

The rod, being a conductor, contains charged particles that will 
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move if a force is applied to them. Any charged particle that is carried 
along with the rod, such as the particle of charge q in Fig. 7.26, nec- 
essarily moves through the magnetic field B and does therefore expe- 
rience a force 


f=ŹvXB (1) 


With B and v directed-as shown in Fig. 7.2, the force is in the positive 
x direction if q is a positive charge, and in the opposite direction for 
the negatively charged electrons that are in fact the mobile charge 
carriers in most conductors. The consequences will be the same, 
whether negatives or positives, or both, are mobile. 

When the rod is moving at constant speed and things have set- 
tled down to a steady state, the force f given by Eq. 1 must be bal- 
anced, at every point inside the rod, by an equal and opposite force. 
This can only arise from an electric field in the rod. The electric field 
develops in this way: the force f pushes negative charges toward one 
end of the rod, leaving the other end positively charged. This goes on 
until these separated charges themselves cause an electric field E such 
that, everywhere in the interior of the rod, 


qE = -f (2) 


Then the motion of charge relative to the rod ceases. This charge dis- 
tribution causes an electric field outside the rod, as well as inside. The 
field outside looks something like that of separated positive and neg- 
ative charges, with the difference that the charges are not concen- 
trated entirely at the ends of the rod but are distributed along it. The 
external field is sketched in Fig. 7.3a. Figure 7.3b is an enlarged view 
of the positively charged end of the rod, showing the charge distribu- 
tion on the surface and some field lines both outside and inside the 
conductor. That is the way things look, at any instant of time, in frame 
F. 

Let us observe this system from a frame F” that moves with the 
rod. Ignoring the rod for the moment, we see in this frame F’, indi- 
cated in Fig. 7.2c, a magnetic field B’ (not much different from B if 
vis small) together with a uniform electric field, as given by Eq. 6.63, 


E’ = —~— xB’ =~xB’ (3) 
C C 


When we add the rod to this system, all we are doing is putting a 
stationary conducting rod into a uniform electric field. There will be 
a redistribution of charge on the surface of the rod so as to make the 
electric field zero inside, as in the case of the metal box of Fig. 3.6, or 
of any other conductor in an electric field. The presence of the mag- 
netic field B’ has no influence on this static charge distribution. Figure 
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x 

FIGURE 7.3 l ts, 3 l 

(a) The electric feld, as seen at one instant of time, in 7.4a shows some electric field lines in the frame F’, and in the mag- 
the frame F. There is an electric field in the vicinity of nified view of the end of the rod in Fig. 7.4b we observe that the elec- 
the rod, and also inside the rod. The sources of the tric field inside the rod is zero. 

field are charges on the surface of the rod, as shown in Except for the Lorentz contraction, which is second order in 


(b), the enlarged view of the right-hand end of the rod.) /¢, the charge distribution seen at one instant in frame F, Fig. 7.36, 
is the same as that seen in F’. The electric fields differ because the 
field in Fig. 7.3 is that of the surface charge distribution alone, while 
the electric field we see in Fig. 7.4 is the field of the surface charge 
distribution plus the uniform electric field that exists in that frame of 
reference. An observer in F says: “Inside the rod there has developed 
an electric field E = (v/c) X B, exerting a force qE = — q(v/c) X 
B which just balances the force q(v/c) X B that would otherwise 
cause any charge q to move along the rod.” An observer in F” says: 


Frame F 


(b) 


“Inside the rod there is no electric field, and although there is a uni- 
form magnetic ficld here, no force arises from it because no charges 
are moving.’ Each account is correct. 


FIGURE 7.4 

(a) The electric field in the frame F’ in which the rod is 
at rest. This field is a superposition of a general field 
E’, uniform throughout space, and the field of the 
surface charge distribution. The result is zero electric 
field inside the rod, shown in magnified detail in (b). 
Compare with Fig. 7.3. 
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FIGURE 7.5 

(a) Here the wire loop is moving in a uniform magnetic 
field B. (b) Observed in the frame F’, in which the loop 
is at rest, the fields are B’ and E’. 
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A LOOP MOVING THROUGH 
A NONUNIFORM MAGNETIC FIELD 
7.3 What if we made a rectangular loop of wire, as shown in Fig. 
7.5, and moved it at constant speed through the uniform field B? To 
predict what will happen, we need only ask ourselves—adopting the 
frame F’—what would happen if we put such a loop into a uniform 
electric field. Obviously two opposite sides of the rectangle would 
acquire some charge, but that would be all. Suppose, however, that 
the field B in the frame F, though constant in time, is not uniform in 
space. To make this vivid, we show in Fig. 7.6 the field B with a short 
solenoid as its source. This solenoid, together with the battery that 
supplies its constant current, is fixed near the origin in the frame F. 
(We said earlier there is no electric field in F; if we really use a sole- 
noid of finite resistance to provide the field, there will be an electric 
field associated with the battery and this circuit. It is irrelevant to our 
problem and can be ignored. Or we can pack the whole solenoid, with 
its battery, inside a metal box, making sure the total charge is zero.) 
Now, with the loop moving with speed v in the y direction, in 
the frame F, let its position at some instant ¢ be such that the magnetic 
field strength is B, at the left side of the loop and B, along the right 
side (Fig. 7.6). Let f denote the force which acts on a charge q that 
rides along with the loop. This force is a function of position on the 
loop, at this instant of time. Let’s evaluate the line integral of f, taken 
around the whole loop: On the two sides of the loop which lie parallel 
to the direction of motion, f is perpendicular to the path element ds, 
so these give nothing. Taking account of the contributions from the 
other two sides, each of length w, we have 


| t- as = 2 (a, — Bw (4) 


If we imagine a charge q to move all around the loop, in a time 
short enough so that the position of the loop has not changed appre- 
ciably, then Eq. 4 gives the work done by the force f. The work done 


per unit charge is (1/q) | f - ds. We call this quantity electromotive 


force. We use the symbol é for it, and often shorten the name to emf. 
é has the same dimensions as electric potential. It is measured in stat- 
volts, or ergs per unit charge, in the CGS system. The SI unit is the 
volt. 


l 
E= fds (5) 


The term electromotive force was introduced earlier, in Section 4.10. 
It was defined as the work per unit charge involved in moving a charge 
around a Circuit containing a voltaic cell. We now broaden the defi- 
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wire each, wound around a large block of wood. The turns of the sec- 
ond spiral (that is, single-layer coil) were interposed between those of 
the first, but separated from them by twine. The diameter of the cop- 
per wire itself was o inch. He does not give the dimensions of the 
wooden block or the number of turns in the coils. In the experiment, 
one of these coils was connected to a “battery of 100 plates.” See if 
you can make a rough estimate of the duration in seconds and mag- 
nitude in amperes of the pulse of current that passed through his 
galvanometer. 


7.11 Part (a) of the figure shows two coils with self-inductances L, 
and L. In the relative position shown their mutual inductance is M. 
The positive current direction and the positive electromotive force 
direction in each coil are defined by the arrows in the figure. The equa- 
tions relating currents and electromotive forces are 
sonen m =the wt 

Given that M is always to be taken as a positive constant, how must 
the signs be chosen in these equations? What if we had chosen, as we 
might have, the other direction for positive current, and for positive 
electromotive force, in the lower coil? Now connect the two coils 
together as in part (b) of the figure to form a single circuit. What is 
the inductance L’ of this circuit, expressed in terms of L, L>, and M? 
What is the inductance L” of the circuit formed by connecting the 
coils as shown in (c)? Which circuit, (b) or (c), has the greater self- 
inductance? Considering that the self-inductance of any circuit must 
be a positive quantity (why couldn’t it be negative?), see if you can 
draw a general conclusion, valid for any conceivable pair of coils, con- 
cerning the relative magnitude of Li, L, and M. 


7.12 An ocean current flows at a speed of 2 knots (approximately 
1 meter/sec) in a region where the vertical component of the earth’s 
magnetic field is 0.35 gauss. The conductivity of seawater in that 
region is 0.04 (ohm-cm)~'. On the assumption that there is no other 
horizontal component of E than the motional term (v/c) X B, find 
the density of horizontal electric current in amps/m°. If you were to 
carry a bottle of seawater through the earth’s field at this speed, would 
such a current be flowing in it? 


7.13 A coil with resistance of 0.01 ohm and self-inductance 0.50 
millihenry is connected across a large 12-volt battery of negligible 
internal resistance. How long after the switch is closed will the current 
reach 90 percent of its final value? At that time, how much energy, in 
joules, is stored in the magnetic field? How much energy has been 
withdrawn from the battery up to that time? 
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nition of emf to include any influence that causes charge to circulate 
around a closed path. If the path happens to be a physical circuit with 
resistance R, then the emf 6 will cause a current to flow according to 
Ohm’s law: J = &/R. In the particular case we are considering, f is 
the force that acts on a charge moving in a magnetic field, and & has 
the magnitude 


6 = — (B, — Bz) (6) 


The electromotive force given by Eq. 6 is related in a very simple way 
to the rate of change of magnetic flux through the loop. By the mag- 
netic flux through a loop we mean the surface integral of B over a 
surface which has the loop for its boundary. The flux ® through the 
closed curve or loop C in Fig. 7.7a is given by the surface integral of 
B over S: 


Ps, iia L B - da, (7) 


We could draw infinitely many surfaces bounded by C. Figure 
7.76 shows another one, S. Why don’t we have to specify which sur- 
face to use in computing the flux? It doesn’t make any difference 


because | B - da will have the same value for all surfaces. Let’s take 


a minute to settle this point once and for all. The flux through S, will 


FIGURE 7.6 
Here the field B, observed in F, is not uniform. It varies 
in both direction and magnitude from place to place. 
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be | B - da». Notice that we let the vector da, stick out from the 
S2 


upper side of S, to be consistent with our choice of side of S;. This 
will give a positive number if the net flux through C is upward. 


Ps, = | B. da, (8) 
S2 


We learned in Section 6.2 that the magnetic field has zero divergence: 
div B = 0. It follows then from Gauss’ theorem that, if S is any closed 
surface (“balloon”) and V is the volume inside it: 


| B- da= | divBd = 0 (9) 
S v 


Apply this to the closed surface, rather like a kettledrum, formed by 
joining our S, to S, as in Fig. 7.7c. On S, the. outward normal is 
opposite the vector da, we used in calculating the flux through C. 
Thus 


o= | B-da= [Bda + | B-(—da) 


or 


L B - da; = I. B - da, (10) 


This shows that it doesn’t matter which surface we use to compute the 
flux through C. 

This is all pretty obvious if you realize that div B = 0 implies a 
(c) kind of spatial conservation of flux. As much flux enters any volume 
as leaves it. (We are considering the situation in the whole space at 
one instant of time.) It is often helpful to visualize “tubes” of flux. A 
flux tube (Fig. 7.8) is a surface at every point on which the magnetic 


FIGURE 7.7 
(a) The flux through C is 


aig Í. ei field line lies in the plane of the surface. It is a surface through which 
(b) Sz is another surface which has C as its boundary. no flux passes, and we can think of it as containing a certain amount 
This will do just as well for computing ®. of flux, as a telephone cable contains wires. Through any closed curve 
(c) Combining S, and S2 to make a closed surface, for = drawn tightly around a flux tube, the same flux passes. This could be 
which | B - da must vanish, proves that fe - da, = said about the electric field E only for regions where there is no electric 

charge, since div E = 4p. The magnetic field always has zero diver- 
Í o e gence everywhere. 


Returning now to the moving rectangular loop, let us find the 
rate of change of flux through the loop. In time dt the loop moves a 
distance v dt. This changes in two ways the total flux through the loop, 


which is | B - da over a surface spanning the loop. As you can see in 


Fig. 7.9, flux is gained at the right, in amount Bwv dt, while an 


ELECTROMAGNETIC INDUCTION 265 


FIGURE 7.8 
A flux tube. Magnetic field lines lie in the surface of the 
tube. The tube encloses a certain amount of flux &. No 


matter where you chop it, you will find that | B. da 


over the section has this same value ®. A flux tube 
doesn’t have to be round. You can start somewhere 
with any cross section, and the course of the field lines 
will determine how the section changes size and shape 
as you go along the tube. 


Position of loop 
at time t Position of loop 
at time t + dt 


FIGURE 7.9 
In the interval dt the loop gains an increment of flux 
Bwv at and loses an increment B,wv dt. 


amount of flux B,wu dt is lost at the left. Hence d®, the change in 
flux through the loop in time df, is 


d = —(B, — B,)wv dt (11) 


Comparing Eq. 11 with Eq. 6, we see that, in this case at least, the 
electromotive force can be expressed as 


E=- (12) 
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given in Eq. 12, but valid now for arbitrary shape and motion of 
the loop. (We did not even have to assume that v is the same for all 
parts of the loop!) In summary, the line integral around a moving 
loop of f/q, the force per unit charge, is just —1/c times the rate 
of change of flux through the loop. 

The sense of the line integral and the direction in which flux is 
called positive are to be related by a right-hand-thread rule. For 
instance, in Fig. 7.6, the flux is upward through the loop and is 
decreasing. Taking the minus sign in Eq. 12 into account, our rule 
would predict an electromotive force which would tend to drive a pos- 
itive charge around the loop in a counterclockwise direction, as seen 
looking down on the loop (Fig. 7.11). 

There is a better way to look at this question of sign and direc- 
tion. Notice that if a current should flow in the direction of the 
induced electromotive force, in the situation shown in Fig. 7.11, this 
current itself would create some flux through the loop in a direction 
to counteract the assumed flux change. That is an essential physical 
fact, and not the consequence of an arbitrary convention about signs 
and directions. It is a manifestation of the tendency of systems to resist 
change. In this context it is traditionally called Lenz’s law. 

Another example of Lenz’s law is illustrated in Fig. 7.12. The 
conducting ring is falling in the magnetic field of the coil. The flux 
through the ring is downward and is increasing in magnitude. To 
counteract this change, some new flux upward is needed. It would take 
a current flowing around the ring in the direction of the arrows to 
produce such flux. Lenz’s law assures us that the induced emf will be 
in the right direction to cause such a current. 

If the electromotive force causes current to flow in the loop 
which is shown in Figs. 7.6 and 7.11, as it will if the loop has a finite 
resistance, some energy will be dissipated in the wire. What supplies 
this energy? To answer that, consider the force that acts on the cur- 
rent in the loop if it flows in the sense indicated by the arrow in Fig. 
7.11. The conductor on the right, in the field B}, will experience a force 
toward the right, while the opposite side of the loop, in the field B,, 
will be pushed toward the left. But B, is greater than B>, so the net 
force on the loop is toward the left, opposing the motion. To keep the 
loop moving at constant speed some external agency has to do work, 
and the energy thus invested eventually shows up as heat in the wire. 
Imagine what would happen if Lenz’s law were violated, or if the force 
on the loop were to act in a direction to assist the motion of the loop! 

A very common element in electrical machinery and electrical 
Instruments is a loop or coil that rotates in a magnetic field. Let’s 
apply what we have just learned to the system shown in Fig. 7.13, a 
single loop rotating at constant speed in a magnetic field that is 
approximately uniform. The mechanical essentials, shaft, bearings, 
drive, etc., are not drawn. The field B is provided by the two fixed coils. 
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FIGURE 7.11 

The flux through the loop is upward and is decreasing 
in magnitude as time goes on. The arrow shows the 
direction of the electromotive force, that is, the 
direction in which positive charge tends to be driven. 


FIGURE 7.12 

As the ring falls, the downward flux through the ring is 
increasing. Lenz's law tells us that the induced emf will 
be in the direction indicated by the arrows, for that ıs 
the direction in which current must flow to produce 
upward flux through the ring. The system reacts so as 
to oppose the change that is occurring. 
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a current flowing around the ring in the direction of the arrows to 
produce such flux. Lenz’s law assures us that the induced emf will be 
in the right direction to cause such a current. 

If the electromotive force causes current to flow in the loop 
which is shown in Figs. 7.6 and 7.11, as it will if the loop has a finite 
resistance, some energy will be dissipated in the wire. What supplies 
this energy? To answer that, consider the force that acts on the cur- 
rent in the loop if it flows in the sense indicated by the arrow in Fig. 
7.11. The conductor on the right, in the field B, will experience a force 
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will be pushed toward the left. But B, is greater than B», so the net 
force on the loop is toward the left, opposing the motion. To keep the 
loop moving at constant speed some external agency has to do work, 
and the energy thus invested eventually shows up as heat in the wire. 
Imagine what would happen if Lenz’s law were violated, or if the force 
on the loop were to act in a direction to assist the motion of the loop! 

A very common element in electrical machinery and electrical 
instruments is a loop or coil that rotates in a magnetic field. Let’s 
apply what we have just learned to the system shown in Fig. 7.13, a 
single loop rotating at constant speed in a magnetic field that is 
approximately uniform. The mechanical essentials, shaft, bearings, 
drive, etc., are not drawn. The field B is provided by the two fixed coils. 
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FIGURE 7.11 

The flux through the loop is upward and is decreasing 
in magnitude as time goes on. The arrow shows the 
direction of the electromotive force, that is, the 
direction in which positive charge tends to be driven. 


FIGURE 7.12 

As the ring falls, the downward flux through the ring is 
increasing. Lenz’s law tells us that the induced emf will 
be in the direction indicated by the arrows, for that is 
the direction in which current must flow to produce 
upward flux through the ring. The system reacts so as 
to oppose the change that is occurring. 
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FIGURE 7.13 

The two coils produce a magnetic field B which is 
approximately uniform in the vicinity of the loop. In the 
loop, rotating with angular velocity w, a sinusoidally 
varying electromotive force is induced. 


Suppose the loop rotates with angular velocity w. in radians/sec. If its 
position at any instant is specified by the angle 0, then 6 = wt + a, 
where the constant a is simply the position of the loop at £ = 0. The 
component of B perpendicular to the plane of the loop is B sin @. 
Therefore the flux through the loop at time t is 


(t) = SB sin (wt + a) (19) 


where S is the area of the loop. For the induced electromotive force 
we then have 


SB 
6 = ~~ = = — cos (wt + a) (20) 


If the loop instead of being closed is connected through slip rings to 
external wires, as shown in Fig. 7.13, we can detect at these terminals 
a sinusoidally alternating potential difference. 

A numerical example will show how the units work out. Suppose 
the area of the loop in Fig. 7.13 is 80 cm’, the field strength B is 50 
gauss, and the loop is rotating at 30 revolutions per sec. Then w = 2r 
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X 30, or 188 radians/sec. The amplitude, that is, the maximum mag- 
nitude of the oscillating electromotive force induced in the loop, is 


SBw _ (80 cm’)(50 gauss)(188 sec™') 


ii c 3 X 10'° cm/sec (21) 


= 2.51 X 1075 gauss-cm or statvolt 


One gauss-cm is equivalent to | statvolt. Remember that electric field 
E and magnetic field B have the same dimensions in our CGS system, 
being related by a dimensionless factor v/c. 


A STATIONARY LOOP 

WITH THE FIELD SOURCE MOVING 

7.4 We can, if we like, look at the events depicted in Fig. 7.6 from 
a frame of reference that is moving with the loop. That can’t change 
the physics, only the words we use to describe it. Let F’, with coordi- 
nates x’, y’, z’, be the frame attached to the loop, which we now regard 
as stationary (Fig. 7.14). The coil and battery, stationary in frame F, 
are moving in the — y’ direction with velocity v’ = —v. Let Bj and 
B; be the magnetic field measured at the two ends of the loop by 
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FIGURE 7.14 

As observed in the frame F’, the loop is at rest, the 
field source is moving. The fields B’ and E’ are both 
present and are functions of both position and time. 
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zero but instead is equal to —1/c times the rate of change of flux 


through the loop, d®’/dt’. The flux ®’ is | B’ - da’ over a surface 


spanning the loop, the values of B’ to be measured all over this surface 
at some one instant t, by my clock.” 

Our conclusions so far are relativistically exact. They hold for 
any speed v < c provided we observe scrupulously the distinctions 
between B and B’, t and č, etc. If v « c, so that v/e can be 
neglected, B’ will be practically equal to B, and we can safely ignore 
also the distinction between ¢ and 7’. 


A UNIVERSAL LAW OF INDUCTION 

7.5 Lets carry out three experiments with the apparatus shown in 
Fig. 7.15. The tables are on wheels so that they can be easily moved. 
A sensitive galvanometer has been connected to our old rectangular 
loop, and to increase any induced electromotive force we put several 
turns of wire in the loop rather than one. Frankly though, our sensi- 
tivity might still be marginal, with the feeble source of magnetic field 
pictured. Perhaps you can devise a more practical version of the exper- 
iment in the laboratory. 


Experiment I With constant current in the coil and table 1 station- 
ary, table 2 moves toward the right with speed v. The galvanometer 
deflects. We are not surprised; we have already analyzed this situation 
in Section 7.3. 


271 


FIGURE 7.15 

We imagine that either table can move or, with both 
tables fixed, the current / in the coil can be gradually 
changed. 
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Table 1 
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FIGURE 7.15 

We imagine that either table can move or, with both 
tables fixed, the current / in the coil can be gradually 
changed. 


Galvanometer 


Table 2 
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Using the vector derivative curl, we can express this law in dif- 
ferential form. If the relation 


] 
| E-a = -+2 B - da (26) 


is true for any curve C and spanning surface S, as our law asserts, it 
follows that at any point 
1 dB 
IE = — -— 27 

cur dt (27) 
To show that Eq. 27 follows from Eq. 26, we proceed as usual to let 
C shrink down around a point, which we take to be a nonsingular point 
for the function B. Then in the limit the variation of B over the small 
patch of surface a that spans C will be negligible and the surface inte- 
gral will approach simply B - a. Now by definition (Eq. 2.61) the limit 


approached by | E - ds as the patch shrinks is a - curl E. Thus we 
c 


have, in the limit, 


ld 1 dB 
-curl E = —-—(B-a) =a-(—-— 28 
a: cur di | a) =a m (28) 
Since this holds for any infinitesimal a, it must be thatt 
1 dB 
IE = —-— 
cur ~ dt (29) 


Recognizing that B may depend on position as well as time we shall 
write 0B/dt in place of dB/dt. We have then these two entirely equiv- 
alent statements of the law of induction: 


(30) 


In Eq. 30 the electric field E is to be expressed in our CGS units of 
statvolts/cm, with B in gauss, ds in cm, da in cm’, and c in cm/sec. 


The electromotive force 6 = | E - ds will then be given in statvolts. 
C 


tIf that isn’t obvious, note that choosing a in the x direction will establish that 


dB 
lE), = — -— and . 
(curl E) P7 and so on 
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In SI units the relation expressed by Eq. 30 looks like this: 


(30) 


Here E is in volt m~', B is in teslas, ds and da are in meters and m?, 

respectively, with ¢ in sec. The electromotive force 6 = | E - ds 
C 

will be given in volts. 


The magnetic flux $, which is | B - da, would be expressed in 
S 


gauss-cm’ in our CGS units, and in tesla-mž?, a unit exactly 10° times 
larger, in SI units. (This latter flux unit was assigned a name of its 
own, the weber.) 

When in doubt about the units you may find one of the following 
equivalent statements helpful: 


Electromotive force in statvolts equals (31) 


l/c times rate of change of flux in gauss-cm?/sec 


Electromotive force in volts equals (31’) 


rate of change of flux in tesla-m?/sec 


Electromotive force in volts equals (31”) 


1078 times rate of change of flux in gauss-cm7/sec 


The third statement is consistent with the first two because 1 m? = 
10cm’ and | tesla = 10* gauss, exactly. If this seems confusing, don’t 
try to remember it. Just remember that you can look it up on this page. 

The differential expression, curl E = —(1/c)dB/0dt, brings out 
rather plainly the point we tried to make earlier about the local nature 
of the field relations. The variation in time of B in a neighborhood 
completely determines curl E there—nothing else matters. That does 
not completely determine E itself, of course. Without affecting this 
relation any electrostatic field, with curl E = 0, could be superposed. 

As a concrete example, suppose coils like those in Fig. 7.13 are 
supplied with 60 cycles per sec alternating current, instead of direct 
current. The current and the magnetic field vary as sin (27 - 60 - t), 
or sin 377t. Suppose the amplitude of the current is such that the mag- 
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netic field B in the central region reaches a maximum value of 50 
gauss. We want to investigate the induced electric field, and the elec- 
tromotive force, on the circular path 10 cm in radius shown in Fig. 
7.16. We may assume that the field B is practically uniform in the 
interior of this circle, at any instant of time. 


B = 50 sin 377t (32) 
B is in gauss and ¢ in sec. The flux through the loop C is 
® = «rB = q X 10° X 50 sin 3771 (33) 
= 15,700 sin 377t  (gauss-cm°) 


Using Eq. 31” to calculate the electromotive force in volts, 


6 = —(107%) ae = —(10~°)(377)(15,700) cos 3772 
dt (34) 


= — 0.059 cos 377t (volts) 


The maximum attained by é is 59 millivolts. The minus sign will 
ensure that Lenz’ law is respected, if we have defined our directions 
consistently. The variation of both ® and é with time is shown in Fig. 
7.17. 

What about the electric field itself? Usually we cannot deduce 
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FIGURE 7.16 

Alternating current in the coils produces a magnetic 
field which, at the center, oscillates between 50 gauss 
upward and 50 gauss downward. At any instant the 
field is approximately uniform within the circle C. 
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FIGURE 7.17 


(a) The flux through the circle C. (b) The electromotive 


force associated with the path C. 


FIGURE 7.18 


The electric field on the circular path C. (a) In the 
absence of sources other than the symmetrical, 


oscillating current. (b) Including the electrostatic field of 


two charges on the axis. 


am So 
(a)_ 


(b) 
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nee Se 15,700 gauss-cm~ 


E from a knowledge of curl E alone. However, our path C is here a 
circle around the center of a symmetrical system. If there are no other 
electric fields around, we may assume that, on the circle C, E lies in 
that plane and has a constant magnitude. Then it is a trivial matter 


to predict its magnitude, since Í E - ds = 2rrE = 6, which we 
C 


have already calculated. In this case, the electric field on the circle 
might look like Fig. 7.18a at a particular instant. But if there are other 
field sources, it could look quite different. If there happened to be a 
positive and a negative charge located on the axis as shown in Fig. 
7.18b, the electric field in the vicinity of the circle would be the super- 
position of the electrostatic field of the two charges and the induced 
electric field. 


MUTUAL INDUCTANCE 

7.6 Two circuits, or loops, C, and C; are fixed in position relative 
to one another (Fig. 7.19). By some means, such as a battery and a 
variable resistance, a controllable current /, is caused to flow in circuit 
Cı. Let B,(x, y, z) be the magnetic field that would exist if the current 
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FIGURE 7.19 
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in C, remained constant at the value /,, and let $, denote the flux of Current /; in loop C, causes a certain flux $2, through 


B, through the circuit C}. Thus 
P>, = | B, s da, (35) 
S2 


where S, is a surface spanning the loop C}. With the shape and rela- 
tive position of the two circuits fixed, #2, will be proportional to /;: 
Pai = const (36) 
rf 
Suppose now that /,; changes with time, but slowly enough so 
that the field B, at any point in the vicinity of C, and the current 7, 
in C, at the same instant of time are related as they would be for 
steady currents. (To see why such a restriction is necessary, imagine 
that Cı and C, are 10 meters apart and we cause the current in C; to 
double in value in 10 nanoseconds!) The flux 2, will change in pro- 
portion as /, changes. There will be an electromotive force induced in 
circuit C, of magnitude 


const dl, 
c at 


The constant here is the same as the one in Eq. 36. Let’s absorb the c 
in the denominator into a single constant, denoted by M2), and write 
Eq. 37 in this way: 


62, = — 


(37) 


dl, 
62, = —M2, — 38 
21 21 (38) 
We call the constant M, the coefficient of mutual inductance. 
Its value is determined by the geometry of our arrangement of loops. 


loop Co. 
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FIGURE 7.20 

Current / in ring C, causes a field B, which is 
approximately uniform over the region of the small ring 
Co. 
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The units will of course depend on our choice of units for &, I, and t. 
With 6 in statvolts, or esu/cm, and / in esu/sec, the unit for Mz is 
cm '-sec”. You are more likely to be working with volts and amperes 
when you are applying this relation. In SI units, & in volts and / in 
amperes, the unit for M2, is volt amp~' sec, or ohm-sec. This unit is 
called the henry.t That is, the mutual inductance M), is one henry if 
a current /, changing at the rate of 1 ampere/sec induces an electro- 
motive force of | volt in circuit C3. 

As an example, consider the circuits in Fig. 7.20, two coplanar, 
concentric rings, a small ring C, and a much larger ring C,. What is 
Ma in this case? At the center of C, with J, flowing, the field B, is 
given by 

2r f, 
tano (39) 
with J, in esu/sec, B, in gauss. Here we are simply applying Eq. 6.42. 
We assume R, < R, so that we can neglect the variation of B, over 
the interior of the small ring. Then the flux through the small ring is 


2r li _ 271, R} 


or) = 40 
cR; cR; ( ) 


a = (7 Ri) 
Thus the “constant” in Eq. 36, in this particular case, has the value 
22*R3/cR,, and the electromotive force induced in C, will be 


6), = ---— 4] 
i c cR, dt i} 
with &, in statvolts and J, in esu/second. To express the mutual 
inductance in henrys, we note that a statvolt is 300 volts and J(esu/ 
sec) = (amps) X 3 X 10”, so that 
2m? R3 dI 
(volts) = — aa x 107°? — (amps/sec) (42) 
R, dt 
Thus the value of Ma, in henrys, with R, and R, in cm, is 


2r? X 107° R? 
M = AEA CA (43) 
l 


Incidentally, the minus sign we had been carrying along doesn’t tell 
us much at this stage. If you want to be sure which way the electro- 


motive force will tend to drive current in C,, Lenz’ law is your most 
reliable guide. 


*The unit is named after Joseph Henry (1797-1878), the foremost American physicist 
of his time. Electromagnetic induction was discovered independently by Henry, prac- 
tically at the same time as Faraday’s experiments. Henry was the first to recognize 
the phenomenon of self-induction. He developed the electromagnet and the prototype 
of the electric motor, invented the electric relay, and all but invented telegraphy. 
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FIGURE 7.21 
Calculation of the flux @2; which passes through C; as 
a result of current / flowing in C4. 
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To prove the theorem, Eq. 47, we have to show that the flux 
$, through some circuit C, as a result of a current / in a circuit C, 
is equal to the flux ®,, that threads circuit 2 when an equal current 
I flows in circuit C;. To show this, we use the vector potential. 
According to Stokes’ theorem: 


| A: ds = | (curl A) - da (48) 
C S 
In particular, if A is the vector potential of a magnetic field B, that is, 


if B = curl A, then we have 


(49) 


That is, the line integral of the vector potential around a loop is equal 
to the flux of B through the loop. 

Now the vector potential is related to its current source as fol- 
lows, according to Eq. 6.35: 
I f dsi 


A>! = 
CIC Faj 


(50) 


A», is the vector potential, at some point (x2, Y2, Z2), of the magnetic 
field caused by current J(esu/sec) flowing in circuit C}; ds, is an ele- 
ment of the loop C,; and rz; is the magnitude of the distance from that 
element to the point (x2, y2, Z2). 

Figure 7.21 shows the two loops C, and C, with current J flow- 
ing in C}. Let (x2, y2, Z2) be a point on the loop C,. Then the flux 
through C, due to current J in C} is 


I d 
$, = | Ax, © dS, = | ds. - Ay, =- | AS» - m (51) 
C2 C2 C JQ Ci F21 


Similarly, the flux through C, due to current / flowing in C, would be 
given by 
ds, 


C2 Fi? 


$ = 1 ds, - (52) 
C JCI 

Now 7,2 = ra, for these are just distance magnitudes, not vec- 
tors. The meaning of each of the integrals above is: Take the scalar 
product of a pair of line elements, one on each loop, divide by the 
distance between them and sum over all pairs. The only difference 
between Eqs. 51 and 52 is the order in which this operation is carried 
out, and that cannot affect the final sum. Hence ®,, = ©,,, from 
which it follows directly that |. = Ma1. Thanks to this theorem, we 
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FIGURE 7.21 
Calculation of the flux ¢2; which passes through C, as 
a result of current / flowing in C]. 
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To prove the theorem, Eq. 47, we have to show that the flux 
$, through some circuit C, as a result of a current Z in a circuit C 
is equal to the flux ®,, that threads circuit 2 when an equal current 
I flows in circuit C;. To show this, we use the vector potential. 
According to Stokes’ theorem: 


| A-ds= | (curl A) - da (48) 
C S 


In particular, if A is the vector potential of a magnetic field B, that is, 
if B = curl A, then we have 


(49) 


That is, the line integral of the vector potential around a loop is equal 
to the flux of B through the loop. 

Now the vector potential is related to its current source as fol- 
lows, according to Eq. 6.35: 
I| ds 


Ay =- 
C Ci faj 


(50) 


A, is the vector potential, at some point (x2, Y2, Z2), of the magnetic 
field caused by current J(esu/sec) flowing in circuit C\; ds, is an ele- 
ment of the loop C}; and rz; is the magnitude of the distance from that 
element to the point (x2, Y2, Z2). 

Figure 7.21 shows the two loops C, and C}, with current J flow- 
ing in C}. Let (x2, y2, Z2) be a point on the loop Cz. Then the flux 
through C, due to current Z in C; is 


I d 
P- = | A>, ° ds» = | ds» ° À>] = — | ds» . | a1 (51) 
C2 C2 C JO Ci Fal 


Similarly, the flux through C, due to current J flowing in C, would be 
given by 

Pi. = “| ds, - a (52) 

CJC C2 112 

Now riz = r, for these are just distance magnitudes, not vec- 

tors. The meaning of each of the integrals above is: Take the scalar 

product of a pair of line elements, one on each loop, divide by the 

distance between them and sum over all pairs. The only difference 

between Eqs. 51 and 52 is the order in which this operation is carried 

out, and that cannot affect the final sum. Hence $; = ©5,, from 

which it follows directly that M/,. = Ma. Thanks to this theorem, we 
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need make no distinction between Mı and Mı. We may speak, 
henceforth, of the mutual inductance M of any two circuits. 

Theorems of this sort are often called “reciprocity” theorems. 
There are some other reciprocity theorems on electric circuits not 
unrelated to this one. This may remind you of the relation C = Ci 
mentioned in Section 3.6 and treated in Problem 3.27. A reciprocity 
relation usually expresses some general symmetry law which is not 
apparent in the superficial structure of the system. 


SELF-INDUCTANCE 

7.8 When the current /, is changing, there is a change in the flux 
through circuit C, itself, consequently an electromotive force is 
induced. Call this 6,,. The induction law holds, whatever the source 
of the flux: 


1 dð, 
c dt 


where ®,, is the flux through circuit 1 of the field B, due to the current 
l in circuit 1. The minus sign expresses the fact that the electromotive 
force is always directed so as to oppose the change in current—Lenz’s 
law, again. Since ®,, will be proportional to /; we can write 


6), = — (53) 


6, = -L (54) 


The constant L, is called the self-inductance of the circuit. 

As an example of a circuit for which L, can be calculated, con- 
sider the rectangular toroidal coil of Problem 6.14, shown here again 
in Fig. 7.22. You found (if you worked that problem) that a current 
I, in esu/sec, flowing in the coil of N turns produces a field the 
strength of which, at a radial distance r from the axis of the coil, is 
given by B = 2NI/cr. The total flux through one turn of the coil is 
the integral of this field over the cross section of the coil: 


2NI 2NIh b 
(one turn) = A fo — dr = In (?) (55) 
The flux threading the circuit of N turns is N times as great: 
2 
@ = aen In (2) (56) 
c a 
Hence the induced electromotive force & is 
1 d 2N°h, [b\dI 
= —-— = — -|= 52 
i c dt e | dt Pe 


FIGURE 7.22 
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A toroidal coil of rectangular cross section. Only a few 


turns are shown. 


iil 
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resistance. We don’t care how this is distributed around the circuit. It 
can all be lumped together in one resistance R, indicated on the circuit 
diagram of Fig. 7.235 by a resistor symbol with this value. Also, the 
rest of the circuit, especially the connecting wires, contribute a bit to 
the self-inductance of the whole circuit; we assume that this 1s 
included in L. In other words, Fig. 7.235 represents an idealization of 
the physical circuit: The inductor L, symbolized by 002. has no 
resistance; the resistor R has no inductance. It is this idealized circuit 
that we shall now analyze. 

If the current Z in the circuit is changing at the rate d//dt, an 
electromotive force L d//dt will be induced, in a direction to oppose 
the change. Also, there is the constant electromotive force Go of the 
battery. If we define the positive current direction as the one in which 
the battery tends to drive current around the circuit, then the net elec- 
tromotive force at any instant is Gy — L dI/dt. This drives the current 
I through the resistor R. That is, 


dl 
Gy — L an RI (60) 

We can also describe the situation in this way: The potential 
difference between points 4 and B, which we'll call the voltage across 
the inductor, is L dI/dt, with the upper end of the inductor positive if 
I in the direction shown is increasing. The potential difference between 
B and C, the voltage across the resistor, is RI, with the upper end of 
the resistor positive. Hence the sum of the voltage across the inductor 
and the voltage across the resistor is L d//dt + RI. This is the same 
as the potential difference between the battery terminals, which is 69 
(our idealized battery has no internal resistance). Thus we have 

dI 
Gy = L 7 + RI (61) 
which is merely a restatement of Eq. 60. 

Before we look at the mathematical solution of Eq. 60, let’s pre- 
dict what ought to happen in this circuit if the switch is closed at £ = 
0. Before the switch is closed, Z = 0, necessarily. A long time after 
the switch has been closed, some steady state will have been attained, 
with current practically constant at some value Jo. Then and there- 
after, dI/dt =~ 0, and Eq. 60 reduces to 


ĉo = Rio (62) 


The transition from zero current to the steady-state current Jọ cannot 
occur abruptly at ¢ = 0, for then dI/dt would be infinite. In fact, just 
after £ = 0, the current / will be so small that the second term RZ in 
Eq. 60 can be ignored, giving 


dI _ ĉo 


L T (63) 


FIGURE 7.23 
A simple circuit with inductance (a) and resistance (b). 
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resistance. We don’t care how this is distributed around the circuit. It 
can all be lumped together in one resistance R, indicated on the circuit 
diagram of Fig. 7.236 by a resistor symbol with this value. Also, the 
rest of the circuit, especially the connecting wires, contribute a bit to 
the self-inductance of the whole circuit; we assume that this is 
included in L. In other words, Fig. 7.235 represents an idealization of 
the physical circuit: The inductor L, symbolized by -Mr has no 
resistance; the resistor R has no inductance. It is this idealized circuit 
that we shall now analyze. 

If the current / in the circuit is changing at the rate dI/dt, an 
electromotive force L dI/dt will be induced, in a direction to oppose 
the change. Also, there is the constant electromotive force &o of the 
battery. If we define the positive current direction as the one in which 
the battery tends to drive current around the circuit, then the net elec- 
tromotive force at any instant is 6) — L dI/dt. This drives the current 
I through the resistor R. That is, 


a 
dt 


We can also describe the situation in this way: The potential 
difference between points A and B, which we’ll call the voltage across 
the inductor, is L dI/dt, with the upper end of the inductor positive if 
l in the direction shown is increasing. The potential difference between 
B and C, the voltage across the resistor, is R/, with the upper end of 
the resistor positive. Hence the sum of the voltage across the inductor 
and the voltage across the resistor is L d//dt + RI. This is the same 
as the potential difference between the battery terminals, which is 6 
(our idealized battery has no internal resistance). Thus we have 


Go RI (60) 


Gog = L al + RI 6l 
o= Ly; (61) 
which is merely a restatement of Eq. 60. 

Before we look at the mathematical solution of Eq. 60, let’s pre- 
dict what ought to happen in this circuit if the switch is closed at t = 
0. Before the switch is closed, Z = 0, necessarily. A long time after 
the switch has been closed, some steady state will have been attained, 
with current practically constant at some value Jo. Then and there- 
after, dI/dt = 0, and Eq. 60 reduces to 


6o = Rio (62) 


The transition from zero current to the steady-state current Jọ cannot 
occur abruptly at ¢ = 0, for then d//dt would be infinite. In fact, just 
after £ = O, the current J will be so small that the second term RI in 
Eq. 60 can be ignored, giving 


dI _ ĉo 


dt L (63) 


(b) 


FIGURE 7.23 
A simple circuit with inductance (a) and resistance (b). 


FIGURE 7.24 


(a) How the current must behave initially, and after a 
very long time has elapsed. (b) The complete variation 
of current with time in the circuit of Fig. 7.23. 


FIGURE 7.25 


(a) LA circuit. (b) Exponential decay of current in the 


LA circutt. 


Slt 


(b) 
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The inductance L limits the rate of rise of the current. 

What we now know is summarized in Fig. 7.24a. It only remains 
to find how the whole change takes place. Equation 60 is a differential 
equation very much like Eq. 29 in Chapter 4. Without further ado we 
can write down a solution to Eq. 60 which satisfies our initial condi- 
tion, / = Oatt = 0: 


[= = — e (R/L)1 (64) 


The graph in Fig. 7.245 shows the current approaching 
its asymptotic value J) exponentially. The “time constant” of this cir- 
cuit is the quantity L/R. If L is measured in henrys and R in ohms, 
this comes out in sec, since henrys ~ volt amp~! sec, and ohms ~ 


volt amp |. 


What happens if we open the switch after the current Jp has 
been established, thus forcing the current to drop abruptly to zero? 
That would make the term L dI/dt negatively infinite! The catastro- 
phe can be more than mathematical. People have been killed opening 
switches in highly inductive circuits. What happens generally is that 
a very high induced voltage causes a spark or arc across the open 
switch contacts, so that the current continues after all. Let us instead 
remove the battery from the circuit by closing a conducting path 
across the LR combination, as in Fig. 7.25a, at the same time discon- 
necting the battery. We now have a circuit described by the equation 

dl 
O=L aT RI (65) 
with the initial condition Z = lọ at t = tı, where ¢, is the instant at 
which the short circuit was closed. The solution is the simple exponen- 
tial decay function 


I= Type R/U) (66) 


with the same characteristic time L/R as before. 


1 = pe MEME ~ t 


ty t— 


(b) 
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FIGURE 7.26 
Calculation of energy stored in the magnetic field of the 
toroidal coil of Fig. 7.22. 
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The magnetic field strength B, with current J flowing, was given 


2NI 
B= — 
cr 


(72) 


To calculate the volume integral of B’/8x we can use a volume ele- 
ment consisting of the cylindrical shell sketched in Fig. 7.26, with vol- 
ume 2arh dr. As this shell expands from r = a tor = b, it sweeps 
through all the space that contains magnetic field. (The field B is zero 
everywhere outside the torus, remember.) 


2 
l 1 £°/2NI 2h 
feas >] eat 2arh dr = NO in (2) (73) 
Sa 8a Ja cr c a 


Comparing this result with Eq. 71, we see that, indeed, 


| 
z B? dv = 4% LP (74) 


The more general statement, the counterpart of our statement 
for the electric field in Eq. 38 of Chapter 1, is that the energy U to be 
associated with any magnetic field B(x, y, z) is given by: 


(75) 


With B in gauss and v in cm’, U in Eq. 75 will be given in ergs. 
In Eq. 70, we may use henrys and amperes, for L and J, and then U 
will be given in joules. The SI equivalent of Eq. 75 for U in joules, B 
in teslas, and v in m? is 


U = — B? du (75^ 
2uo Entire 


PROBLEMS 


7.1 What is the maximum electromotive force induced in a coil of 

4000 turns, average radius 12 cm, rotating at 30 revolutions per sec 

in the earth’s magnetic field where the field intensity is 0.5 gauss? 
Ans. 0.0057 statvolt, or 1.71 volts. 


7.2 A long straight wire is parallel to the y axis and passes through 
the point z = h on the z axis. A current Z flows in this wire, returning 
by a remote conductor whose field we may neglect. Lying in the xy 
plane is a square loop with two of its sides, of length b, parallel to the 
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FIGURE 7.26 
Calculation of energy stored in the magnetic field of the 
toroidal coil of Fig. 7.22. 
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The magnetic field strength B, with current J flowing, was given 


2NI 
B = —— 
cr 


(72) 


To calculate the volume integral of B’/8a we can use a volume ele- 
ment consisting of the cylindrical shell sketched in Fig. 7.26, with vol- 
ume 2zrh dr. As this shell expands from r = a tor = b, it sweeps 
through all the space that contains magnetic field. (The field B is zero 
everywhere outside the torus, remember.) 


2 

l 1 £°/2NI hP 

— | B? dv = — | (2a 2arh dr = Nh In 2 | (73) 
Sa Ja cr c 


87 a 


Comparing this result with Eq. 71, we see that, indeed, 


l 
— | B? dv = 4% LP (14) 
Si 

The more general statement, the counterpart of our statement 
for the electric field in Eq. 38 of Chapter 1, is that the energy U to be 
associated with any magnetic field B(x, y, z) is given by: 


(75) 


With B in gauss and v in cm’, U in Eq. 75 will be given in ergs. 
In Eq. 70, we may use henrys and amperes, for L and Z, and then U 
will be given in joules. The SI equivalent of Eq. 75 for U in joules, B 
in teslas, and v in m° is 


l 


2uo Entire 
field 


B? du (75°) 


PROBLEMS 


7.1 What is the maximum electromotive force induced in a coil of 

4000 turns, average radius 12 cm, rotating at 30 revolutions per sec 

in the earth’s magnetic field where the field intensity is 0.5 gauss? 
Ans. 0.0057 statvolt, or 1.71 volts. 


7.2 A long straight wire is parallel to the y axis and passes through 
the point z = h on the z axis. A current / flows in this wire, returning 
by a remote conductor whose field we may neglect. Lying in the xy 
plane is a square loop with two of its sides, of length b, parallel to the 
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long wire. This loop slides with constant speed v in the X direction. 
Find the magnitude of the electromotive force induced in the loop at 
the moment when the center of the loop crosses the y axis. 


7.3 In the central region of a solenoid which is connected to a 
radiofrequency power source, the magnetic field oscillates at 2.5 X 
10° cycles per sec with an amplitude of 4 gauss. What is the amplitude 
of the oscillating electric field, in statvolts/cm, at a point 3 cm from 
the axis? (This point lies within the region where the magnetic field is 
nearly uniform.) 


7.4 Calculate the electromotive force in the moving loop in the fig- 
ure at the instant when it is in the position there shown. Assume the 
resistance of the loop is so great that the effect of the current in the 
loop itself is negligible. Estimate very roughly how large a resistance 
would be safe, in this respect. Indicate the direction in which current 
would flow in the loop, at the instant shown. 


7.5 Suppose the loop in Fig. 7.6 has a resistance R. Show that 
whoever is pulling the loop along at constant speed does an amount of 
work during the interval dt which agrees precisely with the energy 
dissipated in the resistance during this interval, providing the self- 
inductance of the loop can be neglected. What is the source of the 
energy in Fig. 7.14 where the loop is stationary? 


7.6 Does the prediction of a simple sinusoidal variation of electro- 
motive force for the rotating loop in Fig. 7.13 depend on the loop being 
rectangular, on the magnetic field being uniform, or on both? Explain. 
Can you suggest an arrangement of rotating loop and stationary coils 
which will give a definitely nonsinusoidal emf? Sketch the voltage- 
time curve you would expect to see on the oscilloscope, with that 
arrangement. 


7.7 Calculate the self-inductance of a cylindrical solenoid 10 cm in 
diameter and 2 meters long. It has a single-layer winding containing 
a total of 1200 turns. Assume as a first approximation that the mag- 
netic field inside the solenoid is uniform right out to the ends. Estimate 
roughly the magnitude of the error you will thereby incur. Is the true 
L larger or smaller than your approximate result? 


7.8 How could we wind a resistance coil so that its self-inductance 
would be small? 


7.9 Derive an approximate formula for the mutual inductance of 
two circular rings of the same radius a, arranged like wheels on the 
same axle with their centers b cm apart. Use an approximation good 
for b > a. 


7.10 The coils which first produced a slight but detectable kick in 
Faraday’s galvanometer he describes as made of 203 feet of copper 


PROBLEM 7.4 
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7.14 A metal crossbar of mass m slides without friction on two long 
parallel conducting rails a distance b apart. A resistor R is connected 
across the rails at one end; compared with R, the resistance of bar and 
rails is negligible. There is a uniform field B perpendicular to the plane 
of the figure. At time ¢ = O the crossbar is given a velocity vg toward 
the right. What happens then? 

(a) Does the rod ever stop moving? If so when? 

(b) How far does it go? 

(c) How about conservation of energy? 


7.15 A taut wire passes through the gap of a small magnet, where 
the field strength is 5000 gauss. The length of wire within the gap is 
1.8 cm. Calculate the amplitude of the induced alternating voltage 
when the wire is vibrating at its fundamental frequency of 2000 Hz 
with an amplitude of 0.03 cm. 


7.16 The shaded region represents the pole of an electromagnet 
where there is a strong magnetic field perpendicular to the plane of 
the paper. The rectangular frame is made of a 5-mm-diameter alu- 
minum rod, bent and with its ends welded together. Suppose that by 
applying a steady force of 1 newton, starting at the position shown, 
the frame can be pulled out of the magnet in 1 sec. Then: If the force 
is doubled, to 2 newtons, the frame will be pulled out in 

sec. Brass has about twice the resistivity of aluminum. If the frame 
had been made of a 5-mm brass rod, the force needed to pull it out in 


| sec would be ___________ newtons. If the frame had been made 
of a 1-cm-diameter aluminum rod, the force required to pull it out in 
| sec would be ___———S—.—C newtons. You may neglect in all cases 


the inertia of the frame. 


PROBLEM 7.16 


PROBLEM 7.14 


P 


PROBLEM 7.15 
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exam 10 volts 
150 ohms 


PROBLEM 7.17 


PROBLEM 7.21 


7.17 In the circuit shown in the diagram the 10-volt battery has 
negligible internal resistance. The switch S is closed for several sec- 
onds, then opened. Make a graph with the abscissa time in millisec- 
onds, showing the potential of point A with respect to ground, just 


3 0.1 henry before and then for 10 milliseconds after the opening of switch S. 


Show also the variation of the potential at point B in the same period 
of time. 


7.18 A circular coil of wire, with N turns of radius a, is located in 
the field of an electromagnet. The magnetic field is perpendicular to 
the coil, and its strength has the constant value Bo over that area. The 
coil is connected by a pair of twisted leads to an external resistance. 
The total resistance of this closed circuit, including that of the coil 
itself, is R. Suppose the electromagnet is turned off, its field dropping 
more or less rapidly to zero. The induced electromotive force causes 
current to flow around the circuit. Derive a formula for the total 


charge Q = | I dt which passes through the resistor, and explain why 


it does not depend on the rapidity with which the field drops to zero. 


7.19 Discuss the implications of the theorem ®,, = ®), in the case 
of the large and small concentric rings in Fig. 7.20. With fixed current 
I, in the outer ring, obviously ®,,, the flux through the inner ring, 
decreases if R, is increased, simply because the field at the center gets 
weaker. But with fixed current in the inner ring, why should ®,), the 
flux through the outer ring, decrease as R, increases, holding R, con- 
stant? It must do so to satisfy our theorem. 


7.20 Can you devise a way to use the theorem ®,, = ®,, to find 
the magnetic field strength due to a ring current at points in the plane 
of the ring at a distance from the ring much greater than the ring 
radius? (Hint: Consider the effect of a small change AR, in the radius 
of the outer ring in Fig. 7.20; it must have the same effect on ®) as 
on P>,.) 
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7.21 The figure shows a solenoid of radius a, and length b, located 
inside a longer solenoid of radius a, and length 5). The total number 
of turns is N, on the inner coil, N, on the outer. Work out a formula 
for the mutual inductance M. 


7.22 A thin ring of radius a carries a static charge q. This ring is 
in a magnetic field of strength Bo, parallel to the ring’s axis, and is 
supported so that it is free to rotate about that axis. If the field is 
switched off, how much angular momentum will be added to the ring? 
Supposing the mass of the ring to be m, show that the ring, if initially 
at rest, will acquire an angular velocity w = qBo/2mc. Notice that, 
as in Problem 7.18, the result depends only on the initial and final 
values of the field strength, and not the rapidity of change. 


7.23 A magnetic field exists in most of the interstellar space in our 
galaxy. There is evidence that its strength in most regions is between 
10° and 107° gauss. Adopting 3 X 107° gauss as a typical value, find, 
in order of magnitude, the total energy stored in the magnetic field of 
the galaxy. For this purpose you may assume the galaxy is a disk 
roughly 107 cm in diameter and 10°! cm thick. To see whether the 
magnetic energy amounts to much, on that scale, you might consider 
the fact that all the stars in the galaxy are radiating about 10% ergs/ 
sec. How many years of starlight is the magnetic energy worth? 


7.24 A superconducting solenoid designed for whole-body imaging 
by nuclear magnetic resonance is 0.9 meters in diameter and 2.2 
meters long. The field at its center is 0.4 tesla. Estimate roughly the 
energy stored in the field of this coil, in joules. 


7.25 It has been estimated that the magnetic field strength at the 
surface of a neutron star, or pulsar, may be as high as 10'* gauss. 
What is the energy density in such a field? Express it, using the mass- 
energy equivalence, in grams per cm’. 


7.26 Faraday describes in the following words an unsuccessful 
attempt to detect a current induced when part of a circuit consists of 
water moving through the earth’s magnetic field: 


I made experiments therefore (by favour) at Waterloo Bridge, 
extending a copper wire nine hundred and sixty feet in length 
upon the parapet of the bridge, and dropping from its extremi- 
ties other wires with extensive plates of metal attached to them 
to complete contact with the water. Thus the wire and the water 
made one conducting circuit; and as the water ebbed or flowed 
with the tide, I hoped to obtain currents analogous to those of 
the brass ball. I constantly obtained deflections at the galvanom- 
eter, but they were irregular, and were, in succession, referred 
to other causes than that sought for. The different condition of 
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the water as to purity on the two sides of the river; the difference 
in temperature; slight differences in the plates, in the solder 
used, in the more or less perfect contact made by twisting or 
otherwise; all produced effects in turn: and though I experi- 
mented on the water passing through the middle arches only; 
used platina plates instead of copper; and took every other pre- 
caution, I could not after three days obtain any satisfactory 
results. (“Experimental Researches in Electricity,” vol. I, Lon- 
don, 1839, p. 55.) 


Assume the vertical component of the field was 0.5 gauss, make a rea- 
sonable guess about the velocity of tidal currents in the Thames and 
estimate the magnitude of the induced voltage Faraday was trying to 
detect. 


7.27 We can think of a voltmeter as a device which registers the 


line integral | E - ds along a path C from the clip at the end of its 


(+) lead to the clip at the end of its (—) lead. Part of C lies inside 
the voltmeter itself. Path C may also be part of a loop which is 
completed by some external path from the (—) clip to the (+) clip. 
With that in mind, consider the arrangement in the figure. 
The solenoid is so long that its external magnetic field is negligible. Its 
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cross section is 20 cm? in area, and the field inside is toward the right 
and increasing at the rate of 100 gauss/sec. Two identical voltmeters 
are connected as shown to points on the loop which encloses the sole- 
noid and contains the two 50-ohm resistors. The voltmeters are capa- 
ble of reading microvolts and have high internal resistance. What will 
each voltmeter read? Make sure your answer is consistent, from every 
point of view, with Eq. 25. 


7.28 Magnetic fields inside good conductors cannot change 
quickly. We found that current in a simple inductive circuit decays 
exponentially with characteristic time L/R (Eq. 66). In a large con- 
ducting body such as the metallic core of the earth the “circuit” is not 
easy to identify. Nevertheless, we can find the order of magnitude of 
the decay time, and what it depends on, by making some reasonable 
approximations. Consider the solid doughnut of square cross section 
made of material with conductivity ø, in sec’'. A current Z flows 
around it. Of course J is spread out in some manner over the cross 
section, but we shall assume the resistance is that of a wire of area a’ 
and length za, that is, R = a/ao. For the field B we adopt the field 
at the center of a ring with current J and radius a/2. For the stored 
energy U a reasonable estimate would be B’/87 times the volume of 
the doughnut. Since dU/dt = —I°R, the decay time of the energy U 
will be 7 = U/I?R. Show that, except for some numerical factor 
depending on our various approximations, r œ oa*/c’. The radius of 
the earth’s core is 3000 km, and its conductivity is believed to be 10!° 
sec” ', roughly one-tenth that of iron at room temperature. Evaluate 7 
in centuries. 


7.29 The constant c which turns up in Maxwell’s equations can be 
determined by electrical experiments involving low-frequency fields 
only. Consider the arrangement shown in the figure. The force 
between capacitor plates is balanced against the force between par- 
allel wires carrying current in the same direction. A voltage alternat- 
ing sinusoidally at a frequency f cycles per sec is applied to the par- 
allel-plate capacitor C, and also to the capacitor C». The charge 
flowing into and out of C, constitutes the current in the rings. Suppose 
that C, and the various distances involved have been adjusted so that 
the time-average downward force on the upper plate of C, exactly bal- 
ances the time-average downward force on the upper ring. (Of course, 
the weights of the two sides should be adjusted to balance with the 
voltage turned off.) Show that under these conditions the constant c 
can be computed from measured quantities as follows: 


1/2 
c= (2r)? a 9 (2) 5 (cm/sec) 
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PROBLEM 7.29 Note that only measurements of distance and time (or frequency) are 
required, apart from a measurement of the ratio of the two capaci- 
tances C, and C. Electrical units, as such, are not involved in the 
result. (The experiment is actually feasible at a frequency as low as 
60 cycles/sec if C, is made, say, 10° times C, and the current rings 
are made with several turns to multiply the effect of a small current.) 


7.30 Consider the loop of wire shown in the figure. Suppose we 

want to calculate the flux of B through this loop. Two surfaces 

bounded by the loop are shown, in parts (a) and (b), respectively. 
PROBLEM 7.30 


(a) (b) 
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What is the essential difference between them? Which, if either, is the 


correct surface to use in performing the surface integral | B - da to 


find the flux? Describe the corresponding surface for a three-turn coil. 
Show that this is all consistent with our previous assertion that for a 
compact coil of N turns the electromotive force is just N times what 
it would be for a single loop of the same size and shape. 


7.31 In this question the term dynamo will be used for a generator 
which works in the following way. By some external agency—the 
shaft of a steam turbine, for instance—a conductor is driven through 
a magnetic field, inducing an electromotive force in a circuit of which 
that conductor is part. The source of the magnetic field is the current 
which is caused to flow in that circuit by that electromotive force. An 
electrical engineer would call it a self-excited dc generator. One of the 
simplest dynamos conceivable is sketched below. It has only two essen- 
tial parts. One part is a solid metal disk and axle which can be driven 
in rotation. The other is a two-turn “coil” which is stationary but is 
connected by sliding contacts, or “brushes,” to the axle and to the rim 
of the revolving disk. One of the two devices pictured is, at least poten- 
tially, a dynamo. The other is not. Which is the dynamo? Note that 
the answer to this question cannot depend on any convention about 
handedness or current directions. An intelligent extraterrestrial being 
inspecting the sketches could give the answer, provided only that it 
knows about arrows! What do you think determines the direction of 
the current in such a dynamo? What will determine the magnitude of 
the current? 


7.32 A dynamo like the one in the preceding problem has a certain 
critical speed wo. If the disk revolves with an angular velocity less than 
w nothing happens. Only when that speed is attained is the induced 
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G large enough to make the current large enough to make the mag- 
netic field large enough to induce an & of that magnitude. The critical 
speed can only depend on the size and shape of the conductors and the 
conductivity c. Remember that o has the dimensions sec '. Let d be 
some characteristic dimension expressing the size of the dynamo, such 
as the radius of the disk in our example. Show by a dimensional 
argument that wo must be given by a relation of this form: wọ = 
Kc’/d’s, where K is some dimensionless numerical factor that 
depends only on the arrangement and relative size of the various parts 
of the dynamo. For a dynamo of modest size made wholly of copper, 
the critical speed wọ would be practically unattainable. It is ferromag- 
netism that makes possible the ordinary dc generator by providing a 
magnetic field much stronger than the current in the coils, unaided, 
could produce. For an earth-sized dynamo, however, with d measured 
in hundreds of kilometers rather than meters, the critical speed is very 
much smaller. The earth’s magnetic field is almost certainly produced 
by a nonferromagnetic dynamo involving motions in the fluid metallic 
core. That fluid happens to be molten iron, but it is not even slightly 
ferromagnetic because it 1s too hot. (That will be explained in Chapter 
11.) We don’t know how the conducting fluid moves, or what config- 
uration of electric currents and magnetic fields its motion generates in 
the core. The magnetic field we observe at the earth’s surface is the 
external field of the dynamo in the core. The direction of the earth’s 
field a million years ago is preserved in the magnetization of rocks that 
solidified at that time. That magnetic record shows that the field has 
reversed its direction nearly 200 times in the last 100 million years. 
Although a reversal cannot have been instantaneous (see Problem 
7.28), it was a relatively sudden event on the geological time scale. 
The immense value of paleomagnetism as an indelible record of our 
planet’s history is well explained in Chapter 18 of Earth, by Frank 
Press and Raymond Siever, second edition, 1978 (W. H. Freeman). 


A Resonant Circuit 298 

Alternating Current 303 

Alternating-Current Networks 310 

Admittance and Impedance 313 

Power and Energy in Alternating-Current Circuits 315 
Problems 318 


ALTERNATING- 
CURRENT 
CIRCUITS 


298 


CHAPTER EIGHT 


FIGURE 8.1 


A mechanical damped harmonic oscillator. 


FIGURE 8.2 
A “series RLC” circuit. 


A RESONANT CIRCUIT 
8.1 A mass attached to a spring is a familiar example of an oscil- 
lator. If the amplitude of oscillation is not too large, the motion will 
be a sinusoidal function of the time. In that case, we call it a harmonic 
oscillator. The characteristic feature of any mechanical harmonic 
oscillator is a restoring force proportional to the displacement of a 
mass m from its position of equilibrium, F = —kx (Fig. 8.1). In the 
absence of other external forces the mass, if initially displaced, will 
oscillate with unchanging amplitude at the angular frequency, w = 
Vk/m. But usually some kind of friction will bring it eventually to 
rest. The simplest case is that of a retarding force proportional to the 
velocity of the mass, dx/dt. Motion in a viscous fluid provides an 
example. A system in which the restoring force is proportional to some 
displacement x and the retarding force is proportional to the time 
derivative dx/dt is called a damped harmonic oscillator. 

An electric circuit containing capacitance and inductance has 
the essentials of a harmonic oscillator. Ohmic resistance makes it a 
damped harmonic oscillator. Indeed, thanks to the extraordinary lin- 
earity of actual electric circuit elements, the electrical damped har- 
monic oscillator is more nearly ideal than most mechanical oscillators. 
The system we shall study first is the “series RLC” circuit dia- 
grammed in Fig. 8.2. 

Let Q be the charge, at time ¢, on the capacitor in this circuit. 
The potential difference, or voltage across the capacitor, is V, which 
obviously is the same as the voltage across the series combination of 
inductor L and resistor R. We take V to be positive when the upper 
capacitor plate is positively charged, and we define the positive current 
direction by the arrow in Fig. 8.2. With the signs chosen that way, the 
relations connecting charge Q, current /, and voltage across the capac- 
itor V are 


dI 
;--#2 Q=CV V=L +R () 


We want to eliminate two of the three variables Q, I, and V. From the 
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first two equations we obtain Z = —C dV/dt, and the third equation 
becomes V = —LC(d’?V/dt’?) — RC(dV/dt), or 
av ([R\dVv l 
—, — | — —!|V=0 2 
dt? + 2) di (=) (2) 


This is a second-order differential equation with constant coef- 
ficients. We shall try a solution of the form 


V = Ae“ cos wt (3) 


where A, a, and w are constants. The first and second derivatives of 
this function are 


dV _ 


Tt Ae~“[—a cos wt — w sin wt] (4) 
ËV -ati (2 2 i 
gz = Ae “la? — a’) cos wt + 2aw sin wt] (5) 


Substituting back into Eq. 2, we cancel out the common factor 
Ae~“' and are left with 


R 
(a? — w?) cos wt + 2aw sin wt — T (a cos wt + w sin wt) 
l 
+ 7c 208 wt =0 (6) 


This will be satisfied for all t if, and only if, the coefficients of sin wt 
and cos wt are both zero. That is, we must require 


Rw 
2aw — = = 0 (7) 
and 
R ] 
2. 22,8), 1 
a W aT tTO (8) 


œa = — (9) 


(10) 


Since our constant w is a real number, w? cannot be negative. 
Therefore we succeed in obtaining a solution of the form assumed in 
Eq. 3 only if R?/4Ľ? < 1/LC. In fact it is the case of “light damping,” 
that is, low resistance, that we want to examine, so we shall assume 
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that the values of R, L, and C in the circuit are such that the inequal- 
ity R < 2V L/C holds. 

The function Ae™®™ cos wt is not the only possible solution. 
Be~“' sin wt works just as well, with the same requirements, Eq. 9 and 
Eq. 10, on a and w, respectively. The general solution is the sum of 
these: 


Vit) = e °(A cos wt + B sin wt) (11) 


The arbitrary constants A and B could be adjusted to fit initial 
conditions. That is not very interesting. Whether the solution in any 
given case involves the sine or the cosine function, or some superpo- 
sition, is a trivial matter of how the clock is set. The essential phenom- 
enon is a damped sinusoidal oscillation. 

The variation of voltage with time is shown in Fig. 8.3a. Of 
course, this cannot really hold for all past time. At some time in the 
past the circuit must have been provided with energy somehow, and 
then left running. For instance, the capacitor might have been 
` charged, with the circuit open, and then connected to the coil. 

In Fig. 8.35 the time scale has been expanded and the dotted 
curve showing the variation of the current Z has been added. For V let 
us take the damped cosine, Eq. 3. Then the current as a function of 
time is given by 


[= cH. ACw [sin wt + Ž cos or e“ (12) 
dt w 

The ratio a/w is a measure of the damping. If a/w is very small, many 
oscillations occur while the amplitude is decaying only a little. For Fig. 
8.3 we chose a case in which a/w œ 0.04. Then the cosine term in Eq. 
12 doesn’t amount to much. All it does, in effect, is shift the phase by 
a small angle, tan”' (a/w). So the current oscillation is almost exactly 
one-quarter cycle out of phase with the voltage oscillation. 

The oscillation involves a transfer of energy back and forth from 
the capacitor to the inductor, or from electric field to magnetic field. 
At the times marked | in Fig. 8.36 all the energy is in the electric 
field. A quarter-cycle later, at 2, the capacitor is discharged and 
nearly all this energy is found in the magnetic field of the coil. Mean- 
while, the circuit resistance R is taking its toll, and as the oscillation 
goes on, the energy remaining in the fields gradually diminishes. 

The relative damping in an oscillator is often expressed by giving 
a number called Q. This number Q (not to be confused with the 
charge on the capacitor!) is said to stand for quality or quality factor. 
In fact, no one calls it that; we just call it Q. The less the damping, 
the larger the number Q. For an oscillator with frequency w, Q is the 
dimensionless ratio formed as follows: 


tored 
0 = o ——orrrvr (13) 


average power dissipated 


FIGURE 8.3 

(a) The damped sinusoidal oscillation of voltage in the 
ALC circuit. (b) A portion of (a) with the time scale 
expanded and the graph of the current / included. (c) 
The periodic transfer of energy from electric field to 
magnetic field and back again. Each picture represents 
the condition at times marked by the corresponding 
number in (b). 


(c) 
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Or you may prefer to remember that Q is the number of radians of 
the argument wt (that is, 27 times the number of cycles) required for 
the energy in the oscillator to diminish by the factor 1 /e. 

In our circuit the stored energy is proportional to V? or I? and, 
therefore, to e~ 2". The energy decays by 1/e ina time = 1/2a, which 
covers w/2a radians. Hence for our RLC circuit 

W wL 
Q = n R (14) 
As a rough estimate, what is the Q of the oscillation represented in 
Fig. 8.3? 

Clearly, the general case we have just studied includes some 
simple special cases. If R = 0, we have the completely undamped 
oscillator, whose frequency wọ is given by 


] 
2 VLC 


Mostly we deal with systems in which the damping is small enough to 
be ignored in calculating the frequency. As we can see from Eq. 10, 
and as Problem 8.9 will demonstrate, light damping has only a second- 
order effect on w. 

For completeness we review briefly what goes on in the over- 
damped circuit, in which R > 2 V L/C. Equation 2 then has a solution 
of the form V = Ae~® for two values of 8, the general solution being 


Vit) = AeW* + Be~ (16) 


(15) 


There are no oscillations, only a monotonic decay. In the special case 
of “critical” damping, R = 2V L/C, Bı = b, and the solution of the 
differential equation, Eq. 2, takes the form 


Vit) = (A + Btre™ (17) 


This is the condition, for given L and C, in which the total energy in 
the circuit is most rapidly dissipated. (See Problem 8.8.) 

You can see this whole range of behavior in Fig. 8.4, where V(t) 
is plotted for two underdamped circuits, a critically damped circuit, 
and an overdamped circuit. The capacitor and inductor remain the 
same; only the resistor is changed. The natural angular frequency w 
= ]/V LC is 10° sec™' for this circuit, corresponding to a frequency 
in cycles per sec of 10°/2z, or 159 kilocycles per sec. 

The circuit is started off by charging the capacitor to a potential 
difference of, say, 1 volt and then closing the switch at £ = 0. That is, 
V = 1 at t = Ois one initial condition. Also, Z = O at t = 0, because 
the inductor will not allow the current to rise discontinuously. There- 
fore, the other initial condition on V is dv/dt = 0, at t = 0. Notice 
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C = 0.01 microfarad 


L = 100 microhenrys 


(a) 


O55 seed s4e eG 7) 8. 8. 10 
Time, usec 


(b) 


that all four decay curves start the same way. In the heavily damped 
case (R = 600 ohms) most of the decay curve looks like the simple 
exponential decay of an RC circuit. Only the very beginning where 
the curve is rounded over so that it starts with zero slope, betrays the 
presence of the inductance L. 


ALTERNATING CURRENT 
8.2 The resonant circuit we have just discussed contained no source 
of energy and was, therefore, doomed to a transient activity, an oscil- 
lation that must sooner or later die out. In an alternating-current cir- 
cuit we are concerned with a steady state, a current and voltage oscil- 
lating sinusoidally without change in amplitude. Some oscillating 
electromotive force drives the system. 

The frequency f of an alternating current is ordinarily expressed 
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FIGURE 8.4 

(a) With the capacitor charged, the switch is closed at 
t = 0. (b) Four cases are shown, one of which, R = 
200 ohms, is the case of critical damping. 
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FIGURE 8.5 
A circuit with inductance driven by an alternating 
electromotive force. 
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in cycles per sec [or Hertz (Hz), after the discoverer} of electromag- 
netic waves]. The angular frequency w = 2rf is the quantity that 
usually appears in our equations. It will always be assumed to be in 
radians/sec. That unit has no special name; we’ll write it simply sec™'. 
Thus our familiar (in North America) 60-Hz current has w = 377 
sec. 

Let us apply an electromotive force 6 = Gp cos wt to a circuit 
containing inductance and resistance. We might generate & by a 
machine schematically like the one in Fig. 7.13, having provided some 
engine or motor to turn the shaft at the constant angular speed w. The 
symbol at the left in Fig. 8.5 is a conventional way to show the pres- 
ence of an alternating electromotive force in a circuit. It suggests a 
generator connected in series with the rest of the circuit. But you need 
not think of an electromotive force as located at a particular place in 
the circuit. It is only the line integral around the whole circuit that 
matters. Figure 8.5 could just as well represent a circuit in which the 
electromotive force arises from a changing magnetic field over the 
whole area enclosed by the circuit. 

We set the sum of potential drops over the elements of this cir- 
cuit equal to the electromotive force 6, exactly as we did in developing 
Eq. 7.61. The equation governing the current is then 

pus RI = 6) cos wt (18) 
dt 

Now there may be some transient behavior, depending on the 
initial conditions, that is, on how and when the generator is switched 
on. But we are interested only in the steady state, when the current is 
oscillating obediently at the frequency of the driving force, with the 
amplitude and phase necessary to keep Eq. 18 satisfied. To show that 
this is possible, consider a current described by 


I = I, cos (wt + ¢) (19) 
To determine the constants Jọ and y, we put this into Eq. 18: 
— LIpw sin (wt + ¢) + Ria cos (wt + ¢) = Eg coswt (20) 
The functions cos wt and sin wt can be separated out: 


— Llw (sin wt cos g + cos wt sin ~) 
+ RI, (cos wt cos gy — sin wt sing) = Êo cos wt (21) 


tIn 1887 Heinrich Hertz demonstrated electromagnetic waves generated by oscillat- 
ing currents in a macroscopic electric circuit. The frequencies were around 10° cycles 
per sec, corresponding to wavelengths around 30 cm. Although Maxwell’s theory, 
developed 15 years earlier, had left little doubt that light must be an electromagnetic 
phenomenon, in the history of electromagnetism Hertz’s experiments were an 
immensely significant turning point. 
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6 = Eg cos Wt 


Setting the coefficients of cos wt and sin wt separately equal to zero, 


— Lilo w COS y — RI sin g= 0 (22) 
. , L 
which gives tang = — = (23) 
— Llo w sing + Rl cos gy — 6p = 0 (24) 
which gives 
Go 
lo = ~ 
R cos » — wL sin ¢ (25) 
_ Go _ bo COS 
R (cos y + sin ¢ tan ¢) R 
or since 
R 
COS y = VR $ oD (from Eq. 23) (26) 
G 
h = = (27) 


VR + wL 
In Fig. 8.6 the oscillations of 6 and I are plotted on the same 
graph. Since ¢ is a negative angle, the current reaches its maximum 
a bit /ater than the electromotive force. One says, “The current lags 
the voltage in an inductive circuit.” The quantity wZ, which has the 
dimensions of resistance and can be expressed in ohms is called the 
inductive reactance. 
If we replace the inductor L by a capacitor C, as in Fig. 8.7, we 
have a circuit governed by the equation 
Q 


TŽ + RI = 6) cos wt (28) 


FIGURE 8.6 

The current /, in the circuit of Fig. 8.5, plotted along 
with the electromotive force & on the same time scale. 
Note the phase difference. 


FIGURE 8.7 
An alternating electromotive force in a circuit containing 
resistance and capacitance. 
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FIGURE 8.8 

The current in the AC circuit. Compare the phase shift 
here with the phase shift in the inductive circuit in Fig. 
8.6. The maximum in / occurs here a little earlier than 
the maximum in &. 
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We consider the steady-state solution 
I = I) cos (wt + ¢) (29) 
Since Z = —dQ/dt, we have 


Q= — [rac= -*sin(wr + o) (30) 
Ww 


Note that, in going from / to Q by integration, there is no question of 
adding a constant of integration, for we know that Q must oscillate 
symmetrically about zero in the steady state. 

Substituting back into Eq. 28 leads to 


[ 
za sin (wt + ) + Rip cos (wt + p) = o coswt . (31) 
U) 


Just as before, we obtain conditions on and Jp by requiring that the 
coefficients of cos wt and sin wt separately vanish. In this case, the 
results are 


l 
t = — 32 
ane = BG (32) 


and 


G 
b = — (33) 


VR? + (1/wC)’ 
Notice that the phase angle is now positive. As the saying goes, the 
current “leads the voltage” in a capacitive circuit. What this means is 
apparent in the graph of Fig. 8.8. 
Mathematically speaking, the function 


Go í 3 
I = —— 0s | wt — tan”! — 34 
VRF 2 R CY 
& = &% cos wt 
= E0 oos (wt + tan`? auc) 


R? + Y 
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is a particular integral of the differential equation, Eq. 18. To this 
could be added a complementary function, that is, any solution of the 
homogeneous differential equation 


dI 
L— + RI=0 
dt 


Now this is just Eq. 65 of Chapter 7, whose solution we found, in 
Section 7.9, to be an exponentially decaying function, 
-(R/L)t 


(35) 


I~e (36) 


The physical significance is this: A transient, determined by some ini- 
tial conditions, is represented by a decaying component of I(t), of the 
form of Eq. 36. After a time t > L/R, this will have vanished leaving 
only the steady sinusoidal oscillation at the driving frequency, repre- 
sented by the particular integral, Eq. 34. 

The similarity of our results for the RL circuit and the RC cir- 
cuit suggests a way to look at the inductor and capacitor in series. 
Suppose an alternating current J = Jp cos (wt + ) is somehow 
caused to flow through such a combination (shown in Fig. 8.9). The 
voltage across the inductor, V;, will be 


dI 
V, = L— = —IhwL sin (wt + p) (37) 


dt 


The voltage Vc across the capacitor, with sign consistent with the sign 
of Vi, is 


| I 
Vo= - Ea = I dt = ~ sin (wt + @) (38) 
The voltage across the combination is then 
l 
V = Vi + Vc = - (ot — 4) nsin (ot + 9 (39) 
W 


For a given w, the combination is evidently equivalent to a single ele- 
ment, either an inductor or a capacitor, depending on whether the 
quantity wL — 1/wC is positive or negative. Suppose, for example, 
that wL > 1/wC. Then the combination is equivalent to an inductor 
L’ such that 

l 


wl’ = wL — — 


wC (40) 


Equivalence means only that the relation between current and voltage, 
for steady oscillation at the particular frequency w, is the same. This 
allows us to replace L and C by L’ in any circuit driven at this 
frequency. 

This can be applied to the simple RLC circuit in Fig. 8.10. We 


FIGURE 8.9 

The inductor and capacitor in series are equivalent to a 
single reactive element which is either an inductor or a 
capacitor depending on whether wêLC is greater or less 
than 1. 


FIGURE 8.10 
The RLC circuit driven by a sinusoidal electromotive 
force. 


Eg cos wt C 
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need only recall Eqs. 23 and 27, the solution for the RL circuit driven 
by the electromotive force 6o cos wt, and replace wL by wL — 1/w0C: 


Go 
I= gpg (yp + 41 
VR + (oL — 1v0 forte) AN 
l wl 
__! wl 42 
ane = RoC R (42) 


For fixed amplitude 69 of the electromotive force, and given cir- 
cuit elements L, C, and R, we get the greatest current when the driv- 
ing frequency w is such that 

l 
wL —-—=0 (43) 

W 
which is the same as saying that w = 1/V LC = wy, the resonant 
frequency of the undamped LC circuit. In that case Eq. 41 reduces to 


_ &o COS wl 


= (44) 


I 
That is exactly the current that would flow if the circuit contained the 
resistor alone. 

As an example, consider the circuit of Fig. 8.4a, connected now 
to a source or generator of alternating emf, G = 6o cos wt. The driving 
frequency w may be different from the resonant frequency wo = 
1/ VLC, which, for the given capacitance (0.01 microfarads) and the 
inductance (100 microhenrys), is 10° radians/sec (or 10°/2z cycles 
per sec). Figure 8.11 shows the amplitude of the oscillating current, 
as a function of the driving frequency w, for three different values of 
the circuit resistance R. It is assumed that the amplitude Go of the 
emf is 100 volts in each case. Notice the resonance peak at w = wo, 
which is most prominent and sharp for the lowest resistance value. 
This is the same value of R for which, running as a damped oscillator 
without any driving emf, the circuit behaved as shown in the top graph 
of Fig. 8.40. 

The Q of the circuit, defined by Eq. 14 as wọL/R,f is (10° X 
10~*)/20, or 5, in this case. Generally speaking, the higher the Q of a 
circuit, the narrower and higher the peak of its response as a function 
of driving frequency w. To be more precise, consider frequencies in the 
neighborhood of wo, writing w = wọ + Aw. Then to first order in 
Aw/wo, the expression wL — 1/wC which occurs in the denominator 
in Eq. 41 can be approximated this way: 


tThe w in Eq. 14 was the frequency of the freely decaying damped oscillator, practi- 
cally the same as wo for moderate or light damping. We use wọ here in the definition 
of Q. In the present discussion w is any frequency we may choose to apply to this 
circuit. 
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L = 10~* henry 
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it R = 20 ohms 
o 3 C = 107 farad 
$ w= 1/-/LC = 10° rad/sec 
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‘| 

R = 200 ohms 
0 0.5 1.0 1.5 2.0 2.5 3.0 
W/o 
FIGURE 8.11 
1 Aw l An emf of 100 volts amplitude is applied to a series 
oL Ā— — = uyl | i+ —_— |) (45) RLC circuit. The circuit elements are the same as in the 
wC wo woC(1 + Aw/wo) example of the damped circuit in Fig. 8.4. Current 
. . fro ek? amplitude is calculated by Eq. 41 and plotted, as a 
and since wo 1/ LC, this becomes function Of w/w, for three different resistance values. 
Aw l Aw 
Lil + — — — |! Z wL | 2 — 46 
iki w l TE) i =) (46) 


Exactly at resonance, the quantity inside the square root sign in Eq. 
41 is just R*. As w is shifted away from resonance the quantity under 
the square root will have doubled when |wZ — 1/wC| = R, or when, 
approximately, 


Wy we Q mp 
This means that the current amplitude will have fallen to 1/ V2 times 
the peak when |Aw/wo| = 1/2Q. These are the “half-power” points, 
because the energy or power is proportional to the amplitude squared, 
as we Shall explain in Section 8.5. One often expresses the width of a 
resonance peak by giving the full width between half-power points. 
Evidently that is just 1 /Q times the resonant frequency itself. Circuits 
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R = 60 ohms 


R = 20 ohms 


w/w 


FIGURE 8.12 
The variation of phase angle with frequency, in the 
Circuit of Fig. 8.11. 


FIGURE 8.13 
An alternating-current network. 


R = 200 ohms 
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with very much higher Q than this one are quite common. A radio 
receiver may select a particular station and discriminate against oth- 
ers by means of a resonant circuit with a Q of several hundred. It is 
quite easy to make a microwave resonant circuit with a Q of 104, or 
even 10°. 

The angle y, which expresses the relative phase of the current 
and emf oscillations, varies with frequency in the manner shown in 
Fig. 8.12. At a very low frequency the capacitor is the dominant hin- 
drance to current flow, and ¢ is positive. At resonance, y = 0. The 
higher the Q, the more abruptly ¢ shifts from positive to negative 
angles as the frequency is raised through wọ. 


ALTERNATING-CURRENT NETWORKS 

8.3 An alternating-current network is any collection of resistors, 
capacitors, and inductors in which currents flow that are oscillating 
steadily at the constant frequency w. One or more electromotive 
forces, at this frequency, drive the oscillation. Figure 8.13 is a diagram 
of one such network. The source of alternating electromotive force is 
represented by the symbol A}. In a branch of the network, for 
instance the branch that includes the inductor L», the current as a 
function of time is 


I, = Io COS (wt + 2) (48) 


Since the frequency is a constant for the whole network, two numbers, 
such as the amplitude Jp, and the phase constant p, above, are enough 
to determine for all time the current in a particular branch. Similarly, 
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the voltage across a branch oscillates with a certain amplitude and 
phase 


V, = Voz COS (wt + 6>) (49) 


If we have determined the currents and voltages in all branches 
of a network, we have analyzed it completely. To find them by con- 
structing and solving all the appropriate differential equations is pos- 
sible, of course; and if we were concerned with the transient behavior 
of the network, we might have to do something like that. For the 
steady state at some given frequency w, we can use a far simpler and 
more elegant method. It is based on two ideas: 


1. An alternating current or voltage can be represented by a com- 
plex number. 


2. Any one branch or element of the circuit can be characterized, 
at a given frequency, by the relation between the voltage and current 
in that branch. 


The first idea exploits that remarkable mathematical identity 
e” = cos6 + isin ð (50) 


with i? = —1. To carry it out we adopt the following rule for the 
representation: 


An alternating current Jp cos (wt + vy) is to be represented 
by the complex number Je”, that is, the number whose real part 
is Jọ cos y and whose imaginary part is Jp sin ¢. 


Going the other way, if the complex number x + iy rep- 
resents a current J, then the current as a function of time is given 


iwt 


by the real part of the product (x + iy)e™. 


Figure 8.14 is a reminder of this two-way correspondence. Since 
a complex number z = x + iy can be graphically represented on the 
two-dimensional plane, it is easy to visualize the phase constant as the 
angle tan”' y/x, and the amplitude Jọ as the modulus Vx* + y’. 

What makes all this useful is the following fact: The represen- 
tation of the sum of two currents is the sum of their representations. 
Consider the sum of two currents J; and J, that meet at a junction of 
wires in Fig. 8.13. At any instant of time ¢ the sum of the currents is 


iF + I, = Io) COS (wt + gı) + lo COS (wt + 2) 
= (Ío; cos pı + Io COS 2) COS wt (51) 


— (Jo; sin g; + Ío Sin g2) sin wt 
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CURRENT AS A 
FUNCTION OF TIME 1o 
-e 
Io cos (wt +g) 

Multiply by gir 
and take real part 

FIGURE 8.14 


Rules for representing an alternating current by a 
complex number. 
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COMPLEX NUMBER 
REPRESENTATION 


he” =x + iy 


On the other hand, the sum of the complex numbers that, according 
to our rule, represent J, and J is 


Ine"! + Ioe? = (Ip, cos pı + Io Cos p2) (52) 
5 i( Io; sin gı + Io2 sin p2) 


If you multiply the right-hand side of Eq. 52 by cos wt + i sin wt and 
take the real part of the result, you will get just what appears on the 
right in Eq. 51. 

This means that, instead of adding or subtracting the periodic 
functions of time themselves, we can add or subtract the complex 
numbers that represent them. Or putting it another way, the algebra 
of alternating currents turns out to be the same as the algebra of com- 
plex numbers in respect to addition. The correspondence does not 
extend to multiplication. The complex number Jo,Jo,e""'**2) does not 
represent the product of the two current functions in Eq. 51. 

However, it is only addition of currents and voltages that we 
need to carry out in analyzing the network. For example, at the junc- 
tion where J, meets /, in Fig. 8.13, there is the physical requirement 
that at every instant the net flow of current into the junction shall be 
zero. Hence the condition 


ht+ht+h=0 (53) 


must hold, where /,, J}, and J; are the actual periodic functions of 
time. Thanks to our correspondence, this can be expressed in the sim- 
ple algebraic statement that the sum of three complex numbers is 
zero. Voltages can be handled in the same way. Instantaneously, the 
sum of voltage drops around any loop in the network must equal the 
electromotive force in the loop at that instant. This condition relating 
periodic voltage functions can likewise be replaced by a statement 
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about the sum of some complex numbers, the representations of the 
various oscillating functions, V(t), V(t), etc. 


ADMITTANCE AND IMPEDANCE 

8.4 The relation between current flow in a circuit element and the 
voltage across the element can be expressed as a relation between the 
complex numbers that represent the voltage and the current. Look at 
the inductor-resistor combination in Fig. 8.5. The voltage oscillation 
is represented by ĉo and the current by Je’, where lọ = 
Eo/\V R* + WL’? and tan p = —wL/R. The phase difference y and 
the ratio of current amplitude to voltage amplitude are properties of 
the circuit at this frequency. We define a complex number Y as 
follows: 


(eae wih ga (- 4 (54) 
VR? + wD? R 
Then the relation 
I= YV (55) 


holds, where V is the complex number that represents the voltage 
across the series combination of R and L, and / is the complex number 
that represents the current. Y is called the admittance. The same rela- 
tion can be expressed with the reciprocal of Y, denoted by Z and 
called the impedance: 


l 
y=(t\r- ii (56) 

Here we do make use of the product of two complex numbers, 
but only one of the numbers is the representation of an alternating 
current or voltage. The other is the impedance or admittance. Our 
algebra thus contains two categories of complex numbers, those that 
represent impedances, for example, and those that represent currents. 
The product of two “impedance numbers,” like the product of two 
“current numbers,” doesn’t represent anything. 

The impedance is measured in ohms. Indeed, if the circuit ele- 
ment had consisted of the resistance R alone, the impedance would be 
real and equal simply to R, so that Eq. 56 would resemble Ohm’s law 
for a direct-current circuit; V = RI. 

The admittance of a resistanceless inductor is the imaginary 
quantity Y = —i/wL. This can be seen by letting R go to zero in Eq. 
54. The factor —i shows that the current oscillation lags the voltage 
oscillation by 2/2 in phase. On the complex number diagram, if the 
voltage is represented by V (Fig. 8.155), the current might be repre- 
sented by Z, located as shown there. For the capacitor, Y = iwC, as 
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FIGURE 8.15 

V and / are complex numbers that represent the 
voltage across a circuit element and the current 
through it. The relative phase of current and voltage 
oscillation is manifest here in the angle between the 
“vectors.” (a) In the resistor, current and voltage are in 
phase. (b) In the inductor, current lags the voltage. (c) 
In the capacitor, current leads the voltage 
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FIGURE 8.16 
Combining admittances in parallel. 


FIGURE 8.17 
Combining impedances in series. 


CHAPTER EIGHT 


can be seen from the expression for the current in Fig. 8.8. In this case 
V and / are related as indicated in Fig. 8.15c. The inset in each of the 
figures shows how the relative sign of V and Z is to be specified. Unless 
that is done consistently, leading and lagging are meaningless. Note 
that we always define the positive current direction so that a positive 
voltage applied to a resistor causes positive current (Fig. 8.15a). 

The properties of the three basic circuit elements are summa- 
rized below. 


l 
Symbol Admittance, Y Impedance, Z = y 
R l 
WW = R 
R 
L —i 
— iwL 
AL- oL 
C iwl =! 
HH oC 


We can build up any circuit from these elements. When ele- 
ments or combinations of elements are connected in parallel, it is con- 
venient to use the admittance, for in that case admittances add. In 
Fig. 8.16 two black boxes with admittances Y, and Y, are connected 
in parallel. We have then 


I= h+h= YV + YV =(Y + Y,)V (57) 


which implies that the equivalent single black box has an admittance 
Y = Y, + Y. From Fig. 8.17 it will be obvious that the impedances 
add for elements connected in series. It sounds as if we are talking 
about a direct-current network! In fact, we have now reduced the ac 
network problem to the dc network problem, with only this difference: 
The numbers we deal with are complex numbers. 

As an example, let’s look at the “parallel RLC” circuit in Fig. 
8.18. The combined admittance of the three parallel branches is 


l i 
Y = — + iw — — 58 
R + iwC OL (58) 
The voltage is simply Go, so the complex current is 
l l 
I= YV = 6| = + i| wC — — 59 
i E Ei c T | S2) 


The amplitude of the current oscillation is the modulus of the complex 
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number J, which is G)[(1/R)? + (wC — 1/wL)’]'/*, and the phase 
angle is tan”! (RwC — R/wL). 

We can only deal in this way with linear circuit elements, ele- 
ments in which the current is proportional to the voltage. In other 
words, our circuit must be described by a linear differential equation. 
You can’t even define an impedance for a nonlinear element. Nonlin- 
ear circuit elements are very important and interesting devices. If you 
have studied some in the laboratory, you can see why they will not 
yield to this kind of analysis. 

This is all predicated, too, on continuous oscillation at constant 
frequency. The transient behavior of the circuit is a different problem. 
However, for linear circuits the tools we have just developed have 
some utility, even for transients. The reason is that by superposing 
steady oscillations of many frequencies we can represent a nonsteady 
behavior, and the response to each of the individual frequencies can 
be calculated as if that frequency were present alone. 


POWER AND ENERGY IN 

ALTERNATING-CURRENT CIRCUITS 

8.5 If the voltage across a resistor R is Vp cos wt, the current is Z 
= (Vo/R) cos wt. The instantaneous power, that is, the instantaneous 
rate at which energy is being dissipated in the resistor, is 


V2 
P = RP = 3 cos? wt (60) 


Since the average of cos? wt over many cycles is 4, the average power 
dissipated in the circuit is 

1 
2 R 


BS 


P= (61) 
It is customary to express voltage and current in ac circuits by giving 
not the amplitude but 1 / V2 times the amplitude. This is often called 
the root-mean-square (rms) value. That takes care of the factor % in 
Eq. 61, so that 

NV Vins 

P = — 62 

T (62) 

For example, the common domestic line voltage in North America, 
120 volts, corresponds to an amplitude 120 V2 volts. The potential 
difference between the terminals of the electric outlet in your room (if 
the voltage is up to normal) is 


V(t) = 170 cos 377t (63) 


with V in volts and ź in seconds. An ac ammeter is calibrated to read 
| amp when the current amplitude is 1.414 amps. 


FIGURE 8.18 
A parallel resonant circuit. Add the complex 
admittances of the three elements, as in Eq. 58. 
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Average 
power 


FIGURE 8.19 

The instantaneous power V/ is the rate at which energy 
is being transferred from the source of electromotive 
force on the left to the circuit elements on the right. 
The time average of this is indicated by the horizontal 
dashed line. 
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In general, the instantaneous rate at which energy is delivered 
to a circuit element is VI, the product of the instantaneous voltage and 
current, with due regard to sign. Consider this aspect of the current 
flow in the simple LR circuit in Fig. 8.5. In Fig. 8.19 we have redrawn 
the current and voltage graphs and added a curve proportional to the 
product VI. Positive VI means energy is being transferred into the LR 
combination from the source of electromotive force, or generator. 
Notice that VI is negative in certain parts of the cycle. In those periods 
some energy is being returned to the generator. This is explained by 
the oscillation in the energy stored in the magnetic field of the induc- 
tor. This stored energy, ŻLI?, goes through a maximum twice in each 
full cycle. 

The average power P corresponds to the horizontal dashed line. 
To calculate its value, let’s take a look at the product VI, with V = 
Ĝo cos wt and J = I) cos (wt + ¢): 


VI = olo cos wt cos (wt + ¢) (64) 


Eolo (cos? wt cos y — COS wt sin wt sin ¢) 


The term proportional to cos wt sin wt has a time average zero, as is 
obvious if you write it as % sin 2wt, while the average of cos” wt is ¥. 
Thus for the time average we have 


P = VI = %Golo cos v (65) 
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If both current and voltage are expressed as rms values, in volts and 
amps, respectively, 


P = Vms Ims COS 9 (66) 


In this circuit all the energy dissipated goes into the resistance R. Nat- 
urally, any real inductor has some resistance. For the purpose of ana- 
lyzing the circuit, we included that with the resistance R. Of course 
the heat evolves at the actual site of the resistance. 

To practice with the methods we developed in Section 8.4, we’ll 
analyze the circuit in Fig. 8.20a. A 10,000-ohm, l-watt resistor has 
been connected up with two capacitors of capacitance 0.2 and 0.5 
microfarads. We propose to plug this into the 120-volt, 60-Hz outlet. 
Question: Will the l-watt resistor get too hot? In the course of finding 
out whether the average power dissipated in R exceeds the |-watt rat- 
ing, we'll calculate some of the currents and voltages we might expect 
to measure in this circuit. One way to work through the circuit is out- 
lined below. 


Admittance of C) = iwC, = (377)(2 X 107i 
0.754 X 107fi ohm”! 


= 10°* ohm”! 


Admittance of 3d = 10°“(1 + 0.754i) ohm! 
l 
Impedance of =a 
10°"(1_ + 0.7547) 


_ 10% — 0.754i) 
= P + 0.754? 
= (6360 — 48007) ohms 


Impedance of Ci = — — = 


Admittance of the resistor = 


x| — 


wC  (377X(5 X 1077) 
= — 5300; ohms 
Impedance of entire circuit = (6360 — 10,100i) ohms 
120 _ 120 (6360 + 10,1007) 


h = -an anann. 2 2 
6360 — 10,100: (6360) + (10,100) 


= (5.37 + 8.53/) X 1073 amp 


Since we have used 120 volts, which is the rms voltage, we obtain the 
rms current. That is, the modulus of the complex number J}, which is 
[(5.37)? + (8.53) ]!2 & 107? amp or 10.0 milliamps, is the rms cur- 
rent. An ac milliammeter inserted in series with the line would read 
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(b) 


FIGURE 8.20 

An actual network (a) ready to be connected to a 
source of electromotive force, and (b) the circuit 
diagram. 
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10 milliamps. This current has a phase angle p = tan7! (0.853/ 
0.537) or 1.01 radians with respect to the line voltage. The average 
power delivered to the entire circuit is then 


P = (120 volts) (0.010 amp) cos 1.01 = 0.64 watt 


In this circuit the resistor is the only dissipative element, so this must 
be the average power dissipated in it. Just as a check, we can find the 
voltage V across the resistor: 

—i 


V= I; (=) = (5.37 + 8.53D(— 5300/)10~° 
wC 


= (45.2 — 28.4i) volts 
V, = 120 — V, = (74.8 + 28.4i) volts 


The current /, in R will be in phase with V3, of course, so the average 
power in R will be 


— V3 (74.8)? + (28.4)? 
P = 22 = 048) FCB)" L 0.64 watt (67) 


which checks. 

Thus the rating of the resistor isn’t exceeded, for what that 
assurance is worth. Actually, whether the resistor will get too hot 
depends not only on the average power dissipated in it but also on how 
easily it can get rid of the heat. The power rating of a resistor is only 
a rough guide. 


PROBLEMS 


8.1 How large an inductance, in henrys, should be connected in 
series with a 120-volt, 60-watt light bulb if it is to operate normally 
when the combination is connected across a 240-volt, 60-Hz line? 
(First determine the inductive reactance required. You may neglect 
the resistance of the inductor and the inductance of the light bulb.) 


8.2 A 2000-ohm resistor and a l-microfarad capacitor are con- 
nected in series across a 120-volt (rms), 60-Hz line. 

(a) What is the impedance? 

(b) What is the rms value of the current? 
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(c) What is the power dissipated in the circuit? 

(d) What will be the reading of an ac voltmeter connected across 
the resistor? Across the capacitor? 

(e) The horizontal plates of a cathode ray tube are connected 
across the resistor and the vertical plates across the capacitor. Sketch 
the pattern that you expect to see on the screen. 


8.3 <A 1000-ohm resistor, a 500-picofarad capacitor, and a 2-milli- 
henry inductor are connected all in parallel. What is the impedance 
of this combination at a frequency of 10 kilocycles per sec? At a fre- 
quency of 10 megacycles per sec? What is the frequency at which the 
absolute value of the impedance is greatest? 


8.4 In the resonant circuit of the figure the dissipative element is a 
resistor R’ connected in parallel, rather than in series, with the LC 
combination. Work out the equation, analogous to Eq. 2, which 
applies to this circuit. Find also the conditions on the solution analo- 
gous to those that hold in the series RLC circuit. If a series RLC and 
a parallel R’LC circuit have the same L, C, and Q, how must R’ be 
related to R? 


8.5 The coil in the circuit shown in the diagram is known to have 
an inductance of 0.01 henry. When the switch is closed, the oscillo- 
scope sweep is triggered. 

(a) Determine as well as you can the value of the capacitance 
G 

(b) Estimate the value of the resistance R of the coil. 

(c) What is the magnitude of the voltage across the oscilloscope 
input a long time, say | second, after the switch has been closed? 


8.6 For the circuit in Fig. 8.4a, determine the values of 6, and £2 
for the overdamped case, with R = 600 ohms. Determine also the 
ratio of B to A, the constants in Eq. 16. 


319 


PROBLEM 8.4 


PROBLEM 8.5 


320 
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8.7 A resonant cavity of the form illustrated in the figure is an 
essential part of many microwave oscillators. It can be regarded as a 
simple LC circuit. The inductance is that of a toroid with one turn; 
this inductor is connected directly to parallel-plate capacitors. Find an 
expression for the resonant frequency of this circuit and show by a 
sketch the configuration of the magnetic and electric fields. 


8.8 For the damped RLC circuit of Fig. 8.3, work out an expression 
for the total energy stored in the circuit, the energy in the capacitor 
plus the energy in the inductor, at any time ¢. Show that the critical 
damping condition, R = 2V L/C, is the one in which the total energy 
is most quickly dissipated. 


8.9 Using Eqs. 10 and 13, express the effect of damping on the fre- 
quency of a series RLC circuit. Let wọ = 1/ VLC be the frequency of 
the undamped circuit. Suppose enough resistance is added to bring Q 
from co down to 1000. By what percentage is the frequency w thereby 
shifted from wo? 


8.10 Is it possible to find a frequency at which the impedance at 
the terminals of this circuit will be purely real? 


8.11 An alternating voltage Vo cos wt is applied to the terminals at 
A. The terminals at B are connected to an audio amplifier of very high 
input impedance. (That is, current flow into the amplifier is negligi- 
ble.) Calculate the ratio | V,|7/V%. Here |V,| is the absolute value of 
the complex voltage amplitude at terminals B. Choose values for R 
and C to make |V,|7/V3 = 0.1 for a 5000-Hz signal. This circuit is 
the most primitive of “low-pass” filters, providing attenuation that 
increases with increasing frequency. Show that, for sufficiently high 
frequencies, the signal power is reduced by a factor 4 for every dou- 
bling of the frequency. Can you devise a filter with a more drastic 
cutoff—such as a factor r. per octave? 


PROBLEM 8.11 
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8.12 Let Vig = Vg — Va in this circuit. Show that |V4g|* = 
V6 for any frequency w. Find the frequency for which V4g is 90° out 
of phase with Vo. 


8.13 Show that, if the condition RiR, = L/C is satisfied by the 
components of the circuit below, the difference in voltage between 
points A and B will be zero at any frequency. Discuss the suitability 
of this circuit as an ac bridge for measurement of an unknown 
inductance. 


8.14 Inthe laboratory you find an inductor of unknown inductance 
L and unknown internal resistance R. Using a dc ohmmeter, an ac 
voltmeter of high impedance, a 1-microfarad capacitor, and a 1000- 
Hz signal generator, determine L and R as follows: According to the 
ohmmeter, R is 35 ohms. You connect the capacitor in series with the 
inductor and the signal generator. The voltage across both is 10.1 
volts. The voltage across the capacitor alone is 15.5 volts. You note 
also, as a check, that the voltage across the inductor alone is 25.4 volts. 
How large is L? Is the check consistent? 


8.15 Show that the impedance Z at the terminals of each of the 
two circuits below is 


5000 + 16 X 107w? — l6iw 
1+ 16 X 107° w 


Since they present, at any frequency, the identical impedance, the two 
black boxes are completely equivalent and indistinguishable from the 
outside. See if you can discover the general rules for constructing the 
box on the right, given the values of the resistances and capacitance 
in the box on the left. 
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1 microfarad 
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PROBLEM 8.13 


PROBLEM 8.15 


0.64 microfarads 
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PROBLEM 8.16 


8.16 The box (a) with four terminals contains a capacitor C and 
two inductors of equal inductance L connected as shown. An imped- 
ance Zo is to be connected to the terminals on the right. For given 
frequency w find the value which Zp must have if the resulting imped- 
ance between the terminals on the left (the “input” impedance) is to 
be equal to Zo. You will find that the required value of Zo is a pure 
resistance Rọ providing that w? < 2/LC. A chain of such boxes could 
be connected together to form a ladder network resembling the ladder 
of resistors in Problem 4.32. If the chain 1s terminated with a resistor 
of the correct value Ro, its input impedance at frequency w will be Ro, 
no matter how many boxes make up the chain. 

What is Zo in the special case w = V2/LC? It helps in understand- 
ing that case to note that the contents of the box (a) can be equally 
well represented by box (b). 
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“SOMETHING IS MISSING” 

9.1 Let us review the relations between charges and fields. As we 
learned in Chapter 2, a statement equivalent to Coulomb’s law is the 
differential relation 


div E = 4rp (1) 


connecting the electric charge density p and the electric field E. This 
holds for moving charges as well as stationary charges. That is, p can 
be a function of time as well as position. As we emphasized in Chapter 
5, the fact that Eq. 1 holds for moving charges is consistent with 
charge invariance: No matter how an isolated charged particle may 
be moving, its charge, as measured by the integral of E over a surface 
surrounding it, appears the same in every frame of reference. 

Electric charge in motion is electric current. Because charge is 
never created or destroyed, the charge density p and the current den- 
sity J always satisfy the condition 


div J = —— (2) 


We first wrote down this “equation of continuity” as Eq. 9 in Chapter 
4. 

If the current density J is constant in time, we call it a stationary 
current distribution. The magnetic field of a stationary current distri- 
bution satisfies the equation 


4r 


curl B = — J (3) 
C 


We worked with this relation in Chapter 6. 

Now we are interested in charge distributions and fields that are 
changing in time. Suppose we have a charge distribution p(x, y, z, t) 
with ðp/ðt # 0. For instance, we might have a capacitor which is 
discharging through a resistor. According to Eq. 2, dp/dt # 0 implies 


div J # 0 


But according to Eq. 3, since the divergence of the curl of any vector 
function is identically zero (see Problem 2.16), 


div J = < div (curl B) = 0 (4) 
4r 


The contradiction shows that Eq. 3 cannot be correct for a system in 
which the charge density is varying in time. Of course, no one claimed 
it was; a stationary current distribution, for which Eq. (3) does hold, 
is one in which not even the current density J, let alone the charge 
density p, is time-dependent. 

The problem can be posed in somewhat different terms by con- 
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sidering the line integral of magnetic field around the wire which car- 
ries charge away from the capacitor plate in Fig. 9.1. According to 
Stokes’ theorem, 


[ B- a= f cunB- da (5) 
C S 


The surface S passes right through the conductor in which 
a current / is flowing. Inside this conductor, curl B has a finite 
value, namely, 47J/c, and the integral on the right comes out equal to 
4rI/c. That is to say, if the curve C is close to the wire and well away 
from the capacitor gap, the magnetic field there is not different from 
the field around any wire carrying the same current. Now the surface 
S’ in Fig. 9.2 is also a surface spanning C, and has an cqually good 
claim to be used in the statement of Stokes’ theorem, Eq. 5. Through 
this surface, however, there flows no current at all! Nevertheless, curl 
B cannot be zero over all of S’ without violating Stokes’ theorem. 
Therefore, on S’, curl B must depend on something other than the 
current density J. 

We can only conclude that Eq. 3 has to be replaced by some 
other relation, in the more general situation of changing charge dis- 
tributions. Let's write instead 


4 
curl B = =J + (2) (6) 
- 


and sec if we can discover what (?) must be. 
Another line of thought suggests the answer. Remember that 
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FIGURE 9.1 


Having been charged with the right-hand plate positive, 
the capacitor is being discharged through the resistor. 
There is a magnetic field B around the wire. The 
integral of curl B, over the surface S which passes 
through the wire, has the value 47//c. 


FIGURE 9.2 

The white arrows show the current flow in the 
conductors. The surface S’, which like S has the curve 
C for its edge, has no current passing through it. 
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the transformation laws of the electromagnetic field, Eq. 58 of Chap- 
ter 6, are quite symmetrical in E and B. Now in Faraday’s induction 
phenomenon a changing magnetic field is accompanied by an electric 
field, in a manner described by Eq. 30 of Chapter 7: 
1 ðB 
LE = — -— 7 
cur ary (7) 
This is a local relation connecting the electric and magnetic fields in 
empty space—charges are not directly involved. If symmetry with 
respect to E and B is to prevail, we must expect that a changing elec- 
tric field can give rise to a magnetic field. There ought to be an induc- 
tion phenomenon described by an equation like Eq. 7, but with the 
roles of E and B switched. It will turn out that we need to change the 
sign too, but that is all: 
1 OF 
I B = -— 8 
cur -a (8) 
This provides the missing term that is called for in Eq. 6. To try 
it out, write 


4 1 OE 
cul B = —J+4+—-— (9) 
c c ôt 
and take the divergence of both sides: 
4 1 OE 
div (curl B) = div £ J + div 2 E (10) 
c c ôt 


The left side is necessarily zero, as already remarked. In the second 
term on the right we can interchange the order of differentiation with 
respect to space coordinates and time. Thus 


1 ðE l ð 4r Op 
—— | = — — div = — — 
div i E) Li z iv E) ary (11) 
by Eq. 1. The right-hand side of Eq. 10 now becomes 
4 4r ð 
TT div J + Z 2 (12) 
c c ôt 


which is zero by virtue of the continuity condition, Eq. 2. 

The new term resolves the difficulty raised in Fig. 9.2. As charge 
flows out of the capacitor, the electric field, which at any instant 
has the configuration in Fig. 9.3, diminishes in intensity. In this case, 


, , . 18E., 
ðE/ðt points opposite to E. The vector function oO is represented 


4T 1 ok 


by the black arrows in Fig. 9.4. With curl B = I+ Fr’ the 
c 


MAXWELL’S EQUATIONS AND ELECTROMAGNETIC WAVES 


+ttt+t+tt+t+t++t+++ +t 


~ 


WEERRERRRER ERE 


3 


integral of curl B over S’ now has the same valuc as it does over S. 
On S’ the second term contributes everything; on S the first term, the 
term with J, is practically all that counts. 


FIGURE 9.3 

The electric field at a particular 
instant. The magnitude of E is 
decreasing everywhere as time 
goes on. 


FIGURE 9.4 

The conduction current (white 
arrows) and the displacement 
current (black arrows). 
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THE DISPLACEMENT CURRENT 
| JE 

9.2 Observe that the vector field — ar appears to form a continua- 
C 


tion of the conduction current distribution. Maxwell called it the dis- 
placement current, and the name has stuck although it no longer seems 
very appropriate. To be precise, we can define a displacement current 
density J4, to be distinguished from the conduction current density J, 
by writing Eq. 84 this way: 


4 
curl B = — (J + Jy) (13) 


d defining J, = — — . 
and defining J, An Ot 


We needed the new term to make the relation between current 
and magnetic field consistent with the continuity equation, in the case 
of conduction currents changing in time. If it belongs there, it implies 
the existence of a new induction effect in which a changing electric 
field is accompanied by a magnetic field. If the effect is real, why 
didn’t Faraday discover it? For one thing, he wasn’t looking for it, but 
there is a more fundamental reason why experiments like Faraday’s 
could not have revealed any new effects attributable to the last term 
in Eq. 9. In any apparatus in which there are changing electric fields, 
there are present at the same time conduction currents, charges in 
motion. The magnetic field B, everywhere around the apparatus, is 
just about what you would expect those conduction currents to pro- 
duce. In fact, it is almost exactly the field you would calculate if, 
ignoring the fact that the circuits may not be continuous, you use the 
Biot-Savart formula, Eq. 38 of Chapter 6, to find the contribution of 
each conduction current element to the field at some point in space. 

Consider, for example, the point P in the space between our dis- 
charging condenser plates, Fig. 9.5. Each element of conduction cur- 
rent, in the wires and on the surface of the plates, contributes to the 
field at P, according to the Biot-Savart formula. Must we include also 
the elements of displacement current density J4? The answer is rather 
surprising. We may include Jz; but if we are careful to include the 
entire displacement current distribution, its net effect will be zero for 
relatively slowly varying fields. 

To see why this is so, notice that the vector function J,, indicated 
by the black arrows in Fig. 9.4, has the same form as the electric field 
E in Fig. 9.3. This electric field is practically an electrostatic field, 
except that it is slowly dying away. We expect therefore that its curl 
is practically zero, which would imply that curl J, must be practically 


1 OB 
zero. More precisely, we have curl E = — — or and with the displace- 
c 
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Element of 
conduction current 


Element of 
conduction current 


ð 
ment current Jy = ann” we get, by interchanging the order of 
T 
differentiation, 
| ðE 1 ð 1 ðB 
l J4 = — curl |— | = — — IE) = — — -5 (l4 
Cur td = ga =) qn gr C! P qnc ol 9 


This will be negligible for sufficiently slow changes in field. We may 
call a slowly changing field quasi-static. Now if J4 is a vector field 
without any curl, it can be made up, in the same way that the electro- 
static field can be made of the fields of point charges, by superposing 
radial currents flowing outward from point sources or in toward point 
“sinks” (Fig. 9.6). But the magnetic field of any radial, symmetrical 
current distribution, however calculated, must be zero by symmetry, 
for there is no unique direction anywhere, except the radial direction 
itself. 

In the quasi-static field, then, the conduction currents alone are 
the only sources needed to account for the magnetic field. In other 
words, if Faraday had arranged something like Fig. 9.5, and had been 
able to measure the magnetic field at P, by using a compass needle 
say, he would not have been surprised. He would not have needed to 
invent a displacement current to explain it. 

To see this new induction effect, we need rapidly changing fields. 
In fact, we need changes to occur in the time it takes light to cross the 
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FIGURE 9.5 

In the case of slowly varying fields, the total 
contribution to the magnetic field at any point, from all 
displacement currents, is zero. The magnetic field at P 
can be calculated by the Biot-Savart formula applied to . 
conduction current elements only. 
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FIGURE 9.6 

Showing what is meant by a radial current distribution. 
The current density J for the point source in (a), or for 
the point sink” in (b) is like the electric field of a point 
charge. Any current distribution with curl J = O could 
be made by superposing such sources and sinks, and 
must therefore have zero magnetic field. 


(a) 


(b) 
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apparatus. That is why the direct demonstration had to wait for Hertz, 
whose experiment came many years after the law itself had been 
worked out by Maxwell. 


MAXWELL’S EQUATIONS 

9.3 James Clerk Maxwell (1831-1879), after immersing himself in 
the accounts of Faraday’s electrical researches, set out to formulate 
mathematically a theory of electricity and magnetism. Maxwell could 
not exploit relativity—that came 50 years later. The electrical consti- 
tution of matter was a mystery, the relation between light and elec- 
tromagnetism unsuspected. Many of the arguments that we have used 
to make our next step seem obvious were unthinkable then. Neverthe- 
less, as Maxwell’s theory developed, the term we have been discussing, 
ðE/ðt, appeared quite naturally in his formulation. He called it the 
displacement current. Maxwell was concerned with electric fields in 
solid matter as well as in vacuum, and when he talks about a displace- 
ment current he is often including some charge-in-motion, too. We'll 
clarify that point in Chapter 10 when we study electric fields in mat- 
ter. Indeed, Maxwell thought of space itself as a medium, the 
“aether,” so that even in the absence of solid matter the displacement 
current was occurring in something. But never mind—his mathemat- 
ical equations were perfectly clear and unambiguous, and his intro- 
duction of the displacement current was a theoretical discovery of the 
first rank. 

Maxwell’s description of the electromagnetic field was essen- 
tially complete. We have arrived by different routes at various pieces 
of it, which we shall now assemble in the form traditionally called 
Maxwell's equations: 


(15) 


These are written for the fields in vacuum, in the presence of electric 
charge of density p and electric current, that is, charge in motion, of 
density J. 

The first equation is Faraday’s law of induction. The second 
expresses the dependence of the magnetic field on the displacement 
current density, or rate of change of electric field, and on the conduc- 
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tion current density, or rate of motion of charge. The third equation is 
equivalent to Coulomb’s law. The fourth equation states that there are 
no sources of magnetic field except currents. We shall have more to 
say about this aspect of Nature in Chapter 11. 

Notice that the lack of symmetry in these equations, with 
respect to B and E, is entirely due to the presence of electric charge 
and electric conduction current. In empty space, the terms with p and 
J are zero, and Maxwell’s equations become 


(16) 


Here the displacement current term is all-important. Its pres- 
ence, along with its counterpart in the first equation, implies the pos- 
sibility of electromagnetic waves. Recognizing that, Maxwell went on 
to develop with brilliant success an electromagnetic theory of light. 

In SI units Maxwell’s equations look like this: 


curl E 


OE 
curl B = uoto — + Mod 
ðt (15^ 


div E = E€oP 
div B= 0 


A reminder about the units: E is in volts/meter, B in teslas, p in cou- 
lombs/m? and J in amps/m°. In these equations c does not appear. 
But if one drops the charge and current terms from Eq. 15’ and com- 
pares what is left with our “empty space” Maxwell’s Equations (16), 
it becomes obvious that c must be hidden in the constant uoto. In fact 
Woo = 1/c?. The way in which this fixes the exact value of ¢ is 
explained in Appendix E. 


AN ELECTROMAGNETIC WAVE 

9.4 We are going to construct a rather simple electromagnetic field 
that will satisfy Maxwell’s equations for empty space, Eqs. 16. Sup- 
pose there is an electric field E, everywhere parallel to the z axis, 
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whose intensity depends only on the space coordinate y and the time 
t. Let the dependence have this particular form: 


E = ZE, sin (y — vt) (17) 


in which Ep and v are simply constants. This field fills all space—at 
least all the space we are presently concerned with. We’ll need a mag- 
netic field, too. We shall assume it has an x component only, with a 
dependence on y and ¢ similar to that of E,: 


B = xB) sin (y — vt) (18) 


where Bo is another constant. 

Figure 9.7 may help you to visualize these fields. It is difficult to 
represent graphically two such fields filling all space. Remember that 
nothing varies with x or z; whatever is happening at a point on the y 
axis is happening everywhere on the perpendicular plane through that 
point. As time goes on the entire field pattern slides steadily to the 
right, thanks to the particular form of the argument of the sine func- 
tion in Eqs. 17 and 18. For that argument y — vt has the same value 
at y + Ay and? + At as it had at y and t, providing Ay = v At. In 
other words, we have here a plane wave traveling with the constant 
speed v in the ¥ direction. 

We'll show now that this electromagnetic field satisfies Max- 
well’s equations if certain conditions are met. It is easy to see that 
div E and div B are both zero for this field. The other derivatives 
involved are 


OE 
curl E = X — = RE, cos (y — vt) 
dy 
ok Z Eo cos ( Ut) 
— = —vz os (y — 
31 0 Y 
(19) 
OB, n 
curl B = —2 = —7ZB, cos (y — vt) 
dy 
OB 
Fyi = —vX Bocos (y — vt) 


Substituting into the two “induction” equations of Eq. 16 and cancel- 
ling the common factor, cos (y — vt), we find the conditions that must 
be satisfied, 
v Bo VEG 
c c 


(20) 


Ro 
© 
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which together require that 
v= tc and Bo = Eo (21) 
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The wave described by Eqs. 17 and 18 is shown at 
three different times. It is traveling to the right, in the 
positive y direction. 
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We have now learned that our electromagnetic wave must have 
the following properties: 


1. The field pattern travels with speed c. In the case v = —c it 
travels in the opposite, or — JY, direction. When in 1862 Maxwell first 
arrived (by a more obscure route) at this result, the constant c in his 
equations expressed only a relation among electrical quantities as 
determined by experiments with capacitors, coils, and resistors. To be 
sure, the dimensions of this constant were those of velocity, but its 
connection with the actual speed of light had not yet been recognized. 
The speed of light had most recently been measured by Fizeau in 
1857. Maxwell wrote, “The velocity of transverse undulations in our 
hypothetical medium, calculated from the electro-magnetic experi- 
ments of MM. Kohlrausch and Weber, agrees so exactly with the 
velocity of light calculated from the optical experiments of M. Fizeau, 
that we can scarcely avoid the inference that light consists in the 
transverse undulations of the same medium which is the cause of elec- 
tric and magnetic phenomena.” The italics are Maxwell’s. 


2. At every point in the wave at any instant of time, the electric and 
magnetic field strengths are equal. In our CGS units B is expressed in 
gauss and Æ in statvolts/cm; but B and E have the same dimensions, 
and these units are equivalent. If the electric field strength is 10 stat- 
volts/cm, the associated magnetic field strength is 10 gauss. 


3. The electric field and the magnetic field are perpendicular to one 
another and to the direction of travel, or propagation. To be sure, we 
had already assumed that when we constructed our example, but it is 
not hard to show that it is a necessary condition, given that the fields 
do not depend on the coordinates perpendicular to the direction of 
propagation. Notice that, if v = —c, which would make the direction 
of propagation —y, we must have By) = — Eo. This preserves the 
handedness of the essential triad of directions, the direction of E, the 
direction of B, and the direction of propagation. We can describe that 
without reference to a particular coordinate frame in this way: The 
wave always travels in the direction of the vector E X B. 

Any plane electromagnetic wave in empty space has these three 
properties. 


OTHER WAVEFORMS; SUPERPOSITION OF WAVES 

9.5 Inthe example we have just studied the function sin (y — vt) 
was chosen merely for its simplicity. The “waviness” of the sinusoidal 
function has nothing to do with the essential property of wave motion, 
which is the propagation unchanged of a form or pattern—any pat- 
tern. It was not the nature of the function but the way y and tf were 
combined in its argument that caused the pattern to propagate. If we 
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replace the sine function by any other function, f(y — vt), we'll get 
a pattern that travels with speed v in the 9 direction. Moreover, Eqs. 
20 will apply as before, and our wave will have the three general prop- 
erties just listed. 

Here is another example, the plane electromagnetic wave pic- 
tured in Fig. 9.8, which is described mathematically as follows: 


E 59 —52 


~ 1+ (x + ety? ssi rR a a 2) 


This electromagnetic field satisfies Maxwell’s equations, Eqs. 16. It is 
a plane wave because nothing depends on y or z. It is traveling in the 
direction —X, as we recognize at once from the + sign in the argu- 
ment x + ct. That is indeed the direction of E X B. In this wave 
nothing is oscillating or alternating; it is simply an electromagnetic 
pulse with long tails. At time £ = 0 the maximum field strengths, E 
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FIGURE 9.8 

The wave described by Eq. 22 is traveling in the 
negative x direction. It is shown 3 nanoseconds before 
its peak passed the origin. 
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= 5statvolts/cm and B = 5 gauss, will be experienced by an observer 
at the origin, or at any other point on the yz plane. In Fig. 9.8 we have 
shown the field as it was at t = —3 nanoseconds, with the distances 
marked off in feet. (The speed of light is very nearly 1 foot/ 
nanosecond. ) ) 

Maxwell’s equations for E and B in empty space are linear. The 
superposition of two solutions is also a solution. Any number of elec- 
tromagnetic waves can propagate through the same region without 
affecting one another. The field E at a space-time point is the vector 
sum of the electric fields of the individual waves, and the same goes 
for B. 

An important example is the superposition of two similar plane 
waves traveling in opposite directions. Consider a wave traveling in 
the y direction, described by 


2 2 
E, = 2E, sin = (y —ct) B =E, sin = (y — ct) (23) 


This wave differs in only minor ways from our first example. We have 
introduced the wavelength A of the periodic function, and we set the 
magnetic field amplitude explicitly equal to the electric field 
amplitude. 

Now consider another wave: 


2 ~. 2 
E, = Eo sin (y + ct) B, = —REo sin (y + ct) (24) 


This is a wave with the same amplitude and wavelength, but propa- 
gating in the —y direction. With the two waves both present, Max- 
well’s equations are still satisfied, the electric and magnetic fields now 
being 


2 2rct 2 2rct 
E = E, + E, = 2E, sin (22 — 2e) 4 sin (282 + 2864) 


À À À À 

` . [aay 2rct . [2ay | 2xct 

B= B B, = $E — — — ] — — + — 
1 + B, RE | sin (2 4 sin (222 4 ct) 
(25) 


Remembering the formula for the sine of the sum of two angles, you 
can easily reduce Eqs. 25 to 
. 2 2rct n 2 . 2rcet 
E = 22E, sin = COs — B = —2 Eo cos = sin 7 
(26) 
The field described by Eqs. 26 is called a standing wave. Figure 
9.9 suggests what it looks like at different times. The factor c/A is the 
frequency with which the field oscillates at any position x, and 2rc/À 
is the corresponding angular frequency. According to Eqs. 26 when- 
ever 2ct/X equals an integer, which happens every half-period, the 


FIGURE 9.9 

A standing wave, resulting from the superposition of a 
wave traveling in the positive y direction (Eq. 23) anda 
similar wave traveling in the negative y direction (Eq. 
24). Beginning with the top figure, the fields are shown 
at four different times, separated successively by one- 
eighth of a full period. 


MAXWELL’S EQUATIONS AND ELECTROMAGNETIC WAVES 337 


E 
x 
y 
Z 
E 
P A, 
“OOF. 
P g 
B 
ae 
Z y 
B 
x 
. y 


338 


CHAPTER NINE 


magnetic field B vanishes everywhere. On the other hand, whenever 
2ct/X equals an integer plus one-half, cos 2act/X = 0 and the electric 
field vanishes everywhere. The maxima of B and the maxima of E 
occur at different places as well as at different times. In contrast to 
the traveling wave, the standing wave has its electric and magnetic 
fields “out of step” in both space and time. 

Notice that E = 0 at all times on the plane y = O and on every 
other plane for which y equals an integral number of half-wave- 
lengths. Imagine that we could cover the xz plane at y = O witha 
sheet of perfectly conducting metal. At the surface of a perfect con- 
ductor the electric field component parallel to the surface must be 
zero—otherwise an infinite current would flow. That imposes a drastic 
boundary condition on any electromagnetic field in the surrounding 
space. But our standing wave, which is described by Eqs. 26, already 
satisfies that condition, as well as satisfying Maxwell’s equations in 
the entire space y > 0. Therefore it provides a ready-made solution 
to the problem of a plane electromagnetic wave reflected, at normal 
incidence, from a flat conducting mirror. (See Fig. 9.10.) The incident 
wave is described by Eq. 24, for y > 0, the reflected wave by Eq. 23. 
There is no field at all behind the mirror, or if there is, it has nothing 
to do with the field in front. Immediately in front of the mirror there 
is a magnetic field parallel to the surface, given by Eqs. 26: B = — 
2E, sin (2act/X). The jump in B from this value in front of the con- 
ducting sheet to zero behind shows that an alternating current must 
be flowing in the sheet. 

You could install a conducting sheet at any other plane where E 
as given by Eqs. 26 is permanently zero, and thus trap an electromag- 
netic standing wave between two mirrors. That arrangement has 
many applications, including lasers. In fact, with an understanding of 
the properties of the simple plane electromagnetic wave, you can ana- 
lyze a surprisingly wide variety of electromagnetic devices, including 
interferometers, rectangular hollow wave guides, and strip lines. 


ENERGY TRANSPORT BY ELECTROMAGNETIC WAVES 
9.6 The energy the earth receives from the sun has traveled through 
space in the form of electromagnetic waves that satisfy Eqs. 16. 
Where is this energy when it is traveling? How is it deposited in mat- 
ter when it arrives? 

In the case of a static electric field, such as the field between the 
plates of a charged capacitor, we found that the total energy of the 
system could be calculated by attributing to every volume element du 
an amount of energy (E*/8z) dv and adding it all up. Look back at 
Eq. 38 of Chapter |. Likewise the energy invested in the creation of a 
magnetic field could be calculated by assuming that every volume ele- 
ment du in the field contains (B?/87) dv units of energy. See Eq. 75 
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FIGURE 9.10 
A standing wave produced by reflection at a 
perfectly conducting plate. 
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of Chapter 7. The idea that energy actually resides in the field 
becomes more compelling when we observe sunlight, which has trav- 
eled through a vacuum where there are no charges or currents, making 
something hot. 

We can use this idea to calculate the rate at which an electro- 
magnetic wave delivers energy. Consider a traveling plane wave (not 
a standing wave) of any form, at a particular instant of time. Assign 
to every infinitesimal volume element dv an amount of energy 
(1 /8a)(E? + B°) dv, E and B being the electric and magnetic fields 
in that volume element at that instant. Now assume that this energy 
simply travels with speed c in the direction of propagation. In this way 
we can find the amount of energy that passes, per unit time, through 
unit area perpendicular to the direction of propagation. 

Let us apply this to the sinusoidal wave described by Eqs. 
17 and 18. At the instant t = 0, E? = Eè sin’ y. Also, B? = 
Eż sin’ y, since, as we subsequently found, By must equal Ep. The en- 
ergy density in this field is therefore (1/87)( Eĝ sin? y + E@ sin’ y), 
or Ej sin? y/4a. Now the mean value of sin? y averaged over a com- 
plete wavelength is just 2. The mean energy density in the field is 
then E6/8x, and Eĝc/8r is the mean rate at which energy flows 
through a “window” of unit area perpendicular to the y direction. We 
can say more generally that, for any continuous, repetitive wave, 
whether sinusoidal or not, the energy flow per unit area, which we 
shall call the power density S, is given by 


S=— (27) 


Here E? is the mean square electric field strength, which was E/2 
for the sinusoidal wave of amplitude Ep. S will be in ergs/cm?-sec if 
E is in statvolts/cm and c in cm/sec. In SI units the formula for power 
density in watts /m? is 
EF? 
S = (28) 
V Ho/ €o 

where E is the field strength in volts/meter. The constant V uo/€o has 
the dimensions of resistance, and its value is 376.73 ohms. Rounding 
it off to 377 ohms, we have a convenient and easily remembered 
formula: 


E*(volts /meter)? 
S(watts/m?) = — 
(watts/m’) 377 ohms (29) 
volt? 
watts = 
ohm 


as in an ordinary resistor. 
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When the electromagnetic wave encounters an electrical con- 
ductor, the electric field causes currents to flow. This generally results 
in energy being dissipated within the conductor at the expense of the 
energy in the wave. The total reflection of the incident wave in Fig. 
9.10 was a special case in which the conductivity of the reflecting sur- 
face was infinite. If the resistivity of the reflector is not zero, the ampli- 
tude of the reflected wave will be less than that of the incident wave. 
Aluminum, for example, reflects visible light, at normal incidence, 
with about 92 percent efficiency. That is, 92 percent of the incident 
energy is reflected, the amplitude of the reflected wave being V 0.92 
or 0.96 times that of the incident wave. The lost 8 percent of the inci- 
dent energy ends up as heat in the aluminum, where the current driven 
by the electric field of the wave encountered ohmic resistance. What 
counts, of course, is the resistivity of aluminum at the frequency of the 
light wave, in this case about 5 X 10'* Hz. That may be somewhat 
different from the dc or low-frequency resistivity of the metal. Still, 
the reflectivity of most metals for visible light is essentially due to the 
same highly mobile conduction electrons that make metals good con- 
ductors of steady current. It is no accident that good conductors are 
generally shiny. But why clean copper looks reddish while aluminum 
looks “silvery” can’t be explained without a detailed theory of each 
metal’s electronic structure. 

Energy can also be absorbed when an electromagnetic wave 
meets nonconducting matter. Little of the light that strikes a black 
rubber tire is reflected, although the rubber is an excellent insulator 
for low-frequency electric fields. Here the dissipation of the electro- 
magnetic energy involves the action of the high-frequency electric field 
on the electrons in the molecules of the material. In the broadest sense 
that applies to the absorption of light in everything around us, includ- 
ing the retina of the eye. 

Some insulators transmit electromagnetic waves with very little 
absorption. The transparency of glass for visible light, with which we 
are so familiar, is really a remarkable property. In the purest glass 
fibers used for optical transmission of audio and video signals, a wave 
travels as much as a kilometer, or more than 10’ wavelengths, before 
most of the energy is lost. However transparent a material medium 
may be, the propagation of an electromagnetic wave within the 
medium differs in essential ways from propagation through the vac- 
uum. The matter interacts with the electromagnetic field. To take that 
interaction into account Eqs. 16 must be modified in a way that will 
be explained in the next chapter. 


HOW A WAVE LOOKS IN A DIFFERENT FRAME 
9.7 A plane electromagnetic wave is traveling through the vacuum. 
Its direction of travel, with respect to a certain inertial frame F, is 
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given by a unit vector ñ. Let E and B be the electric and magnetic 
fields measured at some place and time in F, by an observer in F. 
What field will be measured by an observer in a different frame who 
happens to be passing that point at that time? Suppose that frame F 
is moving with speed v in the X direction relative to F, with its axes 
parallel to those of F, as in Fig. 6.25. Let us choose fi in the X direction 
also. We can now turn to Eqs. 58 in Chapter 6 for the transformation 
of the field components. Let us write them out again: 


EL=E, E 
B, =B, B 


y(B, + BE,) B; = y(B: — BE,) 


The key to our problem is the way two particular scalar quan- 
tities transform, namely, E - B and E? — B°. Let us use Eqs. 30 to 
calculate E’ - B’ and see how it is related to E - B. 


E’ - B’ = EB; + E/B; + E}B; 
= E,B, + y(EyBy + BE,E, — 6B,B, — B°E,B.) (31) 
+ °(E,B, — BE,E, + BB,B, — B°E,B,) 
= E,B, + (1 — 6’) EB, + E,B,) = E - B 


The scalar product E - B is not changed in the Lorentz transformation 
of the fields; it is an invariant. A similar calculation, which will be left 
to the reader as problem 9.13, shows that E2 + E? + E? — (B? + 
B? + B?) is also an invariant, that is, 


E”? — B”? — E? — B? (32) 


The invariance of these two quantities is an important general 
property of any electromagnetic field, not just the field of an electro- 
magnetic wave with which we are concerned at the moment. For the 
wave field its implications are especially simple and direct. We know 
that the plane wave has B perpendicular to E and B = E. Each of 
our two invariants, E - B and E? — B?, is therefore zero. And if an 
invariant is zero in any frame, it must be zero in all frames. We see 
that any Lorentz transformation of the wave will leave E and B per- 
pendicular and equal in magnitude. A light wave looks like a light 
wave in any inertial frame of reference. That should not surprise us. It 
could be said that we have merely come full circle, back to the pos- 
tulates of relativity, Einstein’s starting point. Indeed, according to Ein- 
stein’s own autobiographical account, he had begun 10 years earlier 
(at age 16!) to wonder what one would observe if one could “catch up” 
with a light wave. With Eqs. 30, which were given in just that form 
in Einstein’s 1905 paper, the question can be answered. Let E, = Eg, 
E, = E, = 0, B; = Eo, B, = B, = 0. That is a wave traveling the 
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g direction, as we can tell from the fact that E X B points in that 
direction. Using Eqs. 30 and the identity y7(1 — 67) = 1, we find that 


, 1— 8B , 1— 8 
E= Eo \/ tye Bho Vre O” 


As observed in F” the amplitude of the wave is reduced. The wave 
velocity, of course, is c in F’, as it is in F. The electromagnetic wave 
has no rest frame. In the limit 6 = 1, the amplitudes Æ; and B; 
observed in Æ are reduced to zero. The wave has vanished! 


PROBLEMS 


9.1 If the electric field in free space is E = E,(X + YJ) sin 
(27/A)(z + ct), with Ey = 2 statvolts/cm, the magnetic field, not 
including any static magnetic field, must be what? 


9.2 The power density in sunlight, at the earth, is roughly 1 kilo- 
watt /meter?. How large is the rms magnetic field strength? 
Ans. 0.02 gauss or 2 X 10°° tesla. 


9.3 A free proton was at rest at the origin before the wave described 
by Eq. 22 came past. Where would you expect to find the proton at 
time £ = | microsecond? The pulse amplitude is in statvolts/cm. Pro- 
ton mass = 1.6 X 10°*4 gm. Hint: Since the duration of the pulse is 
only a few nanoseconds, you can neglect the displacement of the pro- 
ton during the passage of the pulse. Also, if the velocity of the proton 
is not too large, you may ignore the effect of the magnetic field on its 
motion. The first thing to calculate is the momentum acquired by the 
proton during the pulse. 


9.4 Suppose that in the preceding problem the effect of the mag- 
netic field was not entirely negligible. How would it change the direc- 
tion of the proton’s final velocity? 


9.5 Here is a particular electromagnetic field in free space: 
E,=0 E, = Eo sin(kx + wt) E,=0 
B, = 0 B, = 0 B, = — Eo sin (kx + wt) 


(a) Show that this field can satisfy Maxwell’s equations if w and 


k are related in a certain way. 
(b) Suppose w = 10'° sec”! and Ey = 0.05 statvolt/cm. What 
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is the wavelength in cm? What is the energy density in ergs/cm’, aver- 
aged over a large region? From this calculate the power density, the 
energy flow in ergs/cm’-sec. 


9.6 Start with the source free, or “empty space” Maxwell’s equa- 
tions in SI units, obtained by dropping the terms with p and J from 
Eq. 15’. Consider a wave described by Eqs. 17 and 18, but now with 
E> in volts/meter and Bo in teslas. What conditions must Eo, Bo, and 
v meet to satisfy Maxwell’s equations? 


9.7 Write out formulas for E and B that specify a plane electro- 
magnetic sinusoidal wave with the following characteristics. The wave 
is traveling in the direction — x; its frequency is 100 megahertz (MHz, 
10° cycles per sec); the electric field is perpendicular to the Z direction. 


9.8 Show that the electromagnetic field described by 
E 
B 


will satisfy Eqs. 16 if Ey = \V/2By and w = \/2ck. This field can exist 
inside a square metal box, of dimension m/k in the x and y directions 
and arbitrary height. What does the magnetic field look like? 


Eĉ cos kx cos ky cos wt 


B)(X cos kx sin ky — ¥ sin kx cos ky) sin wt 


9.9 Of all the electromagnetic energy in the universe, by far the 
largest amount is in the form of waves with wavelengths in the milli- 
meter range. This is the cosmic microwave background radiation dis- 
covered by Penzias and Wilson in 1965. It apparently fills all space, 
including the vast space between galaxies, with an energy density of 
4 X 107" erg/cm’®. Calculate the rms electric field strength in this 
radiation, in statvolts/cm, and convert it to volts/meter. Roughly how 
far away from a |-kilowatt radio transmitter would you find a com- 
parable electromagnetic wave intensity? 

Ans. 0.06 volt /meter; 3 km. 


9.10 The magnetic field inside the discharging capacitor shown in 
Fig. 9.1 can in principle be calculated by summing the contributions 
from all elements of conduction current, as indicated in Fig. 9.5. That 
might be a long job. If we can assume symmetry about this axis, it is 
very much easier to find the field B at a point by using the integral 


law 
[B asst | (E + ana). aa 
C c Js\dt 


applied to a circular path through the point. We need only know the 
total current enclosed by this path. Use this to find the field at P, 
which is midway between the capacitor plates and a distance r from 
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the axis of symmetry. (Compare this with the calculation of the 
induced electric field E, in the example of Fig. 7.16.) 
4rI r 2Ir 

Ans. 2rrB = T pP = p 
9.11 From a satellite in stationary orbit a signal is beamed earth- 
ward with a power of 10 kilowatts and a beam width covering a region 
roughly circular and 1000 km in diameter. What is the electric field 
strength at the receivers, in millivolts /meter? 


9.12 A sinusoidal wave is reflected at the surface of a medium 
whose properties are such that half the incident energy is absorbed. 
Consider the field that results from the superposition of the incident 
and the reflected wave. An observer stationed somewhere in this field 
finds the local electric field oscillating with a certain amplitude E. 
What is the ratio of the largest such amplitude noted by an observer 
to the smallest amplitude noted by any observer? (This is called the 
voltage standing wave ratio, in laboratory jargon, VSWR.) 


9.13 Starting from the field transformation given by Eq. 60 of 
Chapter 6, show that the scalar quantity E? — B? is invariant under 
the transformation. In other words, show that E? — B? = E — P. 
You can do this using only vector algebra, without writing out x, y, z 
components of anything. (The resolution into parallel and perpendic- 
ular vectors is convenient for this, since E, - E, = 0, B, X E; = 0, 
etc.) 
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(a) 


(b) 


FIGURE 10.1 
(a) A capacitor formed by parallel conducting plates. 
(b) The same plates with a slab of insulator in between. 
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DIELECTRICS 

10.1 The capacitor we studied in Chapter 3 consisted of two con- 
ductors, insulated from one another, with nothing in between. The sys- 
tem of two conductors was characterized by a certain capacitance C, 
a constant relating the magnitude of the charge Q on the capacitor 
(positive charge Q on one plate, equal negative charge on the other) 
to the difference in electric potential between the two conductors, 
pı — g2. Lets denote the potential difference by 9): 


C= — (1) 
For the parallel-plate capacitor, two flat plates each of area A cm? 
and separated by a distance s, we found that the capacitance is given 
by 

A 

c= Ans (2) 
Capacitors like this can be found in some electrical apparatus. They 
are called vacuum capacitors and consist of plates enclosed in a highly 
evacuated bottle. They are used chiefly where extremely high and rap- 
idly varying potentials are involved. Far more common, however, are 
capacitors in which the space between the plates is filled with some 
nonconducting solid or liquid substance. Most of the capacitors you 
have worked with in the laboratory are of that sort; there are dozens 
of them in any television receiver. For conductors embedded in a 
material medium, Eq. 2 doesn’t agree with experiment. Suppose we 
fill the space between the two plates shown in Fig. 10.la with a slab 
of plastic, as in Fig. 10.156. Experimenting with this new capacitor, we 
still find a simple proportionality between charge and potential differ- 
ence, so that we can still define a capacitance by Eq. 1. But we find C 
to be substantially /arger than Eq. 2 would have predicted. That is, 
we find more charge on each of the plates, for the same potential dif- 
ference, plate area, and distance of separation. The plastic slab must 
be the cause of this. 

It is not hard to understand in a general way how this comes 
about. The plastic slab consists of molecules, the molecules are com- 
posed of atoms which in turn are made of electrically charged parti- 
cles, electrons, and atomic nuclei. The electric field between the capac- 
itor plates acts on those charges, pulling the negative charges up, if 
the upper plate is positive as in Fig. 10.2, and pushing the positive 
charges down. Nothing moves very far. (There are no free electrons 
around, already detached from atoms and ready to travel, as there 
would be in a metallic conductor.) There will be some slight displace- 
ment of the charges nevertheless, for an atom is not an infinitely rigid 
structure. The effect of this within the plastic slab is that the negative 
charge distribution, viewed as a whole, and the total positive charge 
distribution (the atomic nuclei) are very slightly displaced relative to 
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one another, as indicated in Fig. 10.25. The interior of the block 
remains electrically neutral, but a thin layer of uncompensated nega- 
tive charge has emerged at the top, with a corresponding layer of 
uncompensated positive charge at the bottom. 

In the presence of the induced layer of negative charge below 
the upper plate, the charge Q on the plate itself will increase. In fact, 
Q must increase until the total charge at the top, the algebraic sum of 
Q and the induced charge layer, equals Qo. We shall be able to prove 
that when we return to this problem in Section 10.8 after settling some 
questions about the electric field inside matter. The important point 
now is that the charge Q in Fig. 10.26 is larger than Qù and that this 
Q is the charge of the capacitor in the relation Q = Cg). It is the 
charge that came out of the battery, and it is the amount of charge 
that would flow through the resistor R were we to discharge the capac- 
itor by throwing the switch in the diagram. If we did that, the induced 


FIGURE 10.2 

How a dielectric increases the charge on the plates 

of a capacitor. (a) Space between the plates empty; 
Qo = Codi2. (bD) Space between the plates filled with 

a nonconducting material, that is, a dielectric. Electric 
field pulls negative charges up, pushes positive 
charges down, exposing layer of uncompensated 
negative charge on upper surface of dielectric, 
uncompensated positive charge on lower surface. Total 
charge at the top, including charge Q on upper plate, is 
same as in (a). Q itself is now greater than Qo. Q = 
€Qo, Q is the amount of charge that will flow through 
the resistor A if the capacitor is discharged by throwing 
the switch. 
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TABLE 10.1 


charge layer, which is not part of Q, would simply disappear into the 
slab. 

According to this explanation the ability of a particular material 
to increase the capacitance ought to depend on the amount of electric 
charge in its structure and the ease with which the electrons can be 
displaced with respect to the atomic nuclei. The factor by which the 
capacitance is increased when an empty capacitor is filled with a par- 
ticular material, Q/Qù in our example, is called the dielectric constant 
of that material. The symbol e is usually used for it. The material itself 
is often called a dielectric when we are talking about its behavior in 
an electric field. But any homogeneous nonconducting substance can 
be so characterized. Table 10.1 lists the measured values of the dielec- 
tric constant for a miscellaneous assortment of substances. 

Every dielectric constant in the table is larger than |. We should 
expect that if our explanation is correct. The presence of a dielectric 
could reduce the capacitance below that of the empty capacitor only 
if its electrons moved, when the electric field was applied, in a direc- 
tion opposite to the resulting force. For oscillating electric fields, by 
the way, some such behavior would not be absurd. But for the steady 
fields we are here considering it can’t work that way. 

The dielectric constant of a perfect vacuum is, of course, exactly 
1.0 by our definition. For gases under ordinary conditions e is only a 
little larger than 1.0, simply because a gas is mostly empty space. 
Ordinary solids and liquids usually have dielectric constants ranging 
from 2 to 6 or so. But notice that liquid ammonia is an exception to 
this rule, and water is a spectacular exception. Actually liquid water 
is slightly conductive, but that, as we shall have to explain later, does 
not prevent our defining and measuring its dielectric constant. The 


Dielectric Constants of Various Substances 


Dielectric 

Substance Conditions Constant 
Air Gas, 0°C, 1 atm 1.00059 
Methane, CH, Gas, 0°C, 1 atm 1.00088 
Hydrogen chloride, HCI Gas, 0°C, 1 atm 1.0046 
Water, H,O Gas, 110°C, 1 atm 1.0126 

Liquid, 20°C 80.4 
Benzene, CeH, Liquid, 20°C 2.28 
Methanol, CH,OH Liquid, 20°C 33.6 
Ammonia, NH, Liquid, —34°C 22.6 
Mineral oil Liquid, 20°C 2.24 
Sodium chloride, NaCl Solid, 20°C 6.12 
Sulfur, S Solid, 20°C 4.0 
Silicon, Si Solid, 20°C 11.7 
Polyethylene Solid, 20°C 2.29-2.3 
Porcelain Solid, 20°C 6.0-8.0 
Paraffin wax Solid, 20°C 2.1-2.5 


Pyrex glass 7070 Solid, 20°C 4.00 
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ionic conductivity of the liquid is not the reason for the gigantic dielec- 
tric constant of water. You can discern this extraordinary property of 
water in the dielectric constant of the vapor if you remember that it 
is really the difference between «and | that reveals the electrical influ- 
ence of the material. Compare the values of «e given in the table for 
water vapor and for air. 

Once the dielectric constant of a particular material has been 
determined, perhaps by measuring the capacitance of one capacitor 
filled with it, we are able to predict the behavior, not merely of two- 
plate capacitors, but of any electrostatic system made up of conduc- 
tors and pieces of that dielectric of any shape. That is, we can predict 
all electric fields which will exist in the vacuum outside the dielectrics 
for given charges or potentials on the conductors in the system. 

The theory which enables us to do this was fully worked out by 
the physicists of the nineteenth century. Lacking a complete picture 
of the atomic structure of matter, they were more or less obliged to 
adopt a macroscopic description. From that point of view, the interior 
of a dielectric is a featureless expanse of perfectly smooth “mathe- 
matical jelly” whose single electrical property distinguishing it from a 
vacuum is a dielectric constant different from unity. 

If we develop only a macroscopic description of matter in an 
electric field, we shall find it hard to answer some rather obvious- 
sounding questions—or rather, hard to ask these questions in such a 
way that they can be meaningfully answered. For instance, what is 
the strength of the electric field inside the plastic slab of Fig. 10.15 
when there are certain charges on the plates? Electric field strength is 
defined by the force on a test charge. How can we put a test charge 
inside a perfectly dense solid, without disturbing anything, and mea- 
sure the force on it? What would that force mean, if we did measure 
it? You might think of boring a hole and putting the test charge in 
the hole with some room to move around, so that you can measure the 
force on it as on a free particle. But then you will be measuring, not 
the electric field in the dielectric, but the electric field in a cavity in 
the dielectric, which is quite a different thing. 

Fortunately another line of attack is available to us, one that 
leads up from the microscopic or atomic level. We know that matter 
is made of atoms and molecules; these in turn are composed of ele- 
mentary charged particles. We know something about the size and 
structure of these atoms, and we know something about their arrange- 
ment in crystals and fluids and gases. Instead of describing our dielec- 
tric slab as a volume of structureless but nonvacuous jelly, we shall 
describe it as a collection of molecules inhabiting a vacuum. If we can 
find out what the electric charges in one molecule do when that mol- 
ecule is all by itself in an electric field, we should be able to understand 
the behavior of two such molecules a certain distance apart in a vac- 
uum. It will only be necessary to include the influence, on each mol- 
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FIGURE 10.3 
Calculation of the potential, at a point A, of a 
molecular charge distribution. 
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ecule, of any electric field arising from the other. This is a vacuum 
problem. Now all we have to do is extend this to a population of say 
10% molecules occupying a cubic centimeter or so of vacuum, and we 
have our real dielectric. We hope to do this without generating 10” 
separate problems. 

This program if carried through will reward us in two ways. We 
shall be able at last to say something meaningful about the electric 
and magnetic fields inside matter, answering questions such as the one 
raised above. What is more valuable, we shall understand how the 
macroscopic electric and magnetic phenomena in matter arise from, 
and therefore reveal, the nature of the underlying atomic structure. 
We are going to study electric and magnetic effects separately. We 
begin with dielectrics. Since our first goal is to describe the electric 
field produced by an atom or molecule, it will help to make some gen- 
eral observations about the electrostatic field external to any small sys- 
tem of charges. 


THE MOMENTS OF A CHARGE DISTRIBUTION 

10.2 An atom or molecule consists of some electric charges occu- 
pying a small volume, perhaps a few cubic angstroms (107% cm’) of 
space. We are interested in the electric field outside that volume, 
which arises from this rather complicated charge distribution. We 
shall be particularly concerned with the field far away from the 
source, by which we mean far away compared with the size of the 
source itself. What features of the charge structure mainly determine 
the field at remote points? To answer this, let’s look at some arbitrary 
distribution of charges and see how we might go about computing the 
field at a point outside it. Figure 10.3 shows a charge distribution of 
some sort located in the neighborhood of the origin of coordinates. It 
might be a molecule consisting of several positive nuclei and quite a 
large number of electrons. In any case we shall suppose it is described 
by a given charge density function p(x, y, z). p is negative where the 
electrons are and positive where the nuclei are. To find the electric 
field at distant points we can begin by computing the potential of the 
charge distribution. To illustrate, let’s take some point A out on the z 
axis. (Since we are not assuming any special symmetry in the charge 
distribution, there is nothing special about the z axis.) Let r be the 
distance of A from the origin. The electric potential at A, denoted by 
a, is obtained as usual by adding the contributions from all elements 
of the charge distribution: 


y p z’ dv’ 
ae | POEL 3) 


In the integrand dv’ is an clement of volume within the charge distri- 
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bution, p(x’, y’, z’) is the charge density there, and R in the denomi- 
nator is the distance from A to this particular charge element. The 
integration is carried out in the coordinates x’, y’, z’, of course, and is 
extended over all the region containing charge. We can express R in 
terms of r and the distance 7’ from the origin to the charge element. 
Using the law of cosines with 0 the angle between 7’ and the axis on 
which A lies: 


R = (r? + r° — 2rr cos 6)!” (4) 


With this substitution for R the integral becomes 


pa = fo du'(r? + r°? — 2rr’ cos 60)? (4a) 


Now we want to take advantage of the fact that, for a distant point 
like A, 7’ is much smaller than r for all parts of the charge distribution. 
This suggests that we should expand the square root in Eq. 4 in powers 
of r’/r. Writing 


l r 2 a 
(r? + r°? — 2rr cos 0)? = 7 £ + g — — cos o) (5) 


and using the expansion (1 + 6)~'/? = 1 — 46 + 36%... , we get, after 
collecting together terms of the same power in 7’ /r: 


(r? + r°? — 2rr cos 0)! = 


2 
l r r\ (3 20 — 1 
Ll cosa + (2) ESU || terms of (6) 
r r r 2 higher power 


Now r is a constant in the integration, so we can take it outside and 
write the prescription for the potential at A as follows: 


] l 
pa => |oav t5 |r cost p av 
r Fai 


a, 
Ko K, 
l 20 — ] 
+5 ee aw (7) 
r 2 
A 
K, 


Each of the integrals above, Ko, Ki, K2, and so on, has a value that 
depends only on the structure of the charge distribution, not on the 
distance to point A. Hence the potential for all points along the z axis 
can be written as a power series in 1/r with constant coefficients: 


Kyo å K K 
pga = 7+5 ++ (8) 
r r r 


To finish the problem we would have to get the potential ¢ at all 
other points, in order to calculate the electric field as —grad y. We 
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FIGURE 10.4 

some charge distributions with Ky = 0, K, = O. That 
is, each has net charge zero, but nonzero dipole 
moment. 


é 


eTe 
te, et 
Z 
have gone far enough, though, to bring out the essential point: The 
behavior of the potential at large distances from the source will be 


dominated by the first term in this series whose coefficient is not zero. 
Let us look at these coefficients more closely. The coefficient Ko 


is | p dv’, which is nothing but the total charge in the distribution. If 


we have equal amounts of positive and negative charge, as in a neutral 
molecule, Ko will be zero. For a singly ionized molecule Ko will have 
the value e. If Ko is not zero, then no matter how large K,, K>, etc., 
may be, if we go out to a sufficiently large distance, the term Ko/r will 
win out. Beyond that, the potential will approach that of a point 
charge at the origin and so will the field. This is hardly surprising. 
Suppose we have a neutral molecule, so that Ko is equal to zero. 


Our interest now shifts to the second term, with coefficient K, = 


| r’ cos 0 p dv’. Since 7’ cos @ is simply z’, this term measures the 
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relative displacement, in the direction toward A, of the positive and 
negative charge. It has a nonzero value for the distributions sketched 
in Fig. 10.4, where the densities of positive and of negative charge 
have been indicated separately. In fact, all the distributions shown 
there have approximately the same value of K,. Furthermore—and 
this is a crucial point—if any charge distribution is neutral the value 
of K, is independent of the position chosen as origin. That is, if we 
replace z’ by z’ + zo, in effect shifting the origin, the value of the 


integral is not changed: fe + z6)p du’ = fzo du’ + z | 6 dv’ 


and the latter integral is always zero for a neutral distribution. 

Evidently if Kọ = O and K, + O, the potential along the z axis 
will vary asymptotically (that is, with ever-closer approximation as we 
go out to larger distances) as 1/r’. We expect the electric field 
strength, then, to behave asymptotically like 1/r°’, in contrast to the 
1/r° dependence of the field from a point charge. Of course we have 
discussed only the potential on the z axis. We will return to the ques- 
tion of the exact form of the field after getting a general view of the 
situation. 

If Ky and K, are both zero, and K, is not, the potential will 
behave like 1/r° at large distances, and the field strength will fall off 
with the inverse fourth power of the distance. Figure 10.5 shows a 
charge distribution for which Kp and K, are both zero (and would be 
zero no matter what direction we had chosen for the z axis) while K, 
is not zero. 

The quantities Ko, Kı, K2, . . . are related to what are called the 
moments of the charge distribution. Using this language, we call Ko, 
which is simply the net charge, the monopole moment, or monopole 
strength. K, is one component of the dipole moment of the distribu- 
tion. The dipole moment has the dimensions charge X displacement; 
it is a vector, and our K, is its z component. The third constant K3 is 
related to the quadrupole moment of the distribution, the next to the 
octupole moment, and so on. The quadrupole moment is not a vector, 
but a tensor. The charge distribution shown in Fig. 10.5 has a nonzero 
quadrupole moment. 

The advantage to us of describing a charge distribution by this 
hierarchy of moments is that it singles out just those features of the 
charge distribution which determine the field at a great distance. If 
we were concerned only with the field in the immediate neighborhood 
of the distribution, it would be a fruitless exercise. For our main task, 
understanding what goes on in a dielectric, it turns out that only the 
monopole strength (the net charge) and the dipole strength of the 
molecular building blocks matter. We can ignore all other moments. 
And if the building blocks are neutral, we have only their dipole 
moments to consider. 


FIGURE 10.5 


For this distribution of charge, Ko = K, = 0, but Ko # 
Q. It is a distribution with nonzero quadrupole moment. 
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THE POTENTIAL AND FIELD OF A DIPOLE 
10.3 The dipole contribution to the potential at the point A, dis- 


tance r from the origin, was given by (1/7’) | r’ cos @ p du’. We can 


write 7” cos 0, which is just the projection of r’ on the direction toward 
A, asf: r’. Thus we can write the potential without reference to any 
arbitrary axis as 


lf, , 
ea 5 |ê rod = 
r 


which will serve to give the potential at any point. The integral on the 
right in Eq. 9 is the dipole moment of the charge distribution. It is a 
vector, obviously, with the dimensions charge X distance. We shall 
denote the dipole moment vector by p: 


p = fro dv’ (10) 


Using the dipole moment p, we can rewrite Eq. 9 as 


5 i feo dv’ (9) 


r 


A 


r 


= (11) 


g(r) = 


The electric field is the negative gradient of this potential. To 
see what the dipole field is like, locate a dipole p at the origin, pointing 
in the z direction (Fig. 10.6). With this arrangement, 


p cos 6 
ọ = 2 (12) 
r 
The potential and the field are, of course, symmetrical around the z 
axis. Let’s work in the xz plane, where cos 0 = z/(x* + z’)!/. In that 


plane, then 


pz 
SEETI (13) 


The components of the electric field are readily derived: 


E _ _ % _ 3pxz _ 3p sin 6 cos 6 
i ðx (x2 + z2) r 
fe 3z? 1 
E, = — — = m — 1 
az p [= + z? )5/2 (x? + z? )3/2 (14) 


_ p(3 cos? 0 — 1) 


rP 


The dipole field can be described more simply in the polar coor- 
dinates r and 6. Let E, be the component of E in the direction of f, 
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FIGURE 10.6 
I PA . . . i The electric field of a dipole, indicated by some field 
and E, the component perpendicular to f in the direction of increasing lines. 


0. Then 


E, = 2P cos 0 E, = 5 sin 6 (15) 


You can check this against Eq. 14, or if you know how to find a gra- 
dient in polar coordinates, you can get it directly as the negative gra- 
dicnt of the potential y given by Eq. 12. 

Proceeding out in any direction from the dipole, we find the elec- 
tric field strength falling off as 1/r’, as we had anticipated. Along the 
z axis the field is parallel to the dipole moment p, with magnitude 
2p/r’. In the equatorial plane the field points antiparallel to p and has 
the value —p/r’. 

This field may remind you of one we have met before. Remem- 
ber the point charge over the conducting plane, with its image charge. 
Perhaps the simplest charge distribution with a dipole moment is two 
point charges, +q and —q, separated by a distance s. For a system 


FIGURE 10.7 

The electric field of a pair of equal and opposite point 
charges approximates the field of a dipole for 
distances large compared to the separation s. 
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of point charges Eq. 10 takes the form of a sum. The dipole moment 
of our point-charge pair is just gs, and the vector points in the direc- 
tion from negative charge to positive. In Fig. 10.7 we show the field 
of this pair of charges, mainly to emphasize that the field near the 
charges is not a dipole field. This charge distribution has many mul- 
tipole moments, indeed infinitely many, so it is only the far field at 
distances r > s that can be represented as a dipole field. 

To generate a complete dipole field right into the origin we 
would have to let s shrink to zero while increasing g without limit so 
as to keep p = qs finite. This highly singular abstraction is not very 
interesting. We know that our molecular charge distribution will have 
complicated near fields, so we could not easily represent the near 
region in any case. Fortunately we shall not need to. 


THE TORQUE AND THE FORCE 

ON A DIPOLE IN AN EXTERNAL FIELD 

10.4 Suppose two charges, q and —q, are mechanically connected 
so that s, the distance between them, is fixed. You may think of the 
charges as stuck on the end of a short nonconducting rod of length s. 
We shall call this object a dipole. Its dipole moment p is simply qs. 
Let us put the dipole in an external electric field, that is, the field from 
some other source. The field of the dipole itself does not concern us 
now. Consider first a uniform electric field, as in Fig. 10.8a. The pos- 
itive end of the dipole is pulled toward the right, the negative end 
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toward the left, by a force of strength Eg. The net force on the object 
is zero and so is the torque, in this position. A dipole which makes 
some angle @ with the field direction as in Fig. 10.85 obviously expe- 
riences a torque. In general, torque N around an axis through some 
chosen origin is r X F, where F is the force applied at a distance r 
from the origin. Taking the origin in the center of the dipole, so that 
r = s/2, we have 


N=rXF, + (—r) xF- (16) 


N is a vector perpendicular to the figure, and its magnitude is 
N= > Eq sin 0 + 5 Eq sino = sqE sin 0 = pE sinf (17) 


This can be written simply 
N=pXE (18) 


When the total force on the dipole is zero, as it is in this case, the 
torque is independent of the choice of origin, which therefore need not 
be specified. 

The orientation of the dipole in Fig. 10.8a has the lowest energy. 
Work has to be done to rotate it into any other position. Let us cal- 
culate the work required to rotate the dipole from a position parallel 
to the field, through some angle 69, as shown in Fig. 10.8c. Rotation 
through an infinitesimal angle d@ requires an amount of work N dô. 
Thus the total work done is 


60 60 
| N dé = | pE sin 6 d0 = pE(1 — cos ĝo) (19) 
0 0 


To reverse the dipole, turning it end for end, corresponds to 0) = a 
and requires an amount of work equal to 2pE. 

The net force on the dipole in any uniform field is zero, obvi- 
ously, regardless of its orientation. In a nonuniform field the forces on 
the two ends of the dipole will generally not be exactly equal and oppo- 
site, and there will be a net force on the object. A simple example is 
a dipole in the field of a point charge Q. If the dipole is oriented radi- 
ally as in Fig. 10.9a, with the positive end nearer the positive charge 
Q, the net force will be outward, and its magnitude will be 


Q 


r? 


TE or ee R (20) 


F= (4) (r + s)? 


For s < r, we need only evaluate this to first order in s/r, which we 
do as follows: 


l l 2S 
r= | — ——— af I — ——— a 2592 (91) 


2 
r 2s 
(1 + §) I+ 
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FIGURE 10.8 

(a) A dipole in a uniform field. (b) The torque on the 
dipole is N = p X E; N is a vector pointing down into 
the page. (c) The work done in turning the dipole from 
an orientation parallel to the field to the orientation 
shown is pE(1 — cos fo) 
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FIGURE 10.9 

The force on a dipole in a nonuniform field. (a) The net 
force on the dipole in this position is radially outward. 
(b) The net force on the dipole in this position is 
upward. 
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In terms of the dipole moment p, this is simply 


= 2p (22) 


With the dipole at right angles to the field, as in Fig. 10.96, there 
is also a force. Now the forces on the two ends, though equal, are not 
exactly opposite in direction. 

It is not hard to work out a general formula for the force on a 
dipole in a nonuniform electric field. The force depends essentially on 
the gradients of the various components of the field. In general, the x 
component of the force on a dipole of moment p is 


F, = p- grad E, (23) 


with corresponding formulas for F, and F,. 


ATOMIC AND MOLECULAR DIPOLES; 

INDUCED DIPOLE MOMENTS 

10.5 Consider the simplest atom, the hydrogen atom, which con- 
sists of a nucleus and one electron. If you imagine the negatively 
charged electron revolving around the positive nucleus like a planet 
around the sun—as in the original atomic model of Niels Bohr—you 
will conclude that the atom has, at any one instant of time, an electric 
dipole moment. The dipole moment vector p points parallel to the elec- 
tron-proton radius vector, and its magnitude is e times the electron- 
proton distance. The direction of this vector will be continually chang- 
ing as the electron, in this picture of the atom, circles around its orbit. 
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To be sure, the time average of p will be zero for a circular orbit, but 
we should expect the periodically changing dipole moment compo- 
nents to generate rapidly oscillating electric fields and electromagnetic 
radiation. The absence of such radiation in the normal hydrogen atom 
was one of the baffling paradoxes of early quantum physics. Modern 
quantum mechanics tells us that it is better to think of the hydrogen 
atom in its lowest energy state (the usual condition of most of the 
hydrogen atoms in the universe) as a spherically symmetrical struc- 
ture with the electronic charge distributed, in the time average, over 
a cloud surrounding the nucleus. Nothing is revolving in a circle or 
oscillating. If we could take a snapshot with an exposure time shorter 
than 107'® sec, we might discern an electron localized some distance 
away from the nucleus. But for processes involving times much longer 
than that we have, in effect, a smooth distribution of negative charge 
surrounding the nucleus and extending out in all directions with stead- 
ily decreasing density. The total charge in this distribution is just 
—e, the charge of one electron. Roughly half of it lies within a sphere 
of radius 0.5 angstrom (0.5 X 107% cm). The density decreases expo- 
nentially outward; a sphere only 2.2 angstroms in radius contains 99 
percent of the charge. The electric field in the atom is just what a 
stationary charge distribution of this form, together with the positive 
nucleus, would produce. 

A similar picture is the best one to adopt for other atoms and 
molecules. We can treat the nuclei in molecules as point charges; for 
our present purposes their size is too small to matter. The entire elec- 
tronic structure of the molecule is to be pictured as a single cloud of 
negative charge of smoothly varying density. The shape of this cloud 
and the variation of charge density within it will of course be different 
for different molecules. But at the fringes of the cloud the density will 
always fall off exponentially, so that it makes some sense to talk of the 
size and shape of the molecular charge distribution. 

Quantum mechanics makes a crucial distinction between sta- 
tionary states and time-dependent states of an atom. The state of low- 
est energy is a time-independent structure, a stationary state. It has 
to be. It is that state of the atom or molecule that concerns us here. 
Of course, atoms can radiate electromagnetic energy. That happens 
with the atom in a nonstationary state in which there is an oscillating 
electric charge. 

Figure 10.10 represents the charge distribution in the normal 
hydrogen atom. It is a cross section through the spherically symmet- 
rical cloud, with the density suggested by shading. Obviously the 
dipole moment of such a distribution is zero. The same is true of any 
atom in its state of lowest energy, no matter how many electrons it 
contains, for in all such states the electron distribution has spherical 
symmetry. It is also true of any ionized atom, though an ion of course 
has a monopole moment, that is, a net charge. 
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FIGURE 10.10 

The time-average distribution in the normal hydrogen 
atom. Shading represents density of electronic 
(negative) charge 
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FIGURE 10.11 

In an electric field the negative charge is pulled one 
way, the positive nucleus is pulled the other way. The 
distortion is grossly exaggerated in this picture. To 
distort the atom that much would require a field of 10° 
volts/cm. 


CHAPTER TEN 


So far we have nothing very interesting. But now let us put the 
hydrogen atom in an electric field supplied by some external source, 
as in Fig. 10.11. The electric field distorts the atom, pulling the neg- 
ative charge down and pushing the positive nucleus up. The distorted 
atom will have an electric dipole moment because the “center of grav- 
ity” of the negative charge will no longer coincide with the positive 
nucleus, but will be displaced from the nucleus by some small distance 
Az. The electric dipole moment of the atom is now e Az. 

How much distortion will be caused by a field of given strength 
E? Remember that electric fields already exist in the unperturbed 
atom, of strength e/a’ in order of magnitude, where a is a typical 
atomic dimension. We should expect the relative distortion of the 
atom’s structure, measured by the ratio Az/a, to have the same order 
of magnitude as the ratio of the perturbing field E to the internal fields 
that hold the atom together. We predict, in other words, that 

Az E 

a e/a’ i 
Now a is a length of order 107 cm, and e/a’ is approximately 10’ 
statvolts/cm, a field thousands of times more intense than any large- 
scale steady field we could make in the laboratory. Evidently the dis- 
tortion of the atom is going to be very slight indeed, in any practical 
case. If Eq. 24 is correct, it follows that the dipole moment p of the 
distorted atom, which is just e Az, will be 


p = e Az Z æE (25) 


Since the atom was spherically symmetrical before the field E was 
applied, the dipole moment vector p will be in the direction of E. The 
factor that relates p to E is called the atomic polarizability, and is 
usually denoted by a. 


p = aE (26) 


Notice that a has the dimensions of a volume. According to our 
estimate it is in order of magnitude an atomic volume, something like 
107% cm?. Its value for a particular atom will depend on the details 
of the atom’s electronic structure. An exact quantum-mechanical cal- 
culation of the polarizability of the hydrogen atom predicts a = %aj, 
where dp is the Bohr radius, 0.52 X 107° cm, the characteristic dis- 
tance in the H-atom structure in its normal state. The electric polar- 
izabilities of several species of atoms, experimentally determined, are 
given in Table 10.2. The examples given are arranged in order of 
increasing number of electrons. Notice the wide variations in a. If you 
are acquainted with the periodic table of the elements, you may dis- 
cern something systematic here. Hydrogen and the alkali metals, lith- 
ium, sodium, and potassium, which occupy the first column of the 
periodic table, have large values of a, and these increase steadily with 
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TABLE 10.2 


Atomic Polarizabilities, in Units of 107% cm? 


Element H He Li Be C Ne Na A K 
a 0.66 0.21 12 9.3 1.5 0.4 27 1.6 34 


increasing atomic number, from hydrogen to potassium. The noble 
gases have much smaller atomic polarizabilities, but these also 
increase as we proceed, within the family, from helium to neon to 
krypton. Apparently the alkali atoms, as a class, are easily deformed 
by an electric field, whereas the electronic structure of a noble gas 
atom is much stiffer. It is the loosely bound outer, or “valence,” elec- 
tron in the alkali atom structure that is responsible for the easy 
polarizability. 

A molecule, too, develops an induced dipole moment when an 
electric field is applied to it. The methane molecule depicted in Fig. 
10.12 is made from four hydrogen atoms arranged at the corners of a 
tetrahedron around the central carbon atom. This object has an elec- 
trical polarizability, determined experimentally, of 


2.6 X 107%” cm? 


It is interesting to compare this with the sum of the polarizabilities of 
a carbon atom and four isolated hydrogen atoms. Taking the data 
from Table 10.2, we find ac + 4ay = 4.1 X 10°74 cm?. Evidently 
the binding of the atoms into a molecule has somewhat altered the 
electronic structure. Measurements of atomic and molecular polariz- 
abilities have long been used by chemists as clues to molecular 
structure. 


PERMANENT DIPOLE MOMENTS 

10.6 Some molecules are so constructed that they have electric 
dipole moments even in the absence of an electric field. They ar 
unsymmetrical in their normal state. The molecule shown in Fig. 
10.13 is an example. A simpler example is provided by any diatomic 
molecule made out of dissimilar atoms, such as hydrogen chloride, 
HCI. There is no point on the axis of this molecule about which the 
molecule is symmetrical fore and aft; the two ends of the molecule are 
physically different. It would be a pure accident if the center of gravity 
of the positive charge and that of the negative charge happened to fall 
at the same point along the axis. When the HC! molecule is formed 
from the originally spherical H and Cl atoms, the electron of the H 
atom shifts partially over to the Cl structure, leaving the hydrogen 
nucleus partially denuded. So there is some excess of positive charge 
at the hydrogen end of the molecule and a corresponding excess of 
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F a = 2.6 X 107% em? 
FIGURE 10.12 


The methane molecule, made of four hydrogen atoms 
and a carbon atom. 


FIGURE 10.13 

A molecule with no symmetry whatever, 
bromochlorofluoromethane. This is methane with three 
different halogens substituted for three of the 
hydrogens. The bond lengths and the tetrahedron 
edges are all a bit different. 
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negative charge at the chlorine end. The magnitude of the resulting 
electric dipole moment, 1.03 X 107'8 esu-cm, is equivalent to shifting 
one electron about 0.2 angstrom. By contrast the hydrogen atom in a 
field of 30 kilovolts/cm, with the polarizability listed in Table 10.2, 
acquires an induced moment less than 107%” esu-cm. Permanent 
dipole moments, when they exist, are as a rule enormously larger than 
any moment that can be induced by ordinary laboratory electric 
fields.— Because of this, the distinction between polar molecules, as 
molecules with “built-in” dipole moments are called, and nonpolar 
molecules is very sharp. 

We said at the beginning of Section 10.5 that the hydrogen atom 
had, at any instant of time, a dipole moment. But then we dismissed 
it as being zero in the time average, on account of the rapid motion of 
the electron. Now we seem to be talking about molecular dipole 
moments as if a molecule were an ordinary stationary object like a 
baseball bat whose ends could be examined at leisure to see which was 
larger! Molecules move more slowly than electrons, but their motion 
is rapid by ordinary standards. Why can we credit them with “per- 
manent” electric dipole moments? If this inconsistency was bothering 
you, you are to be commended. The full answer can’t be given without 
some quantum mechanics, but the difference essentially involves the 
time scale of the motion. The time it takes a molecule to interact with 
its surroundings is generally shorter than the time it takes the intrinsic 
motion of the molecule to average out the dipole moment smoothly. 
Hence the molecule really acts as if it had the moment we have been 
talking about. A very short time qualifies as permanent in the world 
of one molecule and its neighbors. 

Some common polar molecules are shown in Fig. 10.14, with the 
direction and magnitude of the permanent dipole moment indicated 
for each. The water molecule has an electric dipole moment because 
it is bent in the middle, the O— H axes making an angle of about 105° 
with one another. This is a structural oddity with the most far-reach- 
ing consequences. The dipole moment of the molecule is largely 
responsible for the properties of water as a solvent, and it plays a deci- 
sive role in chemistry that goes on in an aqueous environment. It is 
hard to imagine what the world would be like if the H»O molecule, 
like the CO, molecule, had its parts arranged in a straight line; prob- 
ably we wouldn’t be here to observe it. We hasten to add that the 
shape of the H,O molecule is not a capricious whim of Nature. Quan- 
tum mechanics has revealed clearly why a molecule made of an eight- 
electron atom joined to two one-electron atoms must prefer to be bent. 


+There is a good reason for this. The internal electric fields in atoms and molecules, 
as we remarked in the last section, are naturally on the order of e/(1078 cm)? which 
is roughly 10° volts/cm! We cannot apply such a field to matter in the laboratory for 
the closely related reason that it would tear the matter to bits. 
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Hydrogen chloride 
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Ammonia 


Carbon monoxide 


The behavior of a polar substance as a dielectric is strikingly 
different from that of material composed of nonpolar molecules. The 
dielectric constant of water is about 80, that of methyl alcohol 33, 
while a typical nonpolar liquid might have a dielectric constant around 
2. In a nonpolar substance the application of an electric field induces 
a slight dipole moment in each molecule. In the polar substance 
dipoles are already present in great strength but, in the absence of a 
field, are pointing in random directions so that they have no large- 
scale effect. An applied electric field merely aligns them to a certain 
degree. In either process, however, the macroscopic effects will be 
determined by the net amount of polarization per unit volume. 


THE ELECTRIC FIELD CAUSED BY POLARIZED MATTER 
10.7 Suppose we build up a block of matter by assembling a very 
large number of molecules in a previously empty region of space. Sup- 
pose too that each of these molecules is polarized in the same direc- 
tion. For the present we need not concern ourselves with the nature of 
the molecules or with the means by which their polarization is main- 
tained. We are interested only in the electric field they produce when 
they are in this condition; later we can introduce any fields from other 
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Water 


FIGURE 10.14 

Some well-known polar molecules. The observed 
magnitude of the permanent dipole moment p is given 
in units of 1071? esu-cm. 
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FIGURE 10.15 

A column of polarized material (a) produces the same 
field, at any external point A, as two charges, one at 
each end of the column (b). 


CHAPTER TEN 


sources that might be around. If you like, you can imagine that these 
are molecules with permanent dipole moments that have been lined 
up neatly, all pointing the same way, and frozen in position. All we 
need to specify is N, the number of dipoles per cubic centimeter, and 
the moment of each dipole p. We shall assume that N is so large that 
any macroscopically small volume dv contains quite a large number 
of dipoles. The total dipole strength in such a volume is pN dv. At any 
point far away from this volume element compared with its size, the 
electric field from these particular dipoles would be practically the 
same if they were replaced by a single dipole moment of strength pN 
dv. We shall call pN the density of polarization, and denote it by P, 
a vector quantity with the dimensions charge-cm/cm’, or charge per 
cm’. Then P dv is the dipole moment to be associated with any small- 
volume element dv for the purpose of computing the electric field at 
a distance. By the way, our matter has been assembled from neutral 
molecules only; there is no net charge in the system or on any mole- 
cule, so we have only the dipole moments to consider as sources of a 
distant field. 

In Fig. 10.15 there is shown a slender column, or cylinder, of 
this polarized material. Its cross section 1s da, and it extends vertically 
from z; to z2. The polarization density P within the column is uniform 
over the length and points in the positive z direction. We are about to 
calculate the electric potential, at some external point, of this column 
of polarization. An element of the cylinder, of height dz, has a dipole 
moment P dv = P da dz. Its contribution to the potential at the point 
A can be written down by referring back to our formula Eq. 12 for 
the potential of a dipole. 

do, = P da dz cos 6 (21) 


r 
The potential due to the entire column is 


2 dz cos 0 
pa= Pda | “— (28) 
Z] r 
This is simpler than it looks: dz cos ĝ is just — dr, so that the integrand 
is a perfect differential, d(1/r). The result of the integration is then 


p4 = P da (+ — 4 (29) 
r2 Fi 7 

Equation 29 is precisely the same as the expression for the 
potential at A that would be produced by two point charges, a positive 
charge of magnitude P da sitting on top of the column at a distance 
r, from A, and a negative charge of the same magnitude at the bottom 
of the column. The source consisting of a column of uniformly polar- 
ized matter is equivalent, at least so far as its field at all external 
points is concerned, to two concentrated charges. 
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We can prove this in another way without any mathematics. 
Consider a small section of the column of height dz, containing dipole 
moment in amount P da dz. Let us make an imitation or substitute 
for this by taking an unpolarized insulator of the same size and shape 
and sticking a charge P da on top of it, and a charge —P da on the 
bottom. This little block now has the same dipole moment as that bit 
of our original column, and therefore it will make an identical contri- 
bution to the field at any remote point A. (The field inside our substi- 
tute, or very close to it, may be different from the field of the origi- 
nal—we don’t care about that.) Now make a whole set of such blocks 
and stack them up to imitate the polarized column. They must give 
the same field at A as the whole column does, for each block gave the 
same contribution as its counterpart in the original (Fig. 10.155). 
Now see what we have! At every joint the positive charge on the top 
of one block coincides with the negative charge on the bottom of the 
block above it, making charge zero. The only charges left uncompen- 
sated are the negative charge — P da on the bottom of the bottom 
block and the positive charge P da on the top of the top block. Seen 
from a distant point such as A, these look like point charges. We con- 
clude, as before, that two such charges produce at A exactly the same 
field as does our whole column of polarized material. 

With no further calculation we can extend this to a slab, or right 
cylinder, of any proportions uniformly polarized in a direction perpen- 
dicular to its parallel faces (Fig. 10.16a). The slab can simply be sub- 
divided into a bundle of columns, and the potential outside will be the 
sum of the contributions of the columns, each of which can be replaced 
by a charge at either end. The charges on the top, P da on each col- 
umn end of area da, make up a uniform sheet of surface charge of 
density o = P esu per unit area. We conclude that the potential every- 
where outside a uniformly polarized slab or cylinder is precisely what 
would result from two sheets of surface charge located where the top 
and bottom surfaces of the slab were located, carrying the constant 
surface charge density o = Pando = —P, respectively (Fig. 10.166). 
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FIGURE 10.16 

A block of polarized material (a) is equivalent to two 
sheets of charge (b), as far as the field outside is 
concerned 
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FIGURE 10.17 

(a) The line integral of E from A to B must be the same 
over all paths, internal or external, for the internal 
microscopic or atomic electric fields also are 
conservative (curl E = 0). The equivalent charge 
sheets (b) have the same external field. 
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We are not quite ready to say anything about the field inside the 
slab. However, we do know the potential at all points on the surface 
of the slab, top, bottom, or sides. Any two such points, A and B, can 
be connected by a path running entirely through the external field, so 


that the line integral | E - ds is entirely determined by the external 


field. It must be the same as the integral along the path A’B’ in Fig. 
10.166. A point literally on the surface of the dielectric might be 
within range of the intense molecular fields, the near field of the mol- 
ecule that we have left out of account. Let’s agree to define the bound- 
ary of the dielectric as a surface far enough out from the outermost 
atomic nucleus—10 or 20 angstroms would be margin enough—so 
that at any point outside this boundary, the near fields of the individ- 
ual atoms make a negligible contribution to the whole line integral 
from A to B. 

With this in mind, let’s look at a rather thin, wide plate of polar- 
ized material, of thickness t shown in cross section in Fig. 10.17a. Fig- 
ure 10.176 shows, likewise in cross section, the equivalent sheets of 
charge. For the system of two charge sheets we know the field, of 
course, in the space both outside and between the sheets. The field 
strength inside, well away from the edges, must be just 470, pointing 
down, and the potential difference between points A’ and B’ is there- 
fore 4rot statvolts. The same potential difference must exist between 
corresponding points A and B on our polarized slab, because the entire 
external field is the same in the two systems. 

Is the field identical inside, too? Certainly not, because the slab 
is full of positive nuclei and electrons, with fields of millions of volts 
per centimeter pointing in one direction here, another direction there. 
But one thing is the same: The line integral of the field, reckoned over 
any internal path from A to B, must be just yg — yy, which as we 
have seen is the same as yg — vy, which is equal to 4zot, or 47 Pt. 
This must be so because the introduction of atomic charges, no matter 
what their distribution, cannot destroy the conservative property of the 


electric field, expressed in the statement that | E - ds is independent 


of path, or curl E = 0. 

We know that in Fig. 10.175 the potential difference between 
the top and bottom sheets is nearly constant, except near the edges, 
because the interior electric field is practically uniform. Therefore in 
the central area of our polarized plate the potential difference between 
top and bottom must likewise be constant. In this region the line inte- 


B 
gral | E - ds taken from any point A on top of the slab to any point 
A 


B on the bottom, by any path, must always yield the same value 
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4rPt. Figure 10.18 is a “magnified view” of the central region of the 
slab, in which the polarized molecules have been made to look some- 
thing like HO molecules all pointing the same way. We have not 
attempted to depict the very intense fields that exist between the mol- 
ecules, and inside them. (Ten angstroms distant from a water mole- 
cule its field amounts to several hundred kilovolts per centimeter, as 
you can discover from Fig. 10.14 and Eq. 15.) You must imagine some 
rather complicated field configurations in the neighborhood of each 


molecule. Now the E in | E - ds represents the total electric field at 


a given point in space, inside or outside a molecule; it includes these 
complicated and intense fields just mentioned. We have reached the 
remarkable conclusion that any path through this welter of charges 
and fields, whether it dodges molecules or penetrates them, must yield 
the same value for the path integral, namely, the value we find in the 
system of Fig. 10.175 where the field is quite uniform and has the 
strength 47P. 

This tells us that the spatial average of the electric field within 
our polarized slab must be —4zP. By the spatial average of a field E 
over some volume V, which we might denote by (E),, we mean pre- 
cisely this: 


(Eyy=2 | Edo (30) 


One way to sample impartially the field in many equal small 
dv’s into which V might be divided would be to measure the field along 
each line in a bundle of closely spaced parallel lines. We have just seen 
that the line integral of E along any or all such paths is the same as 
if we were in a constant electric field of strength —4rP. That is the 
justification for the conclusion that within the polarized dielectric slab 


FIGURE 10.18 
Over any path from A to B, the line integral of the 
actual microscopic field is the same. 
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of Figs. 10.17 and 10.18 the spatial average of the field due to all the 
charges that belong to the dielectric is 


(E) = —4rP (31) 


This average field is a macroscopic quantity. The volume over 
which we take the average should be large enough to include very 
many molecules, otherwise the average will fluctuate from one such 
volume to the adjoining one. The average field (E) defined by Eq. 30 
is really the only kind of macroscopic electric field in the interior of a 
dielectric that we can talk about. It provides the only satisfactory 
answer, in the context of a macroscopic description of matter, to the 
question, What is the electric field inside a dielectric material? 

The E in the integrand on the right, in Eq. 30, we may call the 
microscopic field. If we send someone out to measure the field values 
we need for the path integral, he will be measuring electric fields in 
vacuum, in the presence, of course, of electric charge. He will need 
very tiny instruments, for he may be called on to measure the field at 
a particular point just inside one end of a certain molecule. Have we 
any right to talk in this way about taking the line integral of E along 
some path that skirts the southwest corner of a particular molecule 
and then tunnels through its neighbor? Yes. The justification is the 
massive evidence that the laws of electromagnetism work down to a 
scale of distances much smaller than atomic size. We can even 
describe an experiment which would serve to measure the average of 
the microscopic electric field along a path defined well within the lim- 
its of atomic dimensions. All we have to do is shoot an energetic 
charged particle, an alpha particle for example, through the material. 
From the net change in its momentum the average electric field that 
acted on it, over its whole path, could be inferred. 

Let us review the properties of the average, or macroscopic field 


B 
(E), defined by Eq. 30. Its line integral | (E) - ds between any two 
A 


points A and B which are reasonably far apart is independent of the 
path. It follows that curl (E) = 0 and that (E) is the negative gra- 
dient of a potential (yg). This potential function (qv) is itself a 
smoothed-out average, in the sense of Eq. 30, of the microscopic 
potential y. (The latter rises to several million volts in the interior of 


every atomic nucleus!) The surface integral of (E), | (E) - da, over 


any surface that encloses a reasonably large volume, is equal to 4r 
times the charge within that volume.f That is to say, (E) obeys 


+We state this without proof, postponing consideration of the relation of the surface 
integral of an average field to the average of surface integrals of the microscopic field 
to the next chapter, where the question arises in Section 11.8 in connection with the 
magnetic field inside matter. (See Fig. 11.18.) 
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Gauss’s law, a statement we can also make in differential form: 
div(E) = 47(p), with the understanding that (p) too is a local aver- 
age over a suitably macroscopic volume. In short, the spatial average 
quantities (E), (y), and (p are related to one another in the same 
way as are electric field, potential, and charge density in vacuum. 

From now on, when we speak of the electric field E inside any 
piece of matter much larger than a molecule we will mean an average, 
or macroscopic, field as defined by Eq. 30, even when the brackets 
( ) are omitted. 


ANOTHER LOOK AT THE CAPACITOR 

10.8 At the beginning of this chapter we explained in a qualitative 
way how the presence of a dielectric between the plates of a capacitor 
increases its capacitance. Now we are ready to analyze quantitatively 
the dielectric-filled capacitor. What we have just learned about the 
electric field inside matter is the key to the problem. We identified as 
the macroscopic field E, the spatial average of the microscopic field. 
The line integral of that macroscopic E between any two points A and 
B is path-independent and equal to the potential difference. Looking 
back at Fig. 10.2a we observe that the field E in the empty capacitor 
must have had the value ¢)2/s. But the potential difference between 
the plates, yı2, which was established by the battery, was exactly the 
same in the dielectric-filled capacitor (Fig. 10.25). Hence the field E 
in the dielectric, understood now as the macroscopic field, must have 
had the same value too, for it extends and is uniform over the same 
distance s. (The layers in the diagram are actually negligible in thick- 
ness compared with s.) Then the total charge on and near the top plate 
must be the same as it was in the empty capacitor, namely, Qo. To 
prove that we need only invoke Gauss’ law for a suitable imaginary 
box enclosing the charge layers, as indicated in Fig. 10.19. The charge 
is made up of’ two parts, the charge on the plate Q (which will flow 
off when the capacitor is discharged) and Q’, the charge that belongs 
to the dielectric. Now Q = «Qo. That was our definition of e. There- 
fore, if O + O = Qà as we have just concluded, we must have 


Y = Qo- Q = Ql — ¢) (32) 


We can think of this system as the superposition of a vacuum 
capacitor and a polarized dielectric slab, Fig. 10.19a@ and b. In the 
vacuum capacitor with charge «Qo the electric field Æ” would be e 
times the field E. In the isolated polarized dielectric slab the field EF’ 
is —4rP, as stated in Eq. 31. The superposition of these two objects 
creates the actual field E. 


E = E” + E' =cE + 4rP (33) 
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Gauss box 


(b) Plates alone. 


FIGURE 10.19 

The dielectric-filled capacitor of Fig. 10.2b. The field E 
which is the average, or macroscopic, field in the 
dielectric, is @12/S, equal to the field in the empty 
capacitor of Fig. 10.2a. The charge inside the Gauss 
box must equal Qo, the charge on the plate of the 
empty capacitor. The system can be regarded as the 
superposition of a vacuum capacitor (b) and a 
polarized dielectric (c). 


(c) Dielectric alone. 


Equation 33 can be rearranged like this: 


P e— 1 


E 4r 


(34) 


The ratio P/E is called the electric susceptibility of the dielectric 
material denoted by xe (Greek chi). 

In most materials under ordinary circumstances it is the field E 
in the dielectric that causes P. The relation is quite linear. That is to 
say, the electric susceptibility xe is a constant characteristic of the par- 
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ticular material and not dependent on the strength of the electric field 
or the size or shape of the electrodes. Cases are known, however, usu- 
ally involving materials composed of polar molecules, in which polar- 
ization can be literally frozen in. A block of ice polarized by an exter- 
nally applied electric field and then cooled in liquid helium will retain 
its polarization indefinitely after the external field is removed, thus 
providing a real example of the hypothetical polarized slab in Fig. 
10.18. 

Strictly speaking, filling a vacuum capacitor with dielectric 
material increases its capacitance by the precise factor «e characteristic 
of that material only if we fill all the surrounding space too, or at least 
all the space where there is any electric field. In the example we dis- 
cussed it was tacitly assumed that the plates were so large compared 
with their distance of separation that “edge effects,” including the 
small amount of charge that would be on the outside of the plates near 
the edge (see Fig. 3.125), could be neglected. A quite general state- 
ment can be made about a system of conductors of any shape or 
arrangement which is entirely immersed in a homogeneous dielec- 
tric—for instance, in a large tank of oil. With any charges whatever, 
Q, Q2, etc., on the various conductors, the macroscopic electric field 
Emea at any location in the medium is just 1 /e times the field E,,, that 
would exist at that location with the same charges on the same con- 
ductors in vacuum (Fig. 10.20). This has important consequences in 
semiconductors. When silicon, for example, is doped with phosphorus 
to make an n-type semiconductor, the high dielectric constant of the 
silicon crystal (see Table 10.1) greatly reduces the electrical attraction 
between the outermost electron of the phosphorus atom and the rest 
of the atom. This makes it easy for the electron to leave the residual 
P~ ion and join the conduction band, as in Fig. 4.1 1a. 

This brings us to a more general problem. What if the space in 
our system is partly filled with dielectric and partly empty, with elec- 
tric fields in both parts? We’ll begin with a somewhat artificial but 
instructive example, a polarized solid sphere in otherwise empty space. 


THE FIELD OF A POLARIZED SPHERE 

10.9 The solid sphere in Fig. 10.21a is supposed to be uniformly 
polarized, as if it had been carved out of the substance of the slab in 
Fig. 10.16a. What must the electric field be like, both inside and out- 
side the sphere? P as usual will denote the density of polarization, 
constant in magnitude and direction throughout the volume of the 
sphere. The polarized material could be divided, like the slab in Fig. 
10.16a, into columns parallel to P, and each of these replaced by a 
charge of magnitude (P X column cross Section) at top and bottom. 
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FIGURE 10.20 

For the same charges on the conductors, the presence 
of the dielectric medium reduces all electric field 
intensities (and hence all potential differences) by the 
factor 1/e. The charges Q,;, Qo, and Q; are the 
charges that would actually flow off the conductors if 
we were to discharge the system. 
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FIGURE 10.21 

(a) Divide the polarized sphere into polarized rods, and 
replace each rod by patches of charge in the surface 
of the sphere. (b) A ball of positive volume charge 
density and a ball of negative volume charge density, 
slightly displaced, are equivalent to a distribution of 
charge on the spherical surface. 


Thus the field we seek is that of a surface charge distribution spread 
over a sphere with density o = P cos 0. The factor cos 0 enters, as 
should be obvious from the figure, because a column of cross section 
da intercepts on the sphere a patch of surface of area da/cos 6. Figure 
10.216 is a cross section through this shell of equivalent surface charge 
in which the density of charge has been indicated by the varying thick- 
ness of the black semicircle above (positive charge density) and the 
light semicircle below (negative charge density). 

If it has not already occurred to you, this figure may suggest that 
we think of the polarization P as having arisen from the slight upward 
displacement of a ball filled uniformly with positive charge of volume 
density p, relative to a ball of negative charge of density —p. That 
would leave uncompensated positive charge poking out at the top and 
negative charge showing at the bottom, varying in amount precisely 
as cos 0 over the whole boundary. In the interior, where the positive 
and negative charge densities still overlap, they would exactly cancel 
one another. Taking this view, we see a very easy way to calculate the 
field outside the shell of surface charge. Any spherical charge distri- 
bution, as we know, has an external field the same as if its entire 
charge were concentrated at the center. So the superposition of two 
spheres of total charge Q and —Q, respectively, with their centers 
separated by a small displacement s, will produce an external field the 
same as that of two point charges Q and — Q, s cm apart. That is just 
a dipole with dipole moment pọ = Qs. 

A microscopic description of the polarized substance leads us to 
the same conclusion. In Fig. 10.22a the molecular dipoles actually 
responsible for the polarization P have been crudely represented as 
consisting individually of a pair of charges q and —q, s cm apart, to 
make a dipole moment p = qs. With N of these per cubic centimeter, 
P = Np ='Ngqs, and the total number of such dipoles in the sphere 
is (47/3)raN. The positive charges, considered separately (Fig. 
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10.22b), are distributed throughout a sphere with total charge content 

Q = (4r/3)ròNq, and the negative charges occupy a similar sphere FIGURE 10.22 

with its center displaced (Fig. 10.22c). Clearly each of these charge A sphere of lined-up molecular dipoles (a) is equivalent 
distributions can be replaced by a point charge at its center, if we are to superposed, slightly displaced, spheres of positive 
concerned with the field well outside the distribution. “Well outside” (P) 27d of negative (c) charges. 

means far enough away from the surface so that the actual graininess 

of the charge distribution doesn’t matter, and of course that is some- 

thing we always have to ignore when we speak of the macroscopic 

fields. So for present purposes the picture of overlapping spheres of 

uniform charge density and the description in terms of actual dipoles 

in a vacuum are equivalent,t and show that the field outside the dis- 

tribution is the same as that of a single dipole located at the center. 

The moment of this dipole po is simply the total polarization in the 

sphere: 


4 
Po = Qs = = ryNqs = a roP (35) 


The quantities Q and s have, separately, no significance and may now 
be dropped from the discussion. 

The external field of the polarized sphere is that of a central 
dipole po, not only at a great distance from the sphere; it is the pure 
dipole field right down to the surface, macroscopically speaking. All 
we had to do to construct Fig. 10.23, a representation of the external 
field lines, was to block out a circular area from Fig. 10.6. 


tThis may have been obvious enough, but we have labored the details in this one case 
to allay any suspicion that the “smooth-charge-ball” picture, which is so different from 
what we know the interior of a real substance to be like, might be leading us astray. 
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FIGURE 10.23 

The field outside a uniformly polarized sphere is 
exactly the same as that of a dipole located at the 
center of the sphere. 
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The internal field is a different matter. Let’s look at the electric 
potential, g(x, y, z). We know the potential at all points on the spher- 
ical boundary because we know the external field. It is just the dipole 
potential, po cos 6/r’, which on the spherical boundary of radius ro 
becomes 


6 4 
p = po —— = — Pro cos 0 (36) 
ro 3 
Since rg cos 0 = z, we see that the potential of a point on the sphere 


depends only on its z coordinate: 
g = T Pz (37) 


The problem of finding the internal field has boiled down to this: 
Equation 37 gives the potential at every point on the boundary of the 
region, inside which ¢ must satisfy Laplace’s equation. According to 
the uniqueness theorem we proved in Chapter 3, that suffices to deter- 
mine ¢ throughout the interior. If we can find a solution, it must be 
the solution. Now the function Cz, where C is any constant, satisfies 
Laplace’s equation, so Eq. 37 has actually handed us the solution to 
the potential in the interior of the sphere. It is the potential of a uni- 
form electric field in the —z direction: 

dyin ð (#272) _ 4P 


3 EN Sa 
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E, = 
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FIGURE 10.24 
The field of the uniformly polarized sphere, both inside 


and outside. 
As the direction of P was the only thing that distinguished the z axis, 
we can write our result in more general form: 
4rP FIGURE 10.25 
En = — (39) 


The change in E at the boundary of a polarized 
dielectric. E, is the same on both sides of the 
This is the macroscopic field E in the polarized material. boundary. E, increases by 4r P, in going from 

Figure 10.24 shows both the internal and external field. At the dielectric to vacuum. (E and P are not drawn to the 
upper pole of the sphere, the strength of the upward-pointing external  S#™e scale). 
field is, from Eq. 14 for the field of a dipole, 

E, = *Po = 24ereP/) = dala (outside) (40) 
r 9 3 
which is just twice the magnitude of the downward-pointing internal 
field. 

This example illustrates the general rules for the behavior of the 
field components at the surface of a polarized medium. E is discontin- 
uous at the boundary of a polarized medium exactly as it would be at 
a surface in vacuum which carried a surface charge density o = Py. 
The symbol P, stands for the component of P normal to the surface 
outward. It follows that E,, the normal component of E, must change 
abruptly by an amount 47P,, while E, the component of E parallel 
to the boundary remains continuous, that is, has the same value on 
both sides of the boundary (Fig. 10.25). Indeed, at the north pole of 
our sphere the net change in E, is 8rP/3 — (—4mP/3) or 4xP. Refer- 
ring to Eq. 15 for the dipole field, you can check that the component 
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FIGURE 10.26 

The sources of the field E, remain fixed. The dielectric 
sphere develops some polarization P. The total field E 
is the superposition of E, and the field of this polarized 
sphere 


Eo 
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of E parallel to the surface is continuous from inside to outside every- 
where on the sphere. 

None of these conclusions depends on how the polarization of 
the sphere was caused. Assuming any sphere is uniformly polarized, 
Fig. 10.24 shows its field. Onto this can be superposed any field from 
other sources, thus representing many possible systems. This will not 
affect the discontinuity in E at the boundary of the polarized medium. 
The rules just stated therefore apply in any system, the discontinuity 
in E being determined solely by the existing polarization. 


A DIELECTRIC SPHERE IN A UNIFORM FIELD 

10.10 As an example, let us put a sphere of dielectric material 
characterized by a dielectric constant e into a homogeneous electric 
field Ep like the field between the parallel plates of a vacuum capaci- 
tor, Fig. 10.26. Let the sources of this field, the charges on the plates, 
be far from the sphere so that they do not shift as the sphere is intro- 
duced. Then whatever the field may be in the vicinity of the sphere, it 
will remain practically Ep at a great distance. That is what is meant 
by putting a sphere into a uniform field. The total field E is no longer 
uniform in the neighborhood of the sphere. It is the sum of the uni- 
form field Ep of the distant sources and a field E” generated by the 
polarized matter itself: 


The field E’ depends on the polarization P of the dielectric, which in 


turn depends on the value of E inside the sphere: 


P = xE = E (42) 
4r 


We don’t know yet what the total field E is; we know only that 
Eq. 42 has to hold at any point inside the sphere. Zf the sphere 
becomes uniformly polarized, an assumption that will need to be jus- 
tified by our results, the relation between the polarization of the sphere 
and its own field E’, at points inside, was given by Eq. 39. (In Eq. 39 
we were using the symbol E for this field; in that case it was the only 
field present.) 


4aP 


Ei, = — 
3 


(43) 

Now we have enough equations to eliminate P and E’, which should 

give us a relation connecting E and Ep. Using Eqs. 41 to 43 we find: 
4rP e— | 


a a 


E (44) 
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Solving for E, 


r Aa i- 
Because e is greater than one, the factor 3/(2 + e) will be less than 
one; the field inside the dielectric is weaker than Ep. The polarization 


IS 
e— | 3 /e— 1 
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The assumption of uniform polarization is now seen to be self-consis- 
tent.t To compute the total field E outside the sphere we must add 
vectorially to Ey the field of a central dipole with dipole moment equal 
to P times the volume of the sphere. Some field lines of E, both inside 
and outside the dielectric sphere, are shown in Fig. 10.27. 


THE FIELD OF A CHARGE IN A DIELECTRIC MEDIUM, 
AND GAUSS’S LAW 

10.11 Suppose that a very large volume of homogeneous dielectric 
has somewhere within it a concentrated charge Q, not part of the reg- 
ular molecular structure of the dielectric. Imagine, for instance, that 
a small metal sphere has been charged and then dropped into a tank 
of oil. As was stated earlier, the electric field in the oil is simply 1/e 
times the field that QO would produce in a vacuum. 


pu (47) 


It is interesting to see how Gauss’s law works out. The surface integral 
of E (which is the macroscopic, or space average, field, remember) 
taken over a sphere surrounding Q, gives 4rQ/«, if we believe Eq. 47, 
and not 47%Q. Why not? The answer is that Q is not the only charge 
inside the sphere. There are also all the charges that make up the 
atoms and molecules of the dielectric. Ordinarily any volume of the 
oil would be electrically neutral. But now the oil is radially polarized, 
which means that the charge Q, assuming it is positive, has pulled in 
toward itself the negative charge in the oil molecules and pushed away 


tThat is what makes this system easy to deal with. For a dielectric cylinder of finite 
length in a uniform electric field, the assumption would not work. The field E’ of a 
uniformly polarized cylinder—for instance one with its length about equal to its diam- 
eter—is not uniform inside the cylinder. (What must it look like?) Therefore E = Ep 
+ E’ cannot be uniform—but in that case P = x,E could not be uniform after all. 
In fact it is only dielectrics of ellipsoidal shape, of which the sphere is a special case, 
which acquire uniform polarization in a uniform field. 


379 


FIGURE 10.27 
The total field E, both inside and outside the dielectric 
sphere. 
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the positive charges. Although the displacement may be only very 
slight in each molecule, still on the average any sphere we draw 
around Q will contain more oil-molecule negative charge than oil-mol- 
ecule positive charge. Hence the net charge in the sphere, including 
the “foreign” charge Q at the center, is less than Q. In fact it is QO/e. 

It is often useful to distinguish between the foreign charge Q and 
the charges that make up the dielectric itself. Over the former we have 
some degree of control—charge can be added to or removed from an 
object, such as the plate of a capacitor. This is often called free charge. 
The other charges, which are integral parts of the atoms or molecules 
of the dielectric, are/usually called bound charge. Structural charge 
might be a better name. These charges are not mobile but more or less 
elastically bound, contributing, by their slight displacement, to the 
polarization. 

One can devise a vector quantity which is related by something 
like Gauss’ law to the free charge only. In the system we have just 
examined, a point charge Q immersed in a dielectric, the vector cE has 


this property. That is, | «ŒE - da, taken over some closed surface S, 


equals 4rq if S encloses Q, and zero if it does not. By superposition, 
this must hold for any collection of free charges described by a free- 
charge density Prree(x, y, z) in an infinite homogeneous dielectric 
medium: 


| cE: da = 4r | Pfree dU (48) 
S V 


where V is the volume enclosed by the surface S. An integral relation 
like this implies a “local” relation between the divergence of the vector 
field «E and the free charge density: 


div (eE) = 4T Direc (49) 


Since e has been assumed to be constant throughout the medium, Eq. 
49 tells us nothing new. However, it can help us to isolate the role of 
the bound charge. In any system whatever, the fundamental relation 
between electric field E and total charge density prec + Pbound remains 
valid: 


div E = 4T (P frec + Pound) (50) 
From Eqs. 49 and 50 it follows that 
div (e — 1)E = —4rppound (51) 


According to Eq. 34, (e — 1)E = 4rP, so Eq. 51 implies that 
divP = — Pbound (52) 
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Equation 52 states a local relation. It cannot depend on condi- 
tions elsewhere in the system, nor on how the particular arrangement 
of bound charges is maintained. Any arrangement of bound charge 
which has a certain local excess, per unit volume, of nuclear protons 
over atomic electrons must represent a polarization with a certain 
divergence. So Eq. 52 must hold universally, not just in the unbounded 
dielectric. You can get a feeling for the identity expressed in Eq. 52 
by imagining a few polar molecules arranged to give a polarization 
with a positive divergence (Fig. 10.28). The dipoles point outward, 
which necessarily leaves a little concentration of negative charge in 
the middle. Of course, Eq. 52 refers to averages over volume elements 
so large that P and pyoung can be treated as smoothly varying 
quantities. 

From Eqs. 50 and 52 we get the relation 


div (E + 4rP) = 4T pies (53) 


This is quite independent of any relation between E and P. It is not 
limited to those materials, which we call dielectrics, in which P is pro- 
portional to E. 

It is customary to give the combination E + 4rP a special 
name, the electric displacement vector, and its own symbol, D. That 
is, we define D by 


D = E + 4rP (54) 
In an isotropic dielectric, D is simply «E, but the relation 
div D = 4T Pree (55) 


holds in any situation in which the macroscopic quantities P, E, and 
p can be defined. 

The appearance of Eq. 55 may suggest that we should look on 
D as a vector field whose source is the free charge distribution pfree, in 
the same sense that the total charge distribution p is the source of E. 
That would be wrong. The electrostatic field E is uniquely deter- 
mined—except for the addition of a constant field—by the charge dis- 
tribution p because, supplementing the law div E = 4rọp, there is 
another universal condition, curl E = 0. It is not true, in general, that 
curl D = 0. Thus the distribution of free charge is not sufficient to 
determine D through Eq. 55. Something else is needed, such as the 
boundary conditions at various dielectric surfaces. The boundary con- 
ditions on D are of course merely an alternate way of expressing the 
boundary conditions involving E and P, already stated near the end of 
Section 10.9 and in Fig. 10.25. 

In the approach we have taken to electric fields in matter the 
introduction of D is an artifice which is not, on the whole, very helpful. 
We have mentioned D because it is hallowed by tradition, beginning 
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Molecular dipoles arranged so that div P > 0. Note the 
concentration of negative charge in the middle, 
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with Maxwell,f and the student is sure to encounter it in other books, 
many of which treat it with more respect than it deserves. 

Our essential conclusions about electric fields in matter can be 
summarized like this: 


1. Matter can be polarized, its condition being described com- 
pletely, so far as the macroscopic field is concerned, by a polarization 
density P, which is the dipole moment per unit volume. The contri- 
bution of such matter to the electric field E is the same as that of a 
charge distribution ppoung, EXisting in vacuum and having the density 
Pvound = —div P. In particular, at the surface of a polarized substance, 
where there is a discontinuity in P, this reduces to a surface charge of 
density o = —P,. Add any free charge distribution that may be pres- 
ent, and the electric field is the field that this total charge distribution 
would produce in vacuum. That is the macroscopic field E both inside 
and outside matter, with the understanding that inside matter it is the 
spatial average of the true microscopic field. 


2. If P is proportional to E in a material, we call the material a 
dielectric. We define the electric susceptibility xe and the dielectric 
constant e characteristic of that material: x, = P/E and € = 1 + 
4TXe. Free charges immersed in a dielectric give rise to electric fields 
which are I /e times as strong as the same charges would produce in 
vacuum. 


A MICROSCOPIC VIEW OF THE DIELECTRIC 

10.12 The polarization P in the dielectric is simply the large-scale 
manifestation of the electric dipole moments of the atoms or molecules 
of which the material is composed. P is the mean dipole moment den- 
sity, the total vector dipole moment per unit volume—averaged, of 
course, over a region large enough to contain an enormous number of 
atoms. If there is no electric field to establish a preferred direction, P 
will be zero. That will surely be true for an ordinary liquid or a gas, 
and for solids too if we ignore the possibility of “frozen-in” polariza- 
tion mentioned in Section 10.8. In the presence of an electric field in 
the medium, polarization can arise in two ways. (1) Every atom or 
molecule will acquire an induced dipole moment proportional to, and 
in the direction of, the field E that acts on that atom or molecule. (2) 
If molecules with permanent dipole moments are present in the 


tThe prominence of D in Maxwell’s formulation of electromagnetic theory, and his 
choice of the name displacement can perhaps be traced to his inclination toward a - 
kind of mechanical model of the “aether.” Whittaker has pointed out in his classic, 
“A History of the Theories of Aether and Electricity,” vol. I, Harper, New York, 
1960, p. 266, that this inclination may have led Maxwell himself astray at one point 
in the application of his theory to the problem of reflection of light from a dielectric. 
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medium, their orientations will no longer be perfectly random; align- 
ment of their dipole moments in the field direction will be favored 
slightly over alignment in the opposite direction. Both effects (1) and 
(2) lead to polarization in the direction E, that is, to a positive value 
of P/E, the electric susceptibility. 

Let us consider first the induced atomic moments in a medium 
in which the atoms or molecules are rather far apart. An example is 
a gas at atmospheric density, in which there are something like 3 X 
10'? molecules per cm’. We shall assume that the field E which acts 
on an individual molecule is the same as the average, or macroscopic, 
field E in the medium. In making this assumption we are neglecting 
the field at a molecule which is produced by the induced dipole 
moment of a nearby molecule. Let œ be the polarizability of every 
molecule and N the mean number of molecules per cubic centimeter. 
The dipole moment induced in each molecule is aE, and the resulting 
polarization of the medium, P, is simply 


P = Nok (56) 
This gives us at once the electric susceptibility xe: 


P 


Xe = E = Na (57) 
and the dielectric constant «e: 
€e = |] + 4rxe = 1+ 4rNa (58) 


The methane molecule in Fig. 10.12 has a polarizability of 2.6 
X 107% cm?. At standard conditions of 0°C and atmospheric pressure 
there are approximately 2.8 X 10!° molecules in 1 cm?. According to 
Eq. 58 the dielectric constant of methane at that density ought to have 
the value 


€ = ] + 4rNa = 1 + 4r X 2.8 X 10° X 2.6 X 107% 
1.00088 


This agrees with the value of e listed for methane in Table 10.1. The 
agreement is hardly surprising, for the value of a given in Fig. 10.12 
was probably deduced originally by applying the simple theory we 
have just developed to an experimentally measured dielectric constant. 

We have already noted in Section 10.5 that the atomic polariz- 
ability a, which has the dimensions of volume, is in order of magnitude 
about equal to the volume of an atom. That being so, the product 
Na, which is just x, according to Eq. 57, is about equal to the fraction 
of the volume of the medium which is taken up by atoms. Now the 
density of a gas under standard conditions is roughly one-thousandth 
of the density of the same substance condensed to liquid or solid. In 
the case of methane the ratio is close to oo; in the case of air, ro. The 
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gas is about 99.9 percent empty space. In the solid or liquid, on the 
other hand, the molecules are practically touching one another. The 
fraction of the volume they occupy is not much less than unity. This 
tells us that, in condensed matter generally, the induced polarization 
will result in a susceptibility x, of order of magnitude unity. In fact, 
as our brief list in Table 10.1 suggests and as a more extensive tabu- 
lation would confirm, the susceptibility of most nonpolar liquids and 
solids, that is, the value of (e — 1)/4a, ranges from about 0.1 to 1. 
We can now see why. 

We can see, too, why an exact theory of the susceptibility of a 
solid or liquid is not so easy to develop. When the atoms are crowded 
together until they almost “touch,” the effect of one atom on its neigh- 
bors cannot be neglected. The distance b between nearest neighbors is 
approximately N~'/?. Let an electric field E induce a dipole moment 
p = Ea in each atom. This dipole p on one atom will cause a field of 
strength E’ = p/b? at the location of the next atom. But 1/b° = N, 
hence E = EaN. As we have just explained, in condensed matter 
aN is necessarily of order unity. Hence E’ is not small, and certainly 
not negligible, compared with E. Just what the effective field is that 
polarizes an atom in this situation 1s a question with no very obvious 
answer.t 

Molecules with permanent electric dipole moments, polar mol- 
ecules, respond to an electric field by trying to line up parallel to it. 
So long as the dipole moment p is not pointing in the direction of E, 
there is a torque p X E tending to turn p into the direction of E. (Look 
back at Eq. 18 and Fig. 10.85.) Of course, the torque is zero if p hap- 
pens to be pointing exactly opposite to E, but that condition is unsta- 
ble. Torque on the electric dipole is torque on the molecule itself. A 
state of lowest energy will have been attained if and when all the polar 
molecules have rotated to bring their dipole moments into the E direc- 
tion. While settling down to that state of perfect alignment they will 
have given off some energy, through rotational friction, to their sur- 
roundings. The resulting polarization would be gigantic. In water 
there are about 3 X 10” molecules per cm’; the dipole moment of 
each (Fig. 10.14) is 1.84 X 107! esu-cm. With complete alignment 
of the dipoles P would be 5.6 X 10* esu/cm°. If Fig. 10.24 were a 
picture of a water droplet thus polarized, the field strength just outside 
the drop would exceed 10° statvolts/cm! 

This does not happen. Nothing approaching complete alignment 
is attained in any reasonable applied field E. Why not? The reason is 
essentially the same as the reason why the molecules of air in a room 
are not found all lying on the floor—which is, after all, the arrange- 


tAn elementary, approximate, treatment of this problem, leading to what is called the 
Clausius-Mossotti relation, can be found in Section 9.13 in the first edition of this 
book. 
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ment of lowest potential energy. We must think about temperature 
and about the energy of thermal agitation which every molecule 
exhibits at a given absolute temperature 7. In magnitude that energy 
is kT, where k is the universal constant called Boltzmann’s constant. 
At room temperature kT amounts to 4 X 107'* erg. In a system all 
at temperature T the mean translational energy of a molecule—or for 
that matter, of any object small or large—is 4k7. More to the point 
here, the mean rotational energy of a molecule is just kT. Now the air 
molecules do not all gather near the floor because the change in grav- 
itational potential energy in elevating by a couple of meters a molecule 
of mass 5 X 107% gm is only, as you can readily compute, about 107!’ 
erg, less than “oo of kT. On the other hand, the air near the floor is 
slightly more dense than the air near the ceiling, even when there is 
no temperature gradient. That is just the well-known change of bar- 
ometric pressure with height. Air near the floor is fractionally more 
dense (when the difference is slight) by just mgh/kT, mgh being the 
difference in gravitational potential energy between the two levels. 

Similarly, in our dielectric we shall find a slight excess of molec- 
ular dipoles in the orientation of lower potential energy, that is, point- 
ing in the direction of E, or with a component in that direction. The 
fractional excess in the favored directions will be, in order of magni- 
tude, pE/kT. The numerator represents the difference in potential 
energy. Actually the work required to turn a dipole from the direction 
of E to the opposite direction is 2pE (see Eq. 19) but averaging over 
angles would bring in other numerical factors that we are leaving out. 
With N dipoles per unit volume the polarization P, which would be 
Np if they were totally aligned, will be smaller by something like the 
factor pE/kT. The polarization to be expected is therefore, in order 
of magnitude, 


pE\ _ Np 
P= Np >] = -ZE 9 
P (2 kT (59) 
and the susceptibility is 
Xe = ES or ( 


For water at room temperature the quantity on the right in Eq. 
60 is 3.0, whereas with «e = 80, the actual value of x, is 6.3. Evidently 
a factor of about 2.1 is needed on the right in Eq. 60, in this case, to 
convert our order-of-magnitude estimate into a correct prediction. 
Deriving that factor theoretically is quite difficult, for the interactions 
of neighboring molecules complicate matters even worse than in the 
case of the nonpolar dielectric. 

If you apply an electric field of 1 statvolt/cm to water, the 
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resulting polarization, P = (80 — 1)/4r esu/cm’, is equivalent to the 
alignment of 3.4 X 10'* H,O dipoles per cm’, or about one molecule 
in 10,000. Even so, this is an order of magnitude greater polarization 
than the same field would cause in any nonpolar dielectric. 


POLARIZATION IN CHANGING FIELDS 

10.13 So far we have considered only electrostatic fields in matter. 
We need to look at the effects of electric fields that are varying in time, 
like the field in a capacitor used in an alternating-current circuit. The 
important question is, will the changes in polarization keep up with 
the changes in the field? Will the ratio of P to E, at any instant, be 
the same as in a Static electric field? For very slow changes we should 
expect no difference but, as always, the criterion for slowness depends 
on the particular physical process. It turns out that induced polariza- 
tion and the orientation of permanent dipoles are two processes with 
quite different response times. 

The induced polarization of atoms and molecules occurs by the 
distortion of the electronic structure. Little mass is involved, and the 
structure is very stiff; its natural frequencies of vibration are extremely 
high. To put it another way, the motions of the electrons in atoms and 
molecules are characterized by periods on the order of 107 '® second— 
something like the period of a visible light wave. To an atom, 1071 
second is a long time. It has no trouble readjusting its electronic struc- 
ture in a time like that. Because of this, strictly nonpolar substances 
behave practically the same from direct current (zero frequency) up 
to frequencies close to those of visible light. The polarization keeps in 
step with the field, and the susceptibility x, = P/E is independent of 
frequency. 

The orientation of a polar molecule is a process quite different 
from the mere distortion of the electron cloud. The whole molecular 
framework has to rotate. On a microscopic scale, it is rather like turn- 
ing a peanut end for end in a bag of peanuts. The frictional drag tends 
to make the rotation lag behind the torque and to reduce the ampli- 
tude of the resulting polarization. Where on the time scale this effect 
sets in, varies enormously from one polar substance to another. In 
water, the “response time” for dipole reorientation is something like 
107}! sec. The dielectric constant remains around 80 up to frequencies 
on the order of 10'° Hz. Above 10'! Hz e falls to a modest value typical 
of a nonpolar liquid. The dipoles simply cannot follow so rapid an 
alternation of the field. In other substances, especially solids, the char- 
acteristic time can be much longer. In ice just below the freezing point 
the response time for electrical polarization is around 10~° sec. Figure 
10.29 shows some experimental curves of dielectric constant versus 
frequency for water and ice. 
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THE BOUND-CHARGE CURRENT 
10.14 Wherever the polarization in matter changes with time 
there is an electric current, a genuine motion of charge. Suppose there 
are NV dipoles in a cubic centimeter of dielectric, and that in the time 
interval dt each changes from p to p + dp. Then the macroscopic 
polarization density P changes from P = Np to P + dP = N(p + 
dp). Suppose the change dp was effected by moving a charge g 
through a distance ds, in each atom: q ds = dp. Then during the time 
dt there was actually a charge cloud of density P = Nq, moving with 
velocity v = ds/dt. That is a conduction current of a certain density 
J in esu/sec-cm?: 
J = pv = Na@— = N— (61) 

The connection between rate of change of polarization and current 
density, J = dP/dt, is independent of the details of the model. A 
changing polarization is a conduction current, not essentially different 
from any other. 

Naturally, such a current is a source of magnetic field. If there 
are no other currents around, we should write Maxwell’s second equa- 
tion, curl B = (1/c)(0E/dt + 47J) as 


dE 4 


curl B = 1( (62) 
C 


The only difference between an “ordinary” conduction current 
density and the current density ôP /ðt is that one involves free charge 
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FIGURE 10.29 

The variation with frequency of the dielectric constant 
of water and ice. [Based on information from C. P. 
Smyth, ‘‘Dielectric Behavior and Structure," McGraw- 
Hill, New York, 1955, for water data; and R. P. Auty 
and R. H. Cole, J. Chem. Phys. 20:1309 (1952), for ice 
data. | 
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in motion, the other bound charge in motion. There is one rather 
obvious practical distinction—you can’t have a steady bound charge 
current, one that goes on forever unchanged. Usually we prefer to keep 
account separately of the bound charge current and the free charge 
current, retaining J as the symbol for the free charge current density 
only. Then to include all the currents in Maxwell’s equation we have 
to write it this way: 


1 / ðE oP 
B=-|—+447— + 63 
curl (3 ™ ans | (63) 
f 


Bound charge Free charge 
current density current density 


In a dielectric medium, E + 4rP = cE, allowing a shorter ver- 
sion of Eq. 63. 


1/ OE 
curl B = — c -— + tnd) (64) 
c\ ôt 
More generally, Eq. 63 can also be abbreviated by introducing 
the vector D, previously defined as E + 4xP: 


1/aD 
curl B = — a + and) (65) 
c\ ðt 


The term 0D/0dt is usually referred to as the displacement current. 
Actually, that part of it which involves ôP /ðt represents, as we have 
seen, an honest conduction current, real charges in motion. The only 
part of the total current density that is not simply charge in motion is 
the dE /dt part, the true vacuum displacement current which we dis- 
cussed in Chapter 9. Incidentally, if we want to express all components 
of the full current density in units corresponding to those of J, we 
should note that no 4r appears in the first term, and fix that up by 
writing Eq. 63 as follows: 


iB 4x / 1 OE Puy (66) 
cur = —|—— + — 
c \4r ðt ot 
f 
Vacuum Bound Free 
displacement charge charge 
current current current 
density density density 


Involved in the distinction between bound charge and free 
charge is a question we haven’t squarely faced: Can one always iden- 
tify unambiguously the “molecular dipole moments” in matter, espe- 
cially solid matter? The answer is no. Let us take a microscopic view 
of a thin wafer of sodium chloride crystal. The arrangement of the 
positive sodium ions and the negative chlorine ions was shown in Fig. 
1.7. Figure 10.30 is a cross section through the crystal, which extends 
on out to the right and the left. If we choose to, we may consider an 
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Negative “free charge” 
(a) 


adjacent pair of ions as a neutral molecule with a dipole moment. 
Grouping them as in Fig. 10.30a, we describe the medium as having 
a uniform macroscopic polarization density P, a vector directed down- 
ward. At the same time, we observe that there is a layer of positive 
charge over the top of the crystal, and negative charge over the bottom 
which, not having been included in our molecules, must be accounted 
free charge. 

Now we might just as well have chosen to group the ions as in 
Fig. 10.306. According to that description, P is a vector upward, but 
we have a negative free charge layer on top of the crystal and a posi- 
tive free charge layer beneath. Either description is correct. You will 
have no trouble finding another one, also correct, in which P is zero 
and there is no free charge. Each description predicts E = 0. The 
macroscopic field E is an observable physical quantity. It can depend 
only on the charge distribution, not on how we choose to describe the 
charge distribution. 

This example teaches us that in the real atomic world the dis- 
tinction between bound charge and free charge is more or less arbi- 
trary, and so, therefore, is the concept of polarization density P. The 
molecular dipole is a well-defined notion only where molecules as such 
are identifiable—where there is some physical reason for saying, “This 
atom belongs to this molecule and not to that.” In many crystals such 
an assignment is meaningless. An atom or ion may interact about 
equally strongly with all its neighbors; one can only speak of the whole 
crystal as a single molecule. 


AN ELECTROMAGNETIC WAVE IN A DIELECTRIC 

10.15 In Eqs. 15 of Chapter 9 we wrote out Maxwell’s equations 
for the electric and magnetic fields in vacuum, including source terms, 
charge density p and current density J. Now we want to consider an 
electromagnetic field in an unbounded dielectric medium. The dielec- 
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FIGURE 10.30 

The same ionic lattice, with charges grouped in pairs 
as ‘‘molecules,’’ in two ways: polarization vector 
directed downward (a), or upward (b). The systems are 
physically identical; the difference is only in the 
description. 
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tric is a perfect insulator, we shall assume, so there is no free current. 
That is, the last term on the right in Eqs. 63 through 65, the free 
charge current density J, will be zero. No free charge is present either, 
but there could be a nonzero density of bound charge if div E is not 
zero. Let us agree to consider only fields with div E = 0. Then p, both 
bound and free, will be zero throughout the medium. No change is 
. , , , 1 OB 
called for in the first induction equation, curl E = — — ar For the 
c 
second equation we now take Eq. 64 without the free current term: 


c OF , . 
curl B = - a . The dielectric constant e takes account of the bound 


charge current as well as the vacuum displacement current. Our com- 
plete set of equations has become 


OB 
curl E = — 122 divE = 
c Ot (67) 
E 
curl B = É divB = 0 
c Ot 


These differ from Eq. 16 of Chapter 9 only in the presence of the 
constant factor « in the second induction equation. 

As we did in Section 9.4, let us construct a wavelike electro- 
magnetic field that can be made to satisfy Maxwell’s equations. This 
time we'll give our trial wave function a slightly more general form: 


E = 2E sin (ky — wt) (68) 
B = xB, sin (ky — wt) 


The angle (ky — wt) is called the phase of the wave. For a point that 
moves in the positive y direction with speed w/k, the phase ky — wt 
remains constant. In other words, w/k is the phase velocity of this 
wave. This term is used when it is necessary to distinguish between 
two velocities, phase velocity and group velocity. There is no difference 
in the case we are considering, so we shall call w/k simply the wave 
velocity, the same as v in our discussion in Section 9.4. At any fixed 
location, such as y = yo, the fields oscillate in time with angular fre- 
quency w. At any instant of time, such as £ = tọ, the phase differs by 
2m at planes one wavelength A apart, where A = 27/k. 

The space and time derivatives we need are those listed in Eq. 
9.19 with small alterations: 


ðE 
curl E = Eok cos (ky — wt) a = —ZEww cos (ky — at) 


ð 
curl B = —ZBok cos (ky — wt) at = — Bw cos (ky — at) 
(69) 
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Substituting these into Eq. 67, we find that the equations are satisfied 
if 


V and = Bo = VeEo (70) 

The wave velocity w/k differs from the velocity of light in vac- 
uum by the factor 1/ Ve. The electric and magnetic field amplitudes, 
Eo and Bo, which are precisely equal in the wave in vacuum, here dif- 
fer by the factor Ve, the electric amplitude being the smaller. In other 
respects the wave resembles our plane wave in vacuum: B is perpen- 
dicular to E, and the wave travels in the direction of E X B. Of course, 
if we compare a wave in a dielectric with a wave of the same frequency 
in vacuum, the wavelength à in the dielectric will be less than the 
vacuum wavelength by 1/ Ve, since frequency X wavelength = 
velocity. 

Light traveling through glass provides an example of the wave 
just described. In optics it is customary to define n, the index of refrac- 
tion of a medium, as the ratio of the speed of light in vacuum to the 
speed of light in that medium. We have now discovered that n is noth- 
ing more than Ve. In fact we have now laid most of the foundation 
for a classical theory of optics. 


PROBLEMS 


10.1 You have a supply of polyethylene tape, dielectric constant 
2.3, 2.25 inches wide, and 0.001 inch thick; also, a supply of aluminum 
tape 2 inches wide and 0.0005 inch thick. You want to make a capac- 
itor of about 0.05-microfarad capacitance, in the form of a compact 
cylindrical roll. Describe how you might do this, estimating the 
amount of tape of each kind that would be needed, and the overall 
diameter of the finished capacitor. 


10.2 In 1746 a Professor Musschenbroek in Leiden charged water 
in a bottle by touching a wire, projecting from the neck of the bottle, 
to his electrostatic machine. When his assistant, who was holding the 
bottle in one hand, tried to remove the wire with the other, he got a 
violent shock. Thus did the simple capacitor force itself on the atten- 
tion of electrical scientists. The discovery of the “Leyden jar” revo- 
lutionized electrical experimentation. Already in 1747 Benjamin 
Franklin was writing about his experiments with “Mr. Musschen- 
broek’s wonderful bottle.” The jar was really nothing but glass with a 
conductor on each side of it. To see why it caused such a sensation, 
estimate the capacitance of a jar made of a I-liter bottle with walls 2 
mm thick, the glass having a dielectric constant 4. What diameter 
sphere, in air, would have the same capacitance? 
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10.3 What is the magnitude of the dipole moment of each of the 
charge distributions in parts (a), (b), and (c) of the figure? What is 
the direction of the dipole moment vector p? 


10.4 In the hydrogen chloride molecule the distance between the 
chlorine nucleus and the proton is 1.28 angstroms. Suppose the elec- 
tron from the hydrogen atom is transferred entirely to the chlorine 
atom, joining with the other electrons to form a spherically symmet- 
rical negative charge and centered on the chlorine nucleus. How does 
the electric dipole moment of this model compare with the actual HCI 
dipole moment given in Fig. 9.16? Where must the actual center of 
gravity of the negative charge distribution be located in the real mol- 
ecule? (The chlorine nucleus has a charge 17e, the hydrogen nucleus, 
a charge e.) 


10.5 A hydrogen chloride molecule is located at the origin with the 
H—Cl line along the z axis and Cl uppermost. What is the direction 
of the electric field, and its strength in statvolts/cm, at a point 10 ang- 
stroms up from the origin, on the z axis? At a point 10 angstroms out 
from the origin, on the y axis? 


10.6 A parallel-plate capacitor, with a measured capacitance C = 
250 cm, is charged to a potential difference of 6 statvolts. The plates 
are 1.5 cm apart. We are interested in the field outside the capacitor, 
the “fringing” field which we usually ignore. In particular, we would 
like to know the field at a distance from the capacitor large compared 
with the size of the capacitor itself. This can be found by treating the 
charge distribution on the capacitor as a dipole. Estimate the electric 
field strength 

(a) At a point 3 meters from the capacitor in the plane of the 
plates. 

(b) At a point the same distance away, in a direction perpendic- 
ular to the plates. 


10.7 In Section 4.11 we discussed the relaxation time of a capacitor 
filled with a material having a resistivity p. If you will look back at 
that discussion you will notice that we dodged the question of the 
dielectric constant of the material. Now you can repair that omission. 
Introduce « properly into the expression for the time constant. A leaky 
capacitor important to us all is formed by the wall of a living cell, an 
insulator (among its many other functions!) that separates two con- 
ducting fluids. Its electrical properties are of particular interest in the 
case of the nerve cell, for the propagation of a nerve impulse is accom- 
panied by rapid changes in the electric potential difference between 
interior and exterior. The cell membrane typically has a capacitance 
around 1 microfarad per cm* of membrane area. It is believed the 
membrane consists of material having a dielectric constant about 3. 
You can now figure out what thickness this implies. Other electrical 
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measurements have indicated that the resistance of 1 cm? of cell mem- 
brane, measured from the conducting fluid on one side to that on the 
other, is around 1000 ohms. Show that the time constant of such a 
leaky capacitor is independent of the area of the capacitor. How large 
is it in this case? Where would the resistivity p of such membrane 
material fall on the chart of Fig. 4.8? 


10.8 How much work is done in moving unit positive charge from 
A to B in the field of the dipole p? 


10.9 What is the direction of the force on the central dipole caused 
by the field of the other two dipoles? Calculate the magnitude of the 
force. 


10.10 A dipole of strength p = 200 esu-cm is located at the origin, 
pointing in the Z direction. To its field is added a uniform electric field 
of strength 5 statvolts/cm in the ý direction. At how many places, 
located where, is the total field zero? 

Ans. (0, — 3.134, +2.216) and (0, +3.134, — 2.216). 


10.11 A field line in the dipole field is described in polar coordi- 
nates by the very simple equation r = rọ sin’ 6, in which rọ is the 
radius at which the field line passes through the equatorial plane of 
the dipole. Show that this is true by demonstrating that at any point 
on that curve the tangent has the same direction as the dipole field. 


10.12 Our formula for the dielectric sphere can actually serve to 
describe a metal sphere in a uniform field. To demonstrate this, inves- 
tigate the limiting case, « — œ, and show that the external field then 
takes on a form which satisfies the perfect-conductor boundary con- 
ditions. What about the internal field? Make a sketch of some field 
lines for this limiting case. How large is the dipole moment induced 
in a conducting sphere of radius a, in a field Ep? What is the radius 
of a conducting sphere with polarizability equal to that of the hydro- 
gen atom, given in Table 10.2? 


10.13 By considering how the introduction of a dielectric changes 
the energy stored in a capacitor, show that the correct expression for 
the energy density in a dielectric must be e£’/8z. Then compare the 
energy stored in the electric field with that stored in the magnetic field 
in the wave studied in Section 10.15. 


10.14 The figure shows three capacitors of the same area and plate 
separation. Call the capacitance of the vacuum condenser Co. Each of 
the others is half-filled with a dielectric, with the same dielectric con- 
stant «, but differently disposed, as shown. Find the capacitance of 
each of these two capacitors. (Neglect edge effects.) 


10.15 The electric dipole moment of the water molecule is given 
in Fig. 10.14. Imagine that all the molecular dipoles in a cup of water 
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could be made to point down. Calculate the magnitude of the resulting 
surface charge density at the upper water surface, and express it in 
electrons per cm’. 


10.16 In Section 10.10 the fact that the electric field is uniform 
inside the polarized sphere was deduced from the form of the potential 
on the boundary. You can also prove it by superposing the internal 
fields of two balls of charge whose centers are separated. 

(a) Show that inside a spherical, uniform charge distribution E 
is proportional to r. 

(b) Now take two spherical distributions with density p and 
— p, centers at C; and C, and show that the resultant field is constant 
and parallel to the line from C, to C. 

(c) Analyze in the same way the field of a long circularly cylin- 
drical rod which is polarized perpendicular to its axis. 


10.17 Shown below are four different arrangements of the electric 
dipole moments of two neighboring polar molecules. Find the potential 
energy of each arrangement, the potential energy being defined as the 
work done in bringing the two molecules together from infinite sepa- 
ration while keeping their moments in the specified orientation. That 
is not necessarily the easiest way to calculate it. You can always bring 
them together one way and then rotate them. 


c) (d) 


10.18 The phenomenon of hydration is important in the chemistry 
of aqueous solutions. This refers to the fact that an ion in solution 
gathers around itself a cluster of water molecules, which cling to it 
rather tightly. The force of attraction between a dipole and a point 
charge is responsible for this. Estimate the energy required to separate 
an ion carrying a single charge e from a water molecule, assuming 
that initially the ion is located 1.5 angstroms from the effective loca- 
tion of the H,O dipole. (This distance is actually a rather ill-defined 
quantity, since the water molecule, viewed from close up, is a charge 
distribution, not an infinitesimal dipole.) Which part of the water mol- 
ecule will be found nearest to a negative ion? 
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10.19 Between any ion and any neutral atom there is a force which 
arises as follows. The electric field of the ion polarizes the atom; the 
field of that induced dipole reacts on the ion. Show that this force is 
always attractive, and that it varies with the inverse fifth power of the 
distance of separation r. Derive an expression for the associated poten- 
tial energy, with zero energy corresponding to infinite separation. For 
what distance r is this potential energy of the same magnitude as kT 
at room temperature, which is 4 X 107'* erg, if the ion is singly 
charged and the atom is a sodium atom? (See Table 10.2.) 


10.20 Two polarizable atoms A and B are a fixed distance apart. 
The polarizability of each atom is a. Consider the following intriguing 
possibility. Atom A is polarized by an electric field, the source of 
which is the electric dipole moment p of atom B. This dipole moment 
is induced in atom B by an electric field, the source of which is the 
dipole moment of atom A. Can this happen? If so, under what con- 
ditions? If not, why not? 


10.21 Materials to be used as insulators or dielectrics in capacitors 
are rated with respect to dielectric strength, defined as the maximum 
internal electric field the material can support without danger of elec- 
trical breakdown. It is customary to express the dielectric strength in 
kilovolts per mil. (One mil is 0.001 inch, or 0.00254 cm.) For example 
Mylar (a Dupont polyester film) is rated as having a dielectric 
strength of 14 kilovolts/mil when it is used in a thin sheet—as it would 
be in a typical capacitor. The dielectric constant «e of Mylar is 3.25. 
Its density is 1.40 gm/cm’. Calculate the maximum amount of energy 
that can be stored in a Mylar-filled capacitor, and express it in joules/ 
kg of Mylar. Assuming the electrodes and case account for 25 percent 
of the capacitor’s weight, how high could the capacitor be lifted by the 
energy stored in it? Compare the capacitor as an energy storage device 
with the batteries in Problems 4.28 and 4.29. 


10.22 From the values of e given for water, ammonia, and meth- 
anol in Table 10.1 calculate the electric susceptibility x, for each 
liquid. Our theoretical prediction in Eq. 60 can be written x, = 
CNp*/kT, with the factor C as yet unknown, but expected to be of 
order of magnitude unity. The densities of the liquids are 1.00, 0.82, 
and 1.33 gm/cm’, respectively; their molecular weights are 18, 17, 
and 32. Taking the value of the dipole moment from Fig. 10.14, find 
for each case the value of C required to fit the observed value of x,. 


10.23 Consider an oscillating electric field, Ey cos wt, inside a 
dielectric medium that is not a perfect insulator. The medium has 
dielectric constant « and conductivity ø. This could be the electric field 
in some leaky capacitor which is part of a resonant circuit, or it could 
be the electric field at a particular location in an electromagnetic 
wave. Show that the Q factor, as defined by Eq. 13 of Chapter 8, is 
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ew/4ao for this system, and evaluate it for seawater at a frequency of 
1000 MHz. (The conductivity is given in Table 4.1, and the dielectric 
constant may be assumed to be the same as that of pure water at the 
same frequency. See Fig. 10.29.) What does your result suggest about 
the propagation of decimeter waves through seawater? 


10.24 A block of glass, refractive index n = Ve, fills the space y 
> 0, its surface being the xz plane. A plane wave traveling in the 
positive y direction through the empty space y < 0 is incident upon 
this surface. The electric field in this wave is ZE; sin (ky — wt). There 
is a wave inside the glass block, described exactly by Eq. 68. There is 
also a reflected wave in the space y < 0, traveling away from the glass 
in the negative y direction. Its electric field is ZE, sin (ky + wt). Of 
course, each wave has its magnetic field, of amplitude, respectively, 
B;, Bo, and B,. The total magnetic field must be continuous at y = 0, 
and the total electric field, being parallel to the surface, must be con- 
tinuous also. Show that this requirement, and the relation of Bo to Eo 
given in Eq. 70, suffice to determine the ratio of E, to E; When a light 
wave is incident normally at an air-glass interface, what fraction of 
the energy is reflected if the index n is 1.6? 
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HOW VARIOUS SUBSTANCES RESPOND TO 
A MAGNETIC FIELD 
11.1 Imagine doing some experiments with a very intense magnetic 
field. To be definite, suppose we have built a solenoid of 10-cm inside 
diameter, 40 cm long, like the one shown in Fig. 11.1. Its outer diam- 
eter is 40 cm, most of the space being filled with copper windings. This 
coil will provide a steady field of 30,000 gauss, or 3.0 teslas, at its 
center if supplied with 400 kilowatts of electric power—and some- 
thing like 30 gallons of water per minute, to carry off the heat. We 
mention these practical details to show that our device, though nothing 
extraordinary, is a pretty respectable laboratory magnet. The field 
strength at the center is nearly 10° times the earth’s field, and prob- 
ably 5 or 10 times stronger than the field near any iron bar magnet or 
horseshoe magnet you may have experimented with. The field will be 
fairly uniform near the center of the solenoid, falling, on the axis at 
either end, to roughly half its central value. It will be rather less uni- 
form than the field of the solenoid in Fig. 6.18, since our coil is equiv- 
FIGURE 11.1 alent to a “nested” superposition of solenoids with length-diameter 
(a) A coil designed to produce a strong magnetic field. ratio varying from 4:1 to 1:1. In fact, if we analyze our coil in that 


The water-cooled winding is shown in cross section. (b) way and use the formula (Eq. 44 of Chapter 6) which we derived for 
A graph of the field strength B, on the axis of the coil. 
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the field on the axis of a solenoid with a single-layer winding, it is not 
hard to calculate the axial field exactly. A graph of the field strength 
on the axis, with the central field taken as 30 kilogauss, is included in 
Fig. 11.1. The intensity just at the end of the coil is 18,000 gauss, and 
in that neighborhood the field is changing with a gradient of approx- 
imately 1700 gauss/cm. 

Let’s put various substances into this field and see if a force acts 
on them. Generally, we do detect a force. It vanishes when the current 
in the coil is switched off. We soon discover that the force is strongest 
not when our sample of substance is at the center of the coil where the 
magnetic field B. is strongest, but when it is located near the end of 
the coil where the gradient dB./dz is large. From now on let us sup- 
port each sample just inside the upper end of the coil. Figure 11.2 
shows one such sample, contained in a test tube suspended by a spring 
which can be calibrated to indicate the extra force caused by the mag- 
netic field. Naturally we have to do a “blank” experiment with the 
test tube and suspension alone, to allow for the magnetic force on 
everything other than the sample. 

We find in such an experiment that the force on a particular 
substance—metallic aluminum, for instance—is proportional to the 
mass of the sample and independent of its shape, as long as the sample 
is not too large. (Experiments with a small sample in this coil show 
that the force remains practically constant over a region a few centi- 
meters in extent, inside the end of the coil; if we use samples no more 
than | to 2 cm? in volume, they can be kept well within this region.) 
We can express our quantitative results, for a given substance, as so 
many dynes force per gram of sample, under the conditions B, = 
18,000 gauss, dB./dz = 1700 gauss/cm. 

But first the qualitative results, which are a bit bewildering: For 
a large number of quite ordinary pure substances the force observed, 
although easily measurable, seems after all our effort to provide an 
intense magnetic field, ridiculously small. It is 10 or 20 dynes/gm, 
typically, not more than a few percent of the weight of the sample. It 
is upward for some samples, downward for others. This has nothing to 
do with the direction of the magnetic field, as we can verify by revers- 
ing the current in the coil. Instead, it appears that some substances 
are always pulled in the direction of increasing field intensity, others 
in the direction of decreasing field intensity, irrespective of the field 
direction. 

We do find some substances that are attracted to the coil with 
considerably greater force. For instance, copper chloride crystals are 
pulled downward with a force of 280 dynes per gram of sample. Liquid 
oxygen behaves spectacularly in this experiment; it is pulled into the 
coil with a force nearly 8 times its weight. In fact, if we were to bring 
an uncovered flask of liquid oxygen up to the bottom end of our coil, 
the liquid would be lifted right out of the flask. (Where do you think 


Maximum force 
in this region 


FIGURE 11.2 
An arrangement for measuring the force ona 
substance in a magnetic field. 
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it would end up?) Liquid nitrogen, on the other hand, proves to be 
quite unexciting; a gram of liquid nitrogen is pushed away from the 
coil with the feeble force of 10 dynes. In Table 11.1 we have listed 
some results that one might obtain in such an experiment. The sub- 
stances, including those already mentioned, have been chosen to sug- 
gest, as best one can with a sparse sampling, the wide range of mag- 
netic behavior we find in ordinary materials. 

As you know, a few substances, of which the most familiar is 
metallic iron, seem far more “magnetic” than any others. In Table 
11.1 we give the force that would act on a l-gm piece of iron put in 
the same position in the field as the other samples. The force is nearly 
a pound! (We would not have been so naive as to approach our magnet 
with several grams of iron suspended in a test tube from a delicate 
spring—a different suspension would have to be used.) Note that there 
is a factor of more than 10° between the force that acts on a gram of 
iron and the force on a gram of copper, elements not otherwise radi- 
cally different. Incidentally, this suggests that reliable magnetic mea- 
surements on a substance like copper may not be easy. A few parts 
per million contamination by metallic iron particles would utterly fal- 
sify the result. 

There is another essential difference between the behavior of the 
iron and the magnetite and that of the other substances in the table. 
Suppose we make the obvious test, by varying the field strength of the 
magnet, to ascertain whether the force on a sample is proportional to 
the field. For instance, we might reduce the solenoid current by half, 


Force on a 1-gm Sample Near the Upper End of 
the Coil where B, = 18,000 gauss, dB,/ dz = 
1700 gauss/cm 


Substance Formula Force, dynest 
Diamagnetic 
Water H,O — 22 
Copper Cu —2.6 
Sodium chloride NaCl — 15 
Sulfur S — 16 
Diamond C — 16 
Graphite C — 110 
Liquid nitrogen N, — 10 (78 K) 
Paramagnetic 
Sodium Na 20 
Aluminum Al 17 
Copper chloride CuCl, 280 
Nickel sulfate NiSO, 830 
Liquid oxygen O, 7,500 (90 K) 
Ferromagnetic 
Iron Fe 400,000 
Magnetite Fe,0, 120,000 


tDirection of force: downward (into coil) +; upward —. All measurements made at tem- 
perature of 20°C except as noted. 
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thereby halving both the field intensity B, and its gradient dB,/dz. We 
would find, in the case of every substance above iron in the table, that 
the force is reduced to one-fourth its former value, whereas the force 
on the iron sample, and that on the magnetite, would be reduced only 
to one-half or perhaps a bit less. Evidently the force, under these con- 
ditions at least, is proportional to the square of the field strength for 
all the other substances listed, but nearly proportional to the field 
strength itself for Fe and Fe;O,. 

It appears that we may be dealing with several different phe- 
nomena here, and complicated ones at that. As a small step toward 
understanding, we can introduce some classification. 

First, those substances which are feebly repelled by our magnet, 
water, sodium chloride, quartz, etc., are called diamagnetic. The 
majority of inorganic compounds and practically all organic com- 
pounds are diamagnetic. It turns out, in fact, that diamagnetism is a 
property of every atom and molecule. When the opposite behavior is 
observed, it is because the diamagnetism is outweighed by a different 
and stronger effect, one that leads to attraction. 

Substances which are attracted toward the region of stronger 
field are called paramagnetic. In some cases, notably metals such as 
Al, Na, and many others, the paramagnetism is not much stronger 
than the common diamagnetism. In other materials such as the NiSO, 
and the CuCl, on our list, the paramagnetic effect 1s much stronger. 
In these substances also, it increases as the temperature is lowered, 
leading to quite large effects at temperatures near absolute zero. The 
increase of paramagnetism with lowering temperature is responsible 
in part for the large force recorded for liquid oxygen. If you think all 
this is going to be easy to explain, observe that copper is diamagnetic 
while copper chloride is paramagnetic, but sodium is paramagnetic 
while sodium chloride is diamagnetic. 

Finally, substances that behave like iron and magnetite are 
called ferromagnetic. In addition to the common metals of this class, 
iron, cobalt, and nickel, quite a number of ferromagnetic alloys and 
crystalline compounds are known. Indeed current research in ferro- 
magnetism is steadily lengthening the list. 

In this chapter we have two tasks. One is to develop a treatment 
of the large-scale phenomena involving magnetized matter, in which 
the material itself is characterized by a few parameters and the exper- 
imentally determined relations among them. It is like a treatment of 
dielectrics based on some observed relation between electric field and 
bulk polarization. We sometimes call such a theory phenomenological; 
it is more of a description than an explanation. Our second task is to 
try to understand, at least in a general way, the atomic origin of the 
various magnetic effects. Even more than dielectric phenomena the 
magnetic effects, once understood, reveal some basic features of 
atomic structure. 
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One general fact stands out in the table. Very little energy, on 
the scale of molecular energies, is involved in diamagnetism and par- 
amagnetism. Take the extreme example of liquid oxygen. To pull | 
gm of liquid oxygen away from our magnet, energy would have to be 
expended amounting, in ergs, to 7500 dynes times a distance of several 
centimeters (since the field strength falls off substantially in a few cen- 
timeters distance). In order of magnitude, let us say, 10° ergs. That is 
less than 107 '’ erg per molecule, of which there are 2 X 107 in 1 gm 
of the liquid. Just to vaporize | gm of liquid oxygen requires 50 cal- 
ories, or about 107" erg per molecule. (Most of that energy is used in 
separating the molecules from one another.) Whatever may be hap- 
pening in liquid oxygen at the molecular level as a result of the mag- 
netic field, it is apparently a very minor affair in terms of energy. 

Even a strong magnetic field has hardly any effect on chemical 
processes, including biochemical. You could put your hand and fore- 
arm into our 30-kilogauss solenoid without experiencing any signifi- 
cant sensation or consequence. It 1s hard to predict whether your arm 
would prove to be paramagnetic or diamagnetic, but the force on it 
would be no more than a fraction of an ounce in any case. Conversely, 
the presence of someone’s hand close to the sample in Fig. 11.2 would 
perturb the field and change the force on the sample by no more than 
a few parts in a million. In whole-body imaging with nuclear magnetic 
resonance, the body is pervaded by magnetic field up to a few kilo- 
gauss in strength with no physiological effects whatever. It appears 
that the only hazard associated with large-scale, strong, steady mag- 
netic fields is the danger that a loose iron object will be snatched by 
the fringing field and hurled into the magnet. 

In its interaction with matter the magnetic field plays a role 
utterly different from that of the electric field. The reason is simple 
and fundamental. Atoms and molecules are made of electrically 
charged particles which move with velocities generally small com- 
pared with the speed of light. A magnetic field exerts no force at all 
on a Stationary electric charge; on a moving charged particle the force 
is proportional to v/c. Electric forces overwhelmingly dominate the 
atomic scene. As we have remarked before, magnetism appears, in our 
world at least, to be a relativistic effect. The story would be different 
if matter were made of magnetically charged particles. We must 
explain now what magnetic charge means and what its apparent 
absence signifies. 


THE ABSENCE OF MAGNETIC “CHARGE” 

11.2 The magnetic field outside a magnetized rod such as a com- 
pass needle looks very much like the electric field outside an electri- 
cally polarized rod, a rod that has an excess of positive charge at one 
end, negative charge at the other (Fig. 11.3). It is conceivable that the 
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FIGURE 11.3 

(a) Two oppositely charged disks (the 
electrodes showing in cross section as 
solid black bars) have an electric field 
which is the same as that of a polarized 
rod. That is, if you imagine such a rod to 
occupy the region within the dashed 
boundary, its external field would be like 
that drawn. The electric field here was 
made visible by a multitude of tiny black 
fibers, suspended in oil, which oriented 
themselves along the field direction. This 
elegant method of demonstrating electric 
field configurations is due to Harold M. 
Waage, Palmer Physical Laboratory, 
Princeton University, who has kindly 
prepared the original photograph for this 
illustration [H. M. Waage, Am. J. Phys., 
32:388 (1964)]. (b) The magnetic field 
around a magnetized cylinder, shown by 
the orientation of small pieces of nickel 
wire, immersed in glycerine. (This attempt 
to improve on the traditional iron filings 
demonstration by an adaptation of 
Waage's technique was not very 
successful—the nickel wires tend to join 
in long strings which are then pulled in 
toward the magnet.) Theoretically 
constructed diagrams of the fields in the 
two systems are shown later in Fig. 
11.21. 


404 


CHAPTER ELEVEN 


magnetic field has sources which are related to it the way electric 
charge is related to the electric field. Then the north pole of the com- 
pass needle would be the location of an excess of one kind of magnetic 
charge, and the south pole would be the location of an excess of the 
opposite kind. We might call “north charge” positive and “south 
charge” negative, with magnetic field directed from positive to nega- 
tive, a rule like that adopted for electric field and electric charge. His- 
torically, that is how our convention about the positive direction of 
magnetic field was established.t What we have called magnetic charge 
has usually been called magnetic pole strength. 

This idea is perfectly sound as far as it goes. It becomes even 
more plausible when we recall that the fundamental equations of the 
electromagnetic field are quite symmetrical in E and B. Why, then, 
should we not expect to find symmetry in the sources of the field? 
With magnetic charge as a possible source of the static magnetic field 
B, we would have div B = 4rn, where ņ stands for the density of 
magnetic charge, in complete analogy to the electric charge density 
p. Two positive magnetic charges (or north poles) of unit strength, 1 
cm apart, would repel one another with a force of 1 dyne, and so on. 

The trouble is, that is not the way things are. Nature for some 
reason has not made use of this opportunity. The world around us 
appears totally asymmetrical in the sense that we find no magnetic 
charges at all. No one has yet observed an isolated excess of one kind 
of magnetic charge—an isolated north pole for example. If such a 
magnetic monopole existed it could be recognized in several ways. 
Unlike a magnetic dipole, it would experience a force if placed in a 
uniform magnetic field. Thus an elementary particle carrying a mag- 
netic charge would be steadily accelerated in a static magnetic field, 
as a proton or an electron is steadily accelerated in an electric field. 
Reaching high energy, it could then be detected by its interaction with 
matter. A traveling magnetic monopole is a magnetic current; it must 
be encircled by an electric field, as an electric current is encircled by 
a magnetic field. With strategies based on these unique properties, 
physicists have looked for magnetic monopoles in many experiments. 
The search was recently renewed when a development in the theory 
of elementary particles suggested that the universe ought to contain 
at least a few magnetic monopoles, left over from the “big bang” in 
which it presumably began. But not one magnetic monopole has yet 
been detected, and it is now evident that if they exist at all they are 


tIn Chapter 6, remember, we established the positive direction of B by reference toa 
current direction (direction of motion of positive charge) and a right-hand rule. Now 
north pole means “north-seeking pole” of the compass needle. We know of no reason 
why the earth’s magnetic polarity should be one way rather than the other. Franklin’s 
designation of “positive” electricity had nothing to do with any of this. So the fact 
that it takes a right-hand rule rather than a left-hand rule to make this all consistent 
is the purest accident. 
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exceedingly rare. Of course, the proven existence of even one magnet- 
ically charged particle would have profound implications, but it would 
not alter the fact that in matter as we know, it the only sources of the 
magnetic field are electric currents. As far as we know, 


divB = 0 (everywhere) (1) 


This takes us back to the hypothesis of Ampère, his idea that 
magnetism in matter is to be accounted for by a multitude of tiny rings 
of electric current distributed through the substance. We’ll begin by 
studying the magnetic field created by a single current loop at points 
relatively far from the loop. 


THE FIELD OF A CURRENT LOOP 
11.3 A closed conducting loop, not necessarily circular, lies in the 
xy plane encircling the origin, as in Fig. 11.4a. A steady current J, 
measured in esu/sec, flows around the loop. We are interested in the 
magnetic field this current creates—not near the loop, but at distant 
points like P, in the figure. We shall assume that 7,, the distance to 
P|, is much larger than any dimension of the loop. To simplify the 
diagram we have located P, in the yz plane; it will turn out that this 
is no restriction. This is a good place to use the vector potential. We 
shall compute first the vector potential A at the location P}, that is, 
A(0, yı, zı). From this it will be obvious what the vector potential is 
at any other point (x, y, z) far from the loop. Then by taking the curl 
of A we shall get the magnetic field B. 

For a current confined to a wire, we had, as Eq. 35 of Chapter 
6: 


I dl 
A(0, Yı, Z1) = — — 


C Jloop 12 


(2) 


At that time we were concerned only with the contribution of a small 
segment of the circuit; now we have to integrate around the entire 
loop. Consider the variation in the denominator rı as we go around 
the loop. If P, is far away, the first-order variation in rı} depends only 
on the coordinate y, of the segment dh, and not on x. This should be 
clear from the side view in Fig. 11.46. Thus, neglecting quantities pro- 
portional to (x2/r12), we may treat riz and r{, which lie on top of one 
another in the side view, as equal. And in general, to first order in the 
ratio (loop dimension/distance to P;), we have 


riz =r) — ysin (3) 


Look now at the two elements of the path dl, and dl, shown in 
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FIGURE 11.4 

(a) Calculation of the vector potential A at a point far 
from the current loop. (b) Side view, looking in along 
the x axis, showing that 


lin = n — ysin ifr, >> yo 


(c) Top view, to show that | Yo OX» is the area of the 


loop 


loop. 
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dx, positive 
Y, positive 


VLLLLL LLL LA 


dx, negative 
Y, negative 


LLL LLL LLL 


(c) 


Fig. 11.4a. For these the dy,’s are equal and opposite, and as we have 
already pointed out, the rı?s are equal to first order. To this order 
then, their contributions to the line integral will cancel, and this will 
be true for the whole loop. Hence A at P, will not have a y component. 
Obviously it will not have a z component, for the current path itself 
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has nowhere a z component. The x component of the vector potential 
comes from the dx part of the path integral. Thus 


I dx 


A(O, yi, 71) = X= | —— (4) 
C ri2 
Without spoiling our first-order approximation, we can turn Eq. 3 into 
l l sin 0 
1 if, 2nd 5 
ri2 Fi F) 
and using this for the integrand we have 
I sin ĝ 
A(0, yı, zı) =  — | í p asine dx (6) 
cr] Fi 


In the integration 7, and 6 are constants. Obviously | dx, around the 
loop vanishes. Now | y2 dx, around the loop is just the area of the 


loop, regardless of its shape (see Fig. 11.4c). So we get finally 


I sin 0 
A(0, yp, zı) = Å -a Xx (area of loop) (7) 
l 


Here is a simple but crucial point: Since the shape of the loop 
hasn’t mattered, our restriction on P, to the yz plane can’t make any 
essential difference. Therefore we must have in Eq. 7 the general 
result we seek, if only we State it generally: The vector potential of a 
current loop of any shape, at a distance r from the loop which is much 
greater than the size of the loop, is a vector perpendicular to the plane 
containing r and the normal to the plane of the loop, of magnitude 


Ta sin 8 
A= 5 (8) 
cr 


where a stands for the area of the loop. 

This vector potential is symmetrical around the axis of the loop, 
which implies that the field B will be symmetrical also. The explana- 
tion is that we are considering regions so far from the loop that the 
details of the shape of the loop have negligible influence. All loops with 
the same current X area product produce the same far field. We call 
the product Ja/c the magnetic dipole moment of the current loop, and 
denote it by m. The magnetic dipole moment is evidently a vector, its 
direction being that of the normal to the loop, or that of the vector a, 
the directed area of the path surrounded by the loop 


m=-a (9) 
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As for sign, let us agree that the direction of m and the sense of pos- 
itive current flow in the loop are to be related by a right-hand-screw 
rule, illustrated in Fig. 11.5. (The dipole moment of the loop in Fig. 
11.4a points downward, according to this rule.) The vector potential 
for the field of a magnetic dipole m can now be written neatly with 
vectors: 


A = 5 (10) 
FIGURE 11.5 
By definition, the magnetic moment vector is related to Where f is a unit vector in the direction from the loop fo the point for 
the current by a right-hand-screw rule as here shown. which A is being computed. You can check that this agrees with our 
convention about sign. Note that the direction of A must always be 
that of the current in the nearest part of the loop. 

Figure 11.6 shows a magnetic dipole located at the origin, with 
the dipole moment vector m pointed in the positive z direction. To 
express the vector potential at any point (x, y, z), we observe that 7° 
= x? + y? + z’, and sin 0 = Vx? + y*/r. The magnitude A of the 
vector potential at that point is 

msinOd = mVx° + y? 


A= aa 11 
r? r? ( ) 


Since A is tangent to a horizontal circle around the z axis, its com- 
ponents are 


a= a) = 


2 2 
FIGURE 11.6 Vx +y r 
A magnetic dipole located at the origin. At every point x mx 
far from the loop, A is a vector parallel to the xy plane A, = A| -= FE (12) 
. , ' 2 3 
tangent to a circle around the z axis. Vx’ + Y r 


A, =0 


Let’s evaluate B for a point in the xz plane, by finding the com- 
ponents of curl A and then (not before!) setting y = 0. 


OA ðA ð mx 3mxz 
B, = V A x= —2 _ = — — _ —— E 
(V X A) ðy ðz ðz (x + y? + zy’ r 
OA, OA, ð — my 3myz 
y= XA), ð Ox ðz (x? + y? + 2’)? r 
A OA 
B, = (V xX A), = — — — 
( Ox Oy 
_ —2x + y + 2? x — 2 +27? | mB r) 
(2+ y+ 2? (Ey + 2957? r 


(13) 
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In the xz plane, y = 0, sin 6 = x/r, and cos 6 = z/r. The field 
components at any point in that plane are thus given by: 


_ 3m sin 6 cos 0 


B, = = 

B,=0 (14) 
_ m(3 cos?’ 0 — 1) 

B, = ae 


Now turn back to Section 10.3, where in Eq. 10.14 we expressed 
the components in the xz plane of the field E of an electric dipole p, 
which was situated exactly like our magnetic dipole m. The expres- 
sions are identical. We have thus found that the magnetic field of a 
small current loop has at remote points the same form as the electric 
field of two separated charges. We already know what that field, the 
electric dipole field, looks like. Figure 11.7 is an attempt to suggest 
the three-dimensional form of the magnetic field B arising from our 
current loop with dipole moment m. As in the case of the electric 
dipole, the field is described somewhat more simply in spherical polar 
coordinates: 


B, = = cos 0 B, = “5 sin 6 B,=0 (15) 


The magnetic field close to a current loop is entirely different 
from the electric field close to a pair of separated positive and negative 
charges, as the comparison in Fig. 11.8 shows. Notice that between 
the charges the electric field points down, while inside the current ring 
the magnetic field points up, although the far fields are alike. This 
reflects the fact that our magnetic field satisfies V - B = 0 every- 
where, even inside the source. The magnetic field lines don’t end. By 


FIGURE 11.7 
Some magnetic field lines in the field of a magnetic 
dipole, that is, a small loop of current. 
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cy 


(a) 
B 
0 
(b) 
FIGURE 11.8 
(a) The electric field of a pair of equal and opposite 
charges. Far away it becomes the field of an electric near and far we mean, of course, relative to the size of the current 
cipole. (9) The magne io Ieg of a current ring Far loop or the separation of the charges. If we imagine the current ring 
away it becomes the field of a magnetic dipole. shrinking in size, the current meanwhile increasing so that the dipole 


moment m = la/c remains constant, we approach the infinitesimal 
magnetic dipole, the counterpart of the infinitesimal electric dipole 
described in Chapter 10. 
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THE FORCE ON A DIPOLE IN AN EXTERNAL FIELD 

11.4 Consider a small circular current loop of radius r, placed in 
the magnetic ficld of some other current system, such as a solenoid. In 
Fig. 11.9, a field B is drawn that is generally in the z direction. It is 
not a uniform field. Instead, it gets weaker as we proceed in the z 
direction; that is evident from the fanning out of the field lines. Let us 
assume, for simplicity, that the ficld is symmetric about the z axis. 
Then it resembles the field near the upper end of the solenoid in Fig. 
11.1. The field represented in Fig. 11.9 does not include the magnetic 
ficld of the current ring itself. We want to find the force on the current 
ring causcd by the other field, which we shall call, for want of a better 
name, the external field. The net force on the current ring due to its 
own ficld is certainly zero, so we are free to ignore its own field in this 
discussion. 

If you study the situation in Fig. 11.9, you will soon conclude 
that there is a net force on the current ring. It arises because the exter- 
nal ficld B has an outward component B, everywhere around the ring. 
Therefore if the current flows in the direction indicated, each element 
of the loop, d/, must be experiencing a downward force of magnitude FIGURE 11.9 
IB, di/c. If B, has the same magnitude at all points on the ring, as it A current ring in an inhomogeneous magnetic field. (The 
must in the symmetrically spreading field assumed, the total down- field of the ring itself is not shown.) Because of the 


ward force will have the magnitude radial component of field B,, there is a force on the ring 
as a whole. 


2rrlB, 
F = —— (16) 
C 
Now B, can be directly related to the gradient of B.. Since div 
B = 0 at all points, the net flux of magnetic field out of any volume 
is zero. Consider the little cylinder of radius r and height Az (Fig. 
11.10). The outward flux from the side is 27r(Az)B, and the net out- 


ward flux from the end surfaces is 
FIGURE 11.10 


rr’| — Bz) + Bz + Az)] Gauss’ theorem can be used to relate B, and dB,/dz, 
i l , : leading to Eq. 17. 
which to the first order in the small distance Az is mr°(0B./dz) Az. 


Setting the total flux equal to zero: 0 = ar°(dB./dz) Az + 2rrB, Az, 
B, = — = —— (17) B 


As a check on the sign, notice that, according to Eq. 17, B, is positive 
when B. is decreasing upward; a glance at the figure shows that to be 
correct. 

The force on the dipole can now be expressed in terms of the 
gradient of the component B. of the external field: 


F = 27" r OB, _ wr'l OB, (18) 


412 


CHAPTER ELEVEN 


In the factor rr7J/c we recognize the magnitude m of the magnetic 
dipole moment of our current ring. So the force on the ring can be 
expressed very simply in terms of the dipole moment: 


OB, 
Oz 


F=m (19) 
We haven’t proved it, but you will not be surprised to hear that for 
small loops of any other shape the force depends only on the current 
X area product, that is, on the dipole moment. The shape doesn’t mat- 
ter. Of course, we are discussing only loops small enough so that only 
the first-order variation of the external field, over the span of the loop, 
is significant. 

Our ring in Fig. 11.9 has a magnetic dipole moment m pointing 
upward, and the force on it is downward. Obviously, if we could 
reverse the current in the ring, thereby reversing m, the force would 
reverse its direction. The situation can be summarized this way: 


Dipole moment parallel to external field: Force acts in direction of 
increasing field strength. 


Dipole moment antiparallel to external field: Force acts in direction 
of decreasing field strength. 


Uniform external field: Zero force. 


Quite obviously, this is not the most general situation. The 
moment m could be pointing at some odd angle with respect to the 
field B, and the different components of B could be varying, spatially, 
in different ways. It is not hard to develop a formula for the force F 
that is experienced in the general case. It would be exactly like the 
general formula we gave, as Eq. 10.23, for the force on an electric 
dipole in a nonuniform electric field. That is, the x component of force 
on any magnetic dipole m is given by 


F, = m: grad B, (20) 


with corresponding formulas for F, and F,. 

In Eqs. 19 and 20 the force is in dynes, with the magnetic field 
gradient in gauss/cm and the magnetic dipole moment m given by Eq. 
9,m = la/c, where I is in esu/sec, a in cm’, and c in cm/sec. There 
are several equivalent ways to express the units of m. We shall adopt 
ergs/gauss. As you can see from Eq. 19, 

_ dynes dyne-cm ergs 


m = = 
gauss/cm gauss gauss 


Now we can begin to see what must be happening in the exper- 
iments described at the beginning of this chapter. A substance located 
at the position of the sample in Fig. 11.2 would be attracted into the 
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solenoid if it contained magnetic dipoles parallel to the field B of the 
coil. It would be pushed out of the solenoid if it contained dipoles 
pointing in the opposite direction, antiparallel to the field. The force 
would depend on the gradient of the axial field strength, and would be 
zero at the midpoint of the solenoid. Also, if the total strength of dipole 
moments in the sample were proportional to the field strength B, then 
in a given position the force would be proportional to B times 0B/dz, 
and hence to the square of the solenoid current. That is the observed 
behavior in the case of the diamagnetic and the paramagnetic sub- 
stances. It looks as if the ferromagnetic samples must have possessed 
a magnetic moment nearly independent of field strength, but we must 
set them aside for a special discussion anyway. 

How does the application of a magnetic field to a substance 
evoke in the substance magnetic dipole moments with total strength 
proportional to the applied field? And why should they be parallel to 
the field in some substances, and oppositely directed in others? If we 
can answer these questions, we shall be on the way to understanding 
the physics of diamagnetism and paramagnetism. 


ELECTRIC CURRENTS IN ATOMS 

11.5 We know that an atom consists of a positive nucleus sur- 
rounded by negative electrons. To describe it fully we would need the 
concepts of quantum physics. Fortunately, a simple and easily visu- 
alized model of an atom can explain diamagnetism very well. It is a 
planetary model with the electrons in orbits around the nucleus, like 
the model in Bohr’s first quantum theory of the hydrogen atom. 

We begin with one electron moving at constant speed on a cir- 
cular path. Since we are not attempting here to explain atomic struc- 
ture, we shall not inquire into the reasons why the electron has this 
particular orbit. We ask only, if it does move in such an orbit, what 
magnetic effects are to be expected? In Fig. 11.11 we see the electron, 
visualized as a particle carrying a concentrated electric charge —e, 
moving with speed v on a circular path of radius r. In the middle is a 
positive nuclear charge, making the system electrically neutral, but 
the nucleus, because of its relatively great mass, moves so slowly that 
its magnetic effects can be neglected. 

At any instant, the electron and the positive charge would 
appear as an electric dipole, but on the time average the electric dipole 
moment is zero, producing no steady electric field at a distance. We 
discussed this point in Section 10.5. The magnetic field of the system, 
far away, is not zero on the time average. Instead, it is just the field 
of a current ring. For, as concerns the time average, it can’t make any 
difference whether we have all the negative charge gathered into one 
lump, going around the track, or distributed in bits, as in Fig. 11.114, 
to make a uniform endless procession. The current is the amount of 
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FIGURE 11.11 

(a) A model of an atom in which one electron moves at 
speed von a circular orbit. (b) Equivalent procession of 
charge. The average electric current is the same as if 
the charge — e were divided into small bits, forming a 
rotating ring of charge. (c) The magnetic moment is 1/ 
c times the product of current and area. 
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charge that passes a given point on the ring, per second. Since the 

electron makes v/2zr revolutions per sec, the current, in esu/sec if e 
is In esu, is 

ev 

I = —_ 


Der 


(21) 


The orbiting electron is equivalent to a ring current of this magnitude 
with the direction of positive flow opposite to v, as shown in Fig. 
11.11c. Its far field is therefore that of a magnetic dipole, of strength 

mrt evr 


m €C 2c (22) 

Let us note in passing a simple relation between the magnetic 
moment m associated with the electron orbit, and the orbital angular 
momentum L. The angular momentum is a vector of magnitude L = 
m,ur, where m, denotes the mass of the electron,t and it points down- 
ward if the electron is revolving in the sense shown in Fig. 11.1la. 
Notice that the product vr occurs in both m and L. With due regard 
to direction, we can write: 


—e 


(23) 


m = 

2Mm,C 
This relation involves nothing but fundamental constants, which 
should make you suspect that it holds quite generally. Indeed that is 
the case, although we shall not prove it here. It holds for elliptical 
orbits, and it holds even for the rosettelike orbits that occur in a cen- 
tral field that is not inverse-square. Remember the important property 
of any orbit in a central field: Angular momentum is a constant of the 
motion. It follows then, from the general relation expressed by Eq. 23 
(derived by us only for a special case), that wherever angular momen- 
tum is conserved, the magnetic moment also remains constant in mag- 
nitude and direction. The factor 


—e magnetic moment 


2m,C angular momentum 


is called the orbital magnetomechanical ratio for the electron. The 
intimate connection between magnetic moment and angular momen- 
tum is central to any account of atomic magnetism. 


tWe shall be dealing with speeds v much less than c, so m, stands for the rest mass, 
9.0 X 10°78 gm. Our choice of the symbol m for magnetic moment makes it necessary, 
in this chapter, to use a different symbol for the electron mass. For angular momentum 
we choose the symbol L, because L is traditionally used in atomic physics for orbital 
angular momentum, which is what we here consider. 


Many people use the term gyromagnetic ratio for this quantity. Some call it the 
magnetogyric ratio. Whatever the name, it is understood that the magnetic moment 
is the numerator. 
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Why don’t we notice the magnetic fields of all the electrons 
orbiting in all the atoms of every substance? The answer must be that 
there is a mutual cancellation. In an ordinary lump of matter there 
must be as many electrons going one way as the other. This is to be 
expected, for there is nothing to make one sense of rotation intrinsi- 
cally easier than another, or otherwise to distinguish any unique axial 
direction. There would have to be something in the structure of the 
material to single out not merely an axis, but a sense of rotation 
around that axis! 

We may picture a piece of matter, in the absence of any external 
magnetic field, as containing revolving electrons with their various 
orbital angular momentum vectors and associated orbital magnetic 
moments distributed evenly over all directions in space. Consider those 
orbits which happen to have their planes approximately parallel to the 

y plane, of which there will be about equal numbers with m up and 
m down. Let’s find out what happens to one of these orbits when we 
switch on an external magnetic field in the z direction. 

We'll analyze first an electromechanical system that doesn’t 
look much like an atom. In Fig. 11.12 there is an object of mass M 
and electric charge q, tethered to a fixed point by a cord of fixed length 
r. This cord provides the centripetal force that holds the object in its 
circular orbit. The magnitude of that force Fo is given, as we know, 
by 


In the initial state, Fig. 11.12a, there is no external magnetic field. 
Now, by means of some suitable large solenoid, we begin creating a 
field B in the negative z direction, uniform over the whole region at 
any given time. While this field is growing at the rate dB/dt, there 
will be an induced electric field E all around the path, as indicated in 
Fig. 11.126. To find the magnitude of this field E we note that the rate 
of change of flux through the circular path is 


rr — (25) 
This determines the line integral of the electric field, which is really 


all that matters (we only assume for symmetry and simplicity that it 
is the same all around the path). 


2 
|E- at= = wE (26) 
c dt 
Thus we find that 
B 
Peace (27) 
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(a) INITIAL STATE 
B=0 


(b) INTERMEDIATE STATE 


B increasing in downward direction 
2c dt 
ai i a 
B = F 
+ - T a } D9 
ol Bees 
(c) FINAL STATE 
After time At 
B = B; 
— gEAt _ qB 
Av M 2Mc 


FIGURE 11.12 
The growth of the magnetic field B induces an electric 
field E that accelerates the revolving charged body. 
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We have ignored signs so far, but if you apply to Fig. 11.12 your favor- 
ite rule for finding the direction of an induced electromotive force, you 
will see that E must be in a direction to accelerate the body, if q is a 
positive charge. The acceleration along the path, du/dt, is determined 
by the force gE: 


M — = qE = > — (28) 


so that we have a relation between the change in v and the change in 
B: 


qr 
dv = dB 2 
P 2Mc (29) 


The radius r being fixed by the length of the cord, the factor gr/2Mc 
is a constant. Let Av denote the net change in v in the whole process 
of bringing the field up to the final value B,. Then 


vo+Av Bi 
qr qr B, 
Av = dv = | dB = 30 
I, P = Me Jo 2Mc (30) 


Notice that the time has dropped out—the final velocity is the same 
whether the change is made slowly or quickly. 

The increased speed of the charge in the final state means an 
increase in the upward-directed magnetic moment m. A negatively 
charged body would have been decelerated under similar circum- 
stances, which would have decreased its downward moment. In either 
case, then, the application of the field B, has brought about a change 
in magnetic moment opposite to the field. The magnitude of the 
change in magnetic moment Am is 


By (31) 


Likewise for charges, either positive or negative, revolving in the 
other direction, the induced change in magnetic moment is opposite 
the change in applied magnetic field. Figure 11.13 shows this for a 
positive charge. It appears that the following relation holds for either 
sign of charge and either direction of revolution: 

2.2 
Am = — tye B, (32) 

In this example we forced r to be constant by using a cord of 
fixed length. Let us see how the tension in the cord has changed. We 
shall assume that B, is small enough so that Av < vo. In the final state 
we require a centripetal force of magnitude 


_ M(vo + Av)? _ MvG 4 2Muy Av 
r r r 


F, (33) 
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mo INITIAL STATES 
T y A C e re oe s 
K =) qr 4 ` 
E tO Sete E o 
(a) Mo (c) 
m, + Am FINAL STATES 
eT SA "A (bd) +a = 
e ; B, Sar, B = B, (downward) 
NS 
Er A F Av Am care on 
l Am = B, PT7] 


FIGURE 11.13 
The change in the magnetic moment vector is opposite 


neglecting the term proportional to (Av)*. But now the magnetic field to the direction of B, for both directions of motion. 
itself provides an inward force on the moving charge, given by g(Ug + 

Av)B,/c. Using Eq. 30 to express B, in terms of Av, we find that this 

extra inward force has the magnitude [(U9 + Av)/c](2Mc Av/r) 

which, to first order in Av/vo, is 2Mvo Av/r. That is just what is 

needed, according to Eq. 33, to avoid any extra demand on our cord! 

Hence the tension in the cord remains unchanged at the value Fo. 

This points to a surprising conclusion: Our result, Eq. 32, must 
be valid for any kind of tethering force, no matter how it varies with 
radius. Our cord could be replaced by an elastic spring without affect- 
ing the outcome—the radius would still be unchanged in the final 
state. Or to go at once to a system we are interested in, it could be 
replaced by the Coulomb attraction of a nucleus for an electron. Or it 
could be the effective force that acts on one electron in an atom con- 
taining many electrons, which has a still different dependence on 
radius. 

Let us apply this to an electron in an atom, substituting the elec- 
tron mass m, for M, and e? for q?. Now Am is the magnetic moment 
induced by the application of a field B, to the atom. In other words 
Am/B, is a magnetic polarizability, defined in the same way as the 
electrical polarizability a we introduced in Section 10.5. Remember 
that æ had the dimensions of volume and turned out to be, in order of 
magnitude, 107%% cm?, roughly the volume of an atom. By Eq. 32 the 
magnetic polarizability due to one electron in an orbit of radius r is 


= (34) 


This too has the dimensions of volume, for e°] m is a length, namely, 
the classical electron radius ro, a constant with the value 2.8 X 107" 
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cm. For the orbit radius r let us substitute the Bohr radius 0.53 X 
107° cm. Then Eq. 34 gives Am/B, = 2 X 107%” cm’. Notice that 
this is five or six orders of magnitude smaller than typical electric 
polarizabilities, as sampled in Table 10.2. It is smaller by the ratio, 
roughly, of the classical electron radius rp to an atomic radius. 

Let us see if this will account for the force on our diamagnetic 
samples listed in Table 11.1. The total number of electrons is about 
the same in one gram of almost anything. It is about one electron for 
every two nucleons, or 3 X 10” electrons per gm of matter. (Recall 
that the atomic weight is about twice the atomic number for most of 
the elements.) Of course, z must now be replaced by a mean square 
orbit radius (r?), where the average is taken over all the electrons in 
the atom, some of which have larger orbits than others. Actually (7°) 
varies remarkably little from atom to atom through the whole periodic 
table, and aĝ, the square of the Bohr radius which we have just used, 
remains a surprisingly good estimate. Adopting that, we would predict 
that a field of 18 kilogauss would induce in 1 gm of substance a mag- 
netic moment of magnitude 


(3 X 107)\(2 X 107-*°)(1.8 X 10$ 
8.4 X 107? cm°-gauss (35) 


Am 


which in a gradient of 1700 gauss/cm would give rise to a force of 
magnitude 


ðB 
F = Am z Z = 8.4 X 107? X 1700 = 14 dynes (36) 
Z 


This agrees quite well, indeed, better than we had any right to expect, 
with the values for the several purely diamagnetic substances listed in 
Table 11.1. 

We can see now why diamagnetism is a universal phenomenon, 
and a rather inconspicuous one. It is about the same in molecules as 
in atoms. The fact that a molecule can be a much larger structure than 
an atom—it may be built of hundreds or thousands of atoms—does 
not generally increase the effective mean-square orbit radius. The rea- 
son is that in a molecule any given electron is pretty well localized on 
an atom. There are some interesting exceptions and we included one 
in Table 11.1—graphite. The anomalous diamagnetism of graphite is 
due to an unusual structure which permits some electrons to circulate 
rather freely within a planar group of atoms in the crystal lattice. For 
these electrons (r’) is extraordinarily large. 


ELECTRON SPIN AND MAGNETIC MOMENT 
11.6 The electron possesses angular momentum that has nothing 
to do with its orbital motion. It behaves in many ways as if it were 
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continually rotating around an axis of its own. This property is called 
spin. When the magnitude of the spin angular momentum is mea- 
sured, the same result is always obtained: h/47, where h is Planck’s 
constant, 6.624 X 107” gm-cm?/sec. Electron spin is a quantum phe- 
nomenon. Its significance for us now lies in the fact that there is asso- 
ciated with this intrinsic, or “built-in,” angular momentum a magnetic 
moment, likewise of invariable magnitude. This magnetic moment 
points in the direction you would expect if you visualize the electron 
as a ball of negative charge spinning around its axis. That is, the mag- 
netic moment vector points antiparallel to the spin angular momentum 
vector, as indicated in Fig. 11.14. The magnetic moment, however, is 
twice as large, relative to the angular momentum, as is the case in 
orbital motion. 

There is no point in trying to devise a classical model of this 
object; its properties are essentially quantum mechanical. We need not 
even go so far as to say it is a current loop. What matters is only that 
it behaves like one in the following respects: (1) it produces a magnetic 
field which, at a distance, is that of a magnetic dipole; (2) in an exter- 
nal field B it experiences a torque equal to that which would act on a 
current loop of equivalent dipole moment; (3) within the space occu- 
pied by the electron, div B = 0 everywhere, as in the ordinary sources 
of magnetic field with which we are already familiar. 

Since the magnitude of the spin magnetic moment is always the 
same, the only thing an external field can influence is its direction. A 
magnetic dipole in an external field experiences a torque. If you 
worked through Problem 6.22, you proved that the torque N on a cur- 
rent loop of any shape, with dipole moment m, in a field B, is given by 


N=m XB (37) 


For those who have not been through that demonstration, let’s take 
time out to calculate the torque in a simple special case. In Fig. 11.15 
we see a rectangular loop of wire carrying current J. The loop has a 
magnetic moment m, of magnitude m = Jab/c. The torque on the 
loop arises from the forces F, and F, that act on the horizontal wires. 
Each of these forces has the magnitude F = JbB/c, and its moment 
arm is the distance (a/2) sin 6. We see that the magnitude of the 
torque on the loop is 

Nm ea ii (1#) Bsin@= mBsinð (38) 

C2 c 

The torque acts in a direction to bring m parallel to B; it is represented 
by a vector N in the positive x direction, in the situation shown. All 
this is consistent with the general formula, Eq. 37. Notice that Eq. 37 
corresponds exactly to the formula we derived in Chapter 10 for the 
torque on an electric dipole p in an external field E, namely, N = p 
X E. The orientation with m in the direction of B, like that of the 
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Angular momentum, 


-È = 0.50 X 1077 gm-cm?/sec 
«— Negative charge 
| kaa au 
oo 
Magnetic moment, 
ch__ — 0.93 X 107? erg/gauss 
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FIGURE 11.14 

The intrinsic angular momentum, or spin, and the 
associated magnetic moment, of the electron. Note that 
the ratio of magnetic moment to angular momentum is 
e/m.c, not e/2m,c as it is for orbital motion (Eq. 23). 
This has no classical explanation. 


FIGURE 11.15 

Calculation of the torque on a current loop in a 
magnetic field B. The magnetic moment of the current 
loop is m. 
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electric dipole parallel to E, is the position of lowest energy. Similarly, 
the work required to rotate a dipole m from parallel to antiparallel is 
2mB. (See Eq. 19 of Chapter 10; we can simply take over this result 
for the magnetic case.) 

If the electron spin moments in a substance are free to orient 
themselves, we expect them to prefer the orientation in the direction 
of any applied field B, the orientation of lowest energy. Suppose every 
electron in a gram of material takes up this orientation. We have 
already calculated that there are roughly 3 X 10” electrons in a gram 
of anything. The spin magnetic moment of an electron, m,, is given in 
Fig. 11.14 as 0.93 X 107” erg/gauss. The total magnetic moment of 
our lined-up spins will be (3 X 107) Xx (0.9 X 107%) or 2700 
ergs/gauss. The force on such a sample, in our coil where the field 
gradient is 1700 gauss/cm, would be 4.6 X 10° dynes, or a little over 
10 pounds! 

Obviously this is much greater than the force recorded for any 
of the paramagnetic samples. Our assumptions were wrong in two 
ways. First, the electron spin moments are not all free to orient them- 
selves. Second, thermal agitation prevents perfect alignment of any 
spin moments that are free. 

In most atoms and molecules the electrons are associated in 
pairs, with the spins in each pair constrained to point in opposite direc- 
tions regardless of the applied magnetic field. As a result, the mag- 
netic moments of such a pair of electrons exactly cancel one another. 
All that is left is the diamagnetism of the orbital motion which we 
have already explored. The vast majority of molecules are purely dia- 
magnetic. A few molecules (really very few) contain an odd number 
of electrons. In such a molecule total cancellation of spin moments in 
pairs is clearly impossible. Nitric oxide, NO, with 15 electrons in the 
molecule is an example; it is paramagnetic. The oxygen molecule O, 
contains 16 electrons, but its electronic structure happens to favor 
noncancellation of two of the electron spins. In single atoms the inner 
electrons are generally paired, and if there is an outer unpaired elec- 
tron, its spin is often paired off with that of a neighbor when the atom 
is part of a compound or crystal. Certain atoms, however, do contain 
unpaired electron spins which remain relatively free to orient in a field 
even when the atom is packed in with others. Important examples are 
the elements ranging from chromium to copper in the periodic table, 
a sequence that includes iron, cobalt, and nickel. Another group of 
elements with this property is the rare earth sequence around gado- 
lintum. Compounds or alloys of these elements are generally para- 
magnetic, and in some cases ferromagnetic. The number of free elec- 
tron spins involved in paramagnetism 1s typically one or two per atom. 
We can think of each paramagnetic atom as equipped with one freely 
swiveling magnetic moment m, which in a field B would be found 
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pointing, like a tiny compass needle, in the direction of the field—if it 
were not for thermal disturbances. 

Thermal agitation tends always to create a random distribution 
of spin axis directions. The degree of alignment that eventually pre- 
vails represents a compromise between the preference for the direction 
of lowest energy and the disorienting influence of thermal motion. We 
have met this problem before. In Section 10.12 we considered the 
alignment by an electric field E of the electric dipole moments of polar 
molecules. It turned out to depend on the ratio of two energies: pE, 
the energetic advantage of orientation of a dipole moment p parallel 
to E as compared with an average over completely random orienta- 
tions, and kT, the mean thermal energy associated with any form of 
molecular motion at absolute temperature 7. Only if pE were much 
larger than kT would nearly complete alignment of the dipole 
moments be attained. If pE is much smaller than kT, the equilibrium 
polarization is equivalent to perfect alignment of a small fraction, 
approximately pE/kT, of the dipoles. We can take this result over 
directly for paramagnetism. We need only replace pE by mB, the 
energy involved in the orientation of a magnetic dipole moment m in 
a magnetic field B. Providing mB/kT is small, it follows that the total 
magnetic moment resulting from application of the field B to N 
dipoles will be approximately (mB/kT)Nm, or (Nm’*/kT)B. The 
induced moment is proportional to B and inversely proportional to the 
temperature. 

For one electron spin moment in our field of 18 kilogauss, mB is 
1.6 X 107'® erg. For room temperature, kT is 4 X 107 '* erg; in that 
case mB/kT is indeed small. But if we could lower the temperature 
to | K in the same field, mB/kT would be about unity. With further 
lowering of the temperature we could expect to approach complete 
alignment, with total moment approaching Nm. These conditions are 
quite frequently achieved in low-temperature experiments. Indeed, 
paramagnetism is both more impressive and more interesting at very 
low temperatures, in contrast to dielectric polarization. Molecular 
electric dipoles would be totally frozen in position, incapable of any 
reorientation. The electron spin moments are still remarkably free. 


MAGNETIC SUSCEPTIBILITY 

11.7 We have seen that both diamagnetic and paramagnetic sub- 
stances develop a magnetic moment proportional to the applied field. 
At least, that is true under most conditions. At very low temperatures, 
in fairly strong fields, the induced paramagnetic moment can be 
observed to approach a limiting value as the field strength is increased, 
as we have noted. Setting this “saturation” effect aside, the relation 
between moment and applied field is linear, so that we can character- 
ize the magnetic properties of a substance by the ratio of induced 
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moment to applied field. The ratio is called the magnetic susceptibility. 
Depending on whether we choose the moment of 1 gm of material, of 
| cm? of material, or of 1 mole, we define the specific susceptibility, 
the volume susceptibility, or the molar susceptibility. Our discussion 
in Section 11.5 suggests that for diamagnetic substances the specific 
susceptibility, based on the induced moment per gram, should be most 
nearly the same from one substance to another. However, the volume 
susceptibility, based on the induced magnetic moment per cubic cen- 
timeter, is more relevant to our present concerns. 

The magnetic moment per unit volume we shall call the mag- 
netic polarization, or the magnetization, using for it the symbol M. 
Now magnetization M and magnetic field B have similar dimensions.t 
To verify that, recall that the field B of a magnetic dipole is given by 
magnetic dipole moment 

(distance)? 

magnetic dipole moment 


, while M, as we have just defined it, has the 


dimensions . If we now define the volume 


volume 
magnetic susceptibility, denoted by x,,, through the relation 


M = x,,B (Warning: see remarks below) (39) 


the susceptibility will be a dimensionless number, negative for dia- 
magnetic substances, positive for paramagnetic. This is exactly anal- 
ogous to the procedure, expressed in Eq. 10.34, by which we defined 
the electric susceptibility x, as the ratio of electric polarization P to 
electric field E. For the paramagnetic contribution, if any, to the sus- 
ceptibility, let us denote it Xpm, we shall have a formula analogous to 
Eq. 60 of the last chapter: 


_ Nm 
Xom kT 


(40) 


Of course the full susceptibility Xm includes the ever-present diamag- 
netic contribution, which is negative, and derivable from Eq. 34. 
Unfortunately, Eq. 39 is not the customary definition of volume 
magnetic susceptibility. In the usual definition another field H, which 
we shall meet in Section 11.10, appears instead of B. Although illog- 
ical, the definition in terms of H has a certain practical justification, 
and the tradition is so well established that we shall eventually have 
to bow to it. But in this chapter we want to follow as long as we can 
a path that naturally and consistently parallels the description of the 
electric fields in matter. A significant parallel is this: The macroscopic 
field B inside matter will turn out to be the average of the microscopic 


tWhile the dimensions of M and B are the same, it would be confusing to express 
them in the same units, because of a factor 4r that will turn up presently. If and when 
a name for the units of M is called for, we shall use ergs/gauss-cm’. 
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B, just as the macroscopic E turned out to be the average of the micro- 
scopic E. 

The difference in definition is of no practical consequence as 
long aS Xm is a number very small compared with one. The values of 
Xm for purely diamagnetic substances, solid or liquid, lie typically 
between —0.5 X 10°-° and — 1.0 X 10~°. Even for oxygen under the 
conditions given in Table 11.1, the paramagnetic susceptibility is less 
than 107°. This means that the magnetic field caused by the dipole 
moments in the substance, at least as a large-scale average, is very 
much weaker than the applied field B. That gives us some confidence 
that in such systems we may assume the field that acts on the atomic 
dipole to orient them is the same as the field that would exist there in 
the absence of the sample. However, we shall be interested in other 
systems in which the field of the magnetic moments is not small. 
Therefore we must study, just as we did in the case of electric polar- 
ization, the magnetic fields that magnetized matter itself produces, 
both inside and outside the material. 


THE MAGNETIC FIELD 

CAUSED BY MAGNETIZED MATTER 

11.8 A block of material which contains, evenly distributed 
through its volume, a large number of atomic magnetic dipoles all 
pointing in the same direction, is said to be uniformly magnetized. The 
magnetization vector M is simply the product of the number of ori- 
ented dipoles per unit volume and the magnetic moment m of each 
dipole. We don’t care how the alignment of these dipoles is main- 
tained. There may be some field applied from another source, but we 
are not interested in that. We want to study only the field produced 
by the dipoles themselves. 

Consider first a slab of material of thickness dz, sliced out per- 
pendicular to the direction of magnetization, as shown in Fig. 11.16a. 
The slab can be divided into little tiles. One such tile, which has a top 
surface of area da, contains a total dipole moment amounting to M 
da dz, since M is the dipole moment per unit volume (Fig. 11.168). 
The magnetic field this tile produces at all distant points—distant 
compared to the size of the tile—is just that of any dipole with the 
same magnetic moment. We could construct a dipole of that strength 
by bending a conducting ribbon of width dz into the shape of the tile, 
and sending around this loop a current J = Mc dz (Fig. 11.16c). That 
will give the loop a dipole moment: 


I Mc d 
m = ~ X area = —— da = M da dz (41) 


which is the same as that of the tile. 
Let us substitute such a current loop for every tile in the slab, 


Equivalent, as sources of external field 


A 


(e) 


FIGURE 11.16 

The thin slab, magnetized perpendicular to its broad 
surface, is equivalent to a ribbon of current so far as its 
external field is concerned. 
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FIGURE 11.17 
A uniformly magnetized block is equivalent to a band 
of surface current. 
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as indicated in Fig. 11.16d. The current is the same in all of these and 
therefore, at every interior boundary we find equal and opposite cur- 
rents, equivalent to zero current. Our “egg-crate” of loops is therefore 
equivalent to a single ribbon running around the outside, carrying the 
current Mc dz (Fig. 11.16e). Now these tiles can be made quite small, 
so long as we don’t subdivide clear down to molecular size. They must 
be large enough so that their magnetization does not vary appreciably 
from one tile to the next. Within that limitation, we can state that the 
field at any external point, even close to the slab, is the same as that 
of the current ribbon. 

It remains only to reconstruct a whole block from such lamina- 
tions, or slabs, as in Fig. 11.17a. The entire block is then equivalent 
to the wide ribbon in Fib. 11.17b around which flows a current Mc 
dz, in esu/sec, in every strip dz, or, stated more simply, a surface cur- 
rent of density #4, in esu/sec-cm, given by 


g = Mc (42) 


The magnetic field B at any point outside the magnetized block in Fig. 
11.17a, and even close to the block provided we don’t approach within 
molecular distances, is the same as the field B’ at the corresponding 
point in the neighborhood of the wide current ribbon in Fig. 11.170. 

But what about the field inside the magnetized block? Here we 
face a question like the one we met in Chapter 10. Inside matter the 
magnetic field is not at all uniform if we observe it on the atomic scale 
which we have been calling microscopic. It varies sharply in both mag- 
nitude and direction between points only a few angstroms apart. This 
microscopic field B is simply a magnetic field in vacuum, for from the 
microscopic viewpoint, as we emphasized in Chapter 10, matter is a 
collection of particles and electric charge in otherwise empty space. 
The only large-scale field that can be uniquely defined inside matter 
is the spatial average of the microscopic field. 

Because of the absence of effects attributable to magnetic 
charge, we believe that the microscopic field itself satisfies div B = 0. 
If that is true, it follows quite directly that the spatial average of the 
internal microscopic field in our block is equal to the field B’ inside 
the equivalent hollow cylinder of current. 

To demonstrate this, consider the long rod uniformly magnet- 
ized parallel to its length, shown in Fig. 11.18a. We have just shown 
that the external field will be the same as that of the long cylinder of 
current (practically equivalent to a single-layer solenoid) shown in 
Fig. 11.185. S in Fig. 11.18a@ indicates a closed surface which includes 
a portion S, passing through the interior of the rod. Because div B = 
O for the internal microscopic field, as well as for the external field, 
div B is zero throughout the entire volume enclosed by S. It then fol- 
lows from Gauss’s theorem that the surface integral of B over S must 
be zero. The surface integral of B’ over the closed surface S’ is zero 
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(a) 


also. Over the portions of S and S” external to the cylinders, B and B’ 
are identical. Therefore the surface integral of B over the internal disk 
Sı must be equal to the surface integral of B’ over the internal disk 
Si. This must hold also for any one of a closely spaced set of parallel 
disks, such as S>, S3, etc., indicated in Fig. 11.18c, because the field 
outside the cylinder in this neighborhood is negligibly small, so that 
the outside parts don’t change anything. Now taking the surface inte- 
gral over a series of equally spaced planes like that is a perfectly good 
way to compute the volume average of the field B in that neighbor- 
hood, for it samples all volume elements impartially. It follows that 
the spatial average of the microscopic field B inside the magnetized 
rod is equal to the field B’ inside the current sheath of Fig. 11.180. 
It is instructive to compare the arguments we have just devel- 
oped with our analysis of the corresponding questions in Chapter 10. 
Figure 11.19 displays these developments side by side. You will see 
that they run logically parallel, but that at each stage there is a dif- 
ference which reflects the essential asymmetry epitomized in the 
observation that electric charges are the source of electric fields, while 
moving electric charges are the source of magnetic fields. For example, 
in the arguments about the average of the microscopic field, the key 
to the problem in the electric case is the assumption that curl E = 0 
for the microscopic electric field. In the magnetic case, the key is the 
assumption that div B = O for the microscopic magnetic field. 


425 


FIGURE 11.18 

(a) A uniformly magnetized cylindrical rod. (b) The 
equivalent hollow cylinder, or sheath, of current. Its 
field is B’. (c) We can sample the interior of the rod, 
and thus obtain a spatial average of the microscopic 
field, by closely spaced parallel surfaces, S,, Ss,.... 


(a) As a source of external electric field E 
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because a bit of polarized matter, volume 4:7% Pda 
da'dz, has dipole moment equal to that of: |. 


A uniformly polar- —P da 
| ized block can be 

$| subdivided into 
T) such rods. Hence 


the block has the 


o =P, 


[More generally, for nonuniform polarization, polarized 
matter is equivalent to a charge distribution p = — div P] 


(b) As a source of external magnetic field B 


4 = Mdz 
because a bit of magnetized matter, J 
volume da'dz, has dipole moment ty 
equal to that of: | =! +Current 
“"" cM dz 


A uniformly magnetized block can 
be divided into such layers. Hence 
the block has theg 

same external j 
field as the wide F 
ribbon of surface ~ 
current with J = cM. 

[More generally, for nonuniform magnetization, 
magnetized matter is equivalent to a current distribution 


J = c curl M] 


PROOF THAT THE EQUIVALENCE EXTENDS TO 
THE SPATIAL AVERAGE OF THE INTERNAL FIELDS 


Consider a wide, thin, uniformly polarized slab and its 
equivalent sheets of surface charge. Near the middle the 


external field is slight and E’ is uniform. If VXE = 0 
for the internal field, then $ E-dl =0. ButE=E on 


the external path. Hence f “E-dl = JEE- for all 


internal paths. 


CONCLUSION: (E) =E’; the spatial average of 
the internal electric field is equal to the field E’ that 
would be produced at that point in empty space by the 
equivalent charge distribution described above (together 
with any external sources). 


FIGURE 11.19 


The electric (a) and magnetic (b) cases compared. 


Consider a long uniformly magnetized column and its 
equivalent cylinder of surface 
“current. Near the middle the 


external field is slight an 
B’ is uniform. If V-B = 


for the internal field, then Í. B-da= 0. But B = B’ on the 


surface external to the column. Hence f, B: da = f , Boeda 
1 1 


over any interior portion of surface like S}, S,, etc. 


CONCLUSION: (B) = B’ ; the spatial average of 
the internal magnetic field is equal to the field B’ that 
would be produced at that point in empty space by the 
equivalent current distribution described above (together 
with any external sources). 
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If the magnetization M within a volume of material is not uni- 
form but instead varies with position as M(x, y, x), the equivalent 
current distribution is given simply by 


J = c curl M (43) 


Lets see how this comes about in one situation. Suppose there is a 
magnetization in the z direction, which gets stronger as we proceed in 
the direction. This is represented in Fig. 1 1.20a, which shows a small 
region in the material subdivided into little blocks. The blocks are sup- 
posed to be so small that we may consider the magnetization uniform 
within a single block. Then we can replace each block by a current 
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FIGURE 11.20 
Nonuniform magnetization is equivalent to a volume 
current density. 
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ribbon, with surface current density £ = cM,. The current I carried 
by such a ribbon, if the block is Az in height, is dé Az or cM, Az. Now 
each ribbon has a bit more current density than the-one to the left of 
it. The current in each loop is greater than the current in the loop to 
the left by 


OM 
AI = c Az AM, = c Az > AY (44) 
y 
At every interface in this row of blocks there is a net current in the x 
direction of magnitude A/Z (Fig. 11.20c). To get the current per unit 
area flowing in the x direction we have to multiply by the number of 
blocks per unit area, which is 1/(Ay Az). Thus 


l ðM 
= AJ = Z 
Jx = =| c ay &) 


Another way of getting an x-directed current is to have a y com- 
ponent of magnetization that varies in the z direction. If you trace 
through that case, using a vertical column of blocks, you will find that 
the net x-directed current density is given by 


OM 
J, = -c— (46) 
Oz 
In general then, by superposition of these two situations, 
ðM, ðM 
J= c (2M: — 2M, = c(curl M), (47) 
Oy Oz 


which is enough to establish Eq. 43. 


THE FIELD OF A PERMANENT MAGNET 

11.9 The uniformly polarized spheres and rods we talked about in 
Chapter 10 are seldom seen, even in the laboratory. Frozen-in electric 
polarization can occur in some substances, although it is usually dis- 
guised by some accumulation of free charge. To make Fig. 11.3a, 
which shows how the field of a polarized rod would look, it was nec- 
essary to’ use two charged disks. On the other hand, materials with 
permanent magnetic polarization, that is, permanent magnetization, 
are familiar and useful. Permanent magnets can be made from many 
alloys and compounds of ferromagnetic substances. What makes this 
possible is a question we’ll leave for Section 11.11; where we dip 
briefly into the physics of ferromagnetisim. In this section, taking the 
existence of permanent magnets for granted, we want to study the 
magnetic field B of a uniformly magnetized cylindrical rod and com- 
pare it carefully with the electric field E of a uniformly polarized rod 
of the same shape. 
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Figure 11.21 shows each of these solid cylinders in cross section. 
The polarization, in each case, is parallel to the axis, and it is uniform. 
That is, the polarization P and the magnetization M have the same 
magnitude and direction everywhere within their respective cylinders. 
In the magnetic case this implies that every cubic millimeter of the 
permanent magnet has the same number of lined-up electron spins, 
pointing in the same direction. (A very good approximation to this can 
be achieved with modern permanent magnet materials.) 

By the field inside the cylinder we mean, of course, the macro- 
scopic field defined as the space average of the microscopic field. With 
this understanding, we show in Fig. 11.21 the field lines both inside 
and outside the rods. By the way, these rods are not supposed to be 
near one another; we only put the diagrams together for convenient 
comparison. Each rod is isolated in otherwise field-free space. (Which 
do you think would more seriously disturb the field of the other, if they 
were Close together?) 

Outside the rods the fields E and B look alike. In fact the field 
lines follow precisely the same course. That should not surprise you if 
you recall that the electric dipole and the magnetic dipole have similar 
far fields. Each little chunk of the magnet is a magnetic dipole, each 
little chuck of the polarized rod (sometimes called an electret) is an 
electric dipole, and the field outside is the superposition of all their far 
fields. 

The field B, inside and out, is the same as that of a cylindrical 
sheath of current. In fact if we were to wind very evenly, on a card- 
board cylinder, a single-layer solenoid of fine wire, we could hook a 
battery up to it and duplicate the exterior and interior field B of the 


FIGURE 11.21 

(a) The electric field E outside and inside a uniformly 
polarized cylinder. (b) The magnetic field B outside and 
inside a uniformly magnetized cylinder. In each case, 
the interior field shown is the macroscopic field, that ts, 
the local average of the atomic or microscopic field. 
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permanent magnet. (The coil would get hot, and the battery would 
run down; electron spins provide the current free and frictionless!) The 
electric field E, both inside and outside the polarized rod, is that of 
two disks of charge, one at each end of the cylinder. 

Observe that the interior fields E and B are essentially different 
in form: B points to the right, is continuous at the ends of the cylinder, 
and suffers a sharp change in direction at the cylindrical surface. E 
points to the left, passes through the cylindrical surface as if it weren’t 
there, but is discontinuous at the end surfaces. These differences arise 
from the essential difference between the “inside” of the physical elec- 
tric dipole, and the “inside” of the physical magnetic dipole, seen in 
Fig. 11.8. By physical, we mean the ones Nature has actually provided 
us with. 

If the external field were our only concern, we could use either 
picture to describe the field of our magnet. We could say that the 
magnetic field of the permanent magnet arises from a layer of positive 
magnetic charge—a surface density of north magnetic poles on the 
right-hand end of the magnet, and a layer of negative magnetic 
charge, south poles, on the other end. We could adopt a scalar poten- 
tial function mag, such that B = — grad Ymag. The potential function 
mag WOuld be related to the fictitious pole density as the electric 
potential is related to charge density. The simplicity of the scalar 
potential compared with the vector potential is rather appealing. 
Moreover, the magnetic scalar potential can be related in a very neat 
way to the currents that are the real source of B, and thus one can use 
the scalar potential without any explicit use of the fictitious poles. You 
may want to use this device if you ever have to design magnets or 


‘calculate magnetic fields. 


We must abandon the magnetic pole fiction, however, if we want 
to understand the field inside the magnetic material. That the mac- 
roscopic magnetic field inside a permanent magnet is, in a very real 
sense, like the field in Fig. 11.215 rather than the field in Fig. 11.2la 
has been demonstrated experimentally by deflecting energetic charged 
particles in magnetized iron, as well as by the magnetic effects on slow 
neutrons, which pass even more easily through the interior of matter. 

Figure 11.22a shows a small disk-shaped permanent magnet, in 
which the magnetization is parallel to the axis of symmetry. You are 
probably more familiar with permanent magnets in the shape of long 
bars. However, flat disk magnets of considerable strength can be made 
with certain new materials. The magnetization M is given as 150 in 
CGS units. The magnetic moment of the electron is 0.93 XxX 107” 
erg /gauss, so this value of M corresponds to 1.6 X 10° lined-up elec- 
tron spins per cm’. The disk is equivalent to a band of current around 
its rim, of surface density dé = cM. The rim being 0.3 cm wide, the 
current / amounts to 


0.3cM = (0.3)(3 X 10!°)(150) 
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0.3 cm 


lcm 


-—f}-—F 


M = 150 CGS units 
1.6 X 10™electron spins/cm’) 


(b) 


or 1.35 X 10'? esu/sec. This is 450 amps—rather more current than 
you draw by short-circuiting an automobile battery! The field B at any 
point in space, including points inside the disk, is simply the field of 
this band of current. For instance, near the center of the disk, B is 
approximately 


f 2r(0.3cM 27(0.3)(150 
ee ge edd E Oe noe ane (48) 


The approximation consists in treating the 0.3-cm-wide band of cur- 
rent as if it were concentrated in a single thin ring. (In the correspond- 
ing approximation in the electrical example we treated the equivalent 
charge sheets as large compared with their separation.) As for the 
field at a distant point, it would be easy to compute it for the ring 
current, but we could also, for an approximate calculation, proceed as 
we did in the electrical example. That is, we could find the total mag- 
netic moment of the object, and find the distant field of a single dipole 
of that strength. 


FREE CURRENTS, AND THE FIELD H 

11.10 It is often useful to distinguish between bound currents and 
free currents. Bound currents are currents associated with molecular 
or atomic magnetic moments, including the intrinsic magnetic 
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FIGURE 11.22 

(a) A disk uniformly magnetized parallel to its axis. 

(b) Cross-section view of disk. (c) The equivalent 
current is a band of current amounting to 1.35 X 10" 
esu/sec, or 450 amps, flowing around the rim of the 
disk. The magnetic field B is the same as the magnetic 
field of a very short solenoid, or approximately that of 
a simple ring of current of 1-cm radius. 
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moment of particles with spin. These are the molecular current loops 
envisioned by Ampère, the source of the magnetization we have just 
been considering. Free currents are ordinary conduction currents flow- 
ing on macroscopic paths—currents that can be started and stopped 
with a switch and measured with an ammeter. 

The current density J in Eq. 43 is the macroscopic average of 
the bound currents, so let us henceforth label it Juouna: 


Jtound = C curl M (49) 


At a surface where M is discontinuous, such as the side of the mag- 
netized block in Fig. 11.17, we have a surface current density # which 
also represents bound current. 

We found that B, both outside matter and, as a space average, 
inside matter, is related to Jpoung Just as it is to any current density. 
That is, curl B = (42/c)Jboung. But that was in the absence of free 
currents. If we bring these into the picture, the field they produce sim- 
ply adds on to the field caused by the magnetized matter and we have 


4 4 
curl B = — (Jbound + Jire) = — Jiotal (50) 


Let us express Jboung in terms of M, through Eq. 49. Then Eq. 
50 becomes 


4 4 
curl B = — (c curl M) + — Jre 
c C 
which can be rearranged as 
4 
curl(B — 47M) = — Tiree (51) 


If we now define a vector function H(x, y, z) at every point in space 
by the relation 


H = B — 41M (52) 


Eq. 51 can be written 
4 
curl H = — Tiree (53) 


In other words, the vector H, defined by Eq. 52, is related to the 
free current in the way B is related to the total current, bound plus 
free. The parallel is not complete, however, for we always have div B 

= 0, whereas our vector function H does not necessarily have zero 
divergence. 

This surely has reminded you of the vector D which we intro- 
duced, a bit grudgingly, in the last chapter. D, remember, was related 
to the free charge as E is related to the total charge. Although we 
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rather disparaged D, the vector H is really useful, for a practical rea- 
son that is worth understanding. In electrical systems, what we can 
easily control and measure are the potential differences of bodies, and 
not the amounts of free charge on them. Thus we control the electric 
field E directly. D is out of our direct control, and since it is not a 
fundamental quantity in any sense, what happens to it is not of much 
concern. In magnetic systems, however, it is precisely the free currents 
. that we can most readily control. We lead them through wires, mea- 
‘sure them with ammeters, channel them in well-defined paths with 
insulation, and so on. We have much less direct control, as a rule, over 
magnetization, and hence over B. So the auxiliary vector H is useful, 
even if D is not. 
The integral relation equivalent to Eq. 53 is 


4 4 
| H : dl = Z J free - da = Z Liree (54) 
C C S C 


where Tire is the total free current enclosed by the path C. Suppose 
we wind a coil around a piece of iron and send through this coil a 
certain current Z which we can measure by connecting an ammeter in 
series with the coil. This is the free current, and it is the only free 
current in the system. Therefore one thing we know for sure is the line 
integral of H around any closed path, whether that path goes through 
the iron or not. The integral depends only on the number of turns of 
our coil that are linked by the path, and not on the magnetization in 
the iron. The determination of M and B in this system may be rather 
complicated. It helps to have singled out one quantity that we can 
determine quite directly. 

Figure 11.23 illustrates this property of H by an example, and 
is a reminder of the units we may use in a practical case. H has the 
same dimensions as B; in the Gaussian CGS system they are related 
in exactly the same way to current in esu/sec. As you know, the unit 
of magnetic field strength B in this system is named the gauss. There 
was no compelling need for a different name for the unit of H. Never- 
theless, people who like to name things have given the unit of H a 
name all its own, the oersted. Because you will find this name used 
elsewhere, we have introduced it in Fig. 11.23. 

We consider B the fundamental magnetic field vector because 
the absence of magnetic charge, which we discussed in Section 10.2, 
implies div B = 0 everywhere, even inside atoms and molecules. From 
div B = 0 it follows, as we showed in Section 11.8, that the average 
macroscopic field inside matter is B, not H. The implications of this 
have not always been understood or heeded in the past. However, H 
has the practical advantage we have already explained. In some older 
books you will find H introduced as the primary magnetic field. B is 
then defined as H + 47M, and given the name magnetic induction. 
Even some modern writers who treat B as the primary field feel 
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I = 5 amp 
= 5X (3 X 10°) esu/sec 


Path (1) encloses I 
Path (2) encloses 7I 
Path (8) encloses 21 


_ 4m _ 40x85 x3 «10° 
$, Hdl = = $1000 | 


= 6.28 oersted-cm 


$ „, Hed = 43.96 oersted-cm 


do Hdl= 12.56 oersted-cm 


On path (1) B =H, so [Beal =6.28 gauss-cm 


On paths (2) and (3) B # H in iron 


FIGURE 11.23 


Illustrating the relation between free current and the line 


integral of H. 


obliged to call it the magnetic induction because the name magnetic 
field was historically preempted by H. This seems clumsy and pedan- 
tic. If you go into the laboratory and ask a physicist what causes the 
pion trajectories in his bubble chamber to curve, he’ll probably answer 
“magnetic field,” not “magnetic induction.” You will seldom hear a 
geophysicist refer to the earth’s magnetic induction, or an astrophys- 
icist talk about the magnetic induction in the galaxy. We propose to 
keep on calling B the magnetic field. As for H, although other names 
have been invented for it, we shall call it the field H, or even, the 
magnetic field H. 

It is only the names that give trouble, not the symbols. Everyone 
agrees that in the Gaussian CGS system the relation connecting B, 
M, and H is that stated in Eq. 52. In vacuum there is no essential 
distinction between B and H, for M must be zero where there is no 
matter. You will often see Maxwell’s equations for the vacuum fields 
written with E and H, rather than E and B. 

In SI units the relation of H to the free current is written 


curl H = Spree (53’) 


with its integral equivalent: 


| H : d = | Ire - da = Five (54’) 
JC S 
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Since Jfree is expressed in amps/m?, the unit of H is 1 amp/meter. In 
empty space H = B/wo. When SI units are used in the description of 
an electromagnetic wave, it is customary to use H and E, rather than 
B and E, for the magnetic and electric fields. For the plane wave in 
free space that we studied in Section 9.4 the relation between the mag- 
netic amplitude Hp in amps/meter and the electric amplitude Eo in 
volts/meter involves the constant V o/e which has the dimensions of 
resistance and the approximate value 377 ohms. For its exact value, 
see Appendix E. We met this constant before in Section 9.6, where it 
appeared in the expression for the power density in the plane wave, 
Eq. 28. The condition that corresponds to Fy and Bo, as stated for 
CGS units by Eq. 20 in Section 9.4, becomes in SI units 


E,(volt/meter) = H)o(amps/meter) X 377 ohms (55) 


This makes a convenient system of units for dealing with electromag- 
netic fields in vacuum whose sources are macroscopic alternating cur- 
rents and voltages. But remember that the basic magnetic field inside 
matter is B not H as we found in the last section. That is not a matter 
of mere definition, but a consequence of the absence of magnetic 
charge. 

The way in which H is related to B and M is reviewed in Fig. 
11.24, for both systems of units. These relations hold whether M is 
proportional to B or not. However, if M is proportional to B, then it 
will also be proportional to H. In fact, the traditional definition of the 
volume magnetic susceptibility x,, is not the logically preferable one 
given in Eq. 39, but rather: 


M = XH (56) 


which we shall reluctantly adopt from here on. 

The permanent magnet in Fig. 11.21b is an instructive example 
of the relation of H to B and M. To obtain H at some point inside the 
magnetized material, we have to add vectorially to the magnetic field 
B at that point the vector —4rM. Figure 11.25 depicts this for a par- 
ticular point P. It turns out that the lines of H inside the magnet look 
just like the lines of E inside the polarized cylinder of Fig. 11.21a. 
That is as it should be, for if magnetic poles really were the source of 
the magnetization, rather than electric currents, the macroscopic 
magnetic field inside the material would be H, not B, and the similar- 
ity of magnetic polarization and electric polarization would be 
complete. 

In the permanent magnet there are no free currents at all. Con- 
sequently, the line integral of H, according to Eq. 54, must be zero 
around any closed path. You can see that it will be if the H lines really 
look like the E lines in Fig. 11.21a, for we know the line integral of 
that electrostatic field is zero around any closed path. In this example 
of the permanent magnet, Eq. 56 does not apply. The magnetization 
vector M is not proportional to H but is determined, instead, by the 
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Joouna: 


amp-meter ! 


Torque = m X Bo 


newton-meter 


M = moment in 1 meter? 


joule-tesla~' meter ~? 


curl B = rive + Visual? 
Define: H = B — M 


Then: curl H = J pee 
amperes 
or fu ed] -1 


MAGNETIC FIELDS IN MATTER 


previous treatment of the material. How this can come about will be 
explained in the next section. 

For any material in which M is proportional to H, so that Eq. 
56 applies as well as the basic relation, Eq. 52, we have: 


B = H+ 4cM = (1 + 4zx,,)H (57) 


B is then proportional to H. The factor of proportionality, (1 + 
4irxXm), is called the magnetic permeability and denoted usually by u: 


B = „H (58) 


The permeability u, rather than the susceptibility x, is customarily 
used in describing ferromagnetism. 


FERROMAGNETISM 

11.11 Ferromagnetism has served and puzzled man for a long 
time. The lodestone (magnetite) was known in antiquity, and the 
influence on history of iron in the shape of compass needles was per- 
haps second only to that of iron in the shape of swords. For nearly a 
century our electrical technology has depended heavily on the circum- 
stance that one abundant metal happens to possess this peculiar prop- 
erty. Nevertheless, it is only in recent years that anything like a fun- 
damental understanding of ferromagnetism has been achieved. 

We have already described some properties of ferromagnets. In 
a very strong magnetic field the force on a ferromagnetic substance is 
in such a direction as to pull it into a stronger field, as for paramag- 
netic materials, but instead of being proportional to the product of the 
field B and its gradient, the force is proportional to the gradient itself. 
As we remarked at the end of Section 11.4, this suggests that, if the 
field is strong enough, the magnetic moment acquired by the ferro- 
magnet reaches some limiting magnitude. The direction of the mag- 
netic moment vector must still be controlled by the field, for otherwise 
the force would not always act in the direction of increasing field 
intensity. 

In permanent magnets we observe a magnetic moment even in 
the absence of any externally applied field, and it maintains its mag- 
nitude and direction even when external fields are applied, if they are 
not too strong. The field of the permanent magnet itself is always pres- 
ent of course, and you may wonder whether it could not keep its own 
sources lined up. However, if you look again at Fig. 11.215 and Fig. 
11.25, you will notice that M is generally not parallel to either B or 
H. This suggests that the magnetic dipoles must be clamped in direc- 
tion by something other than purely magnetic forces. 

The magnetization observed in ferromagnetic materials is much 
larger than we are used to in paramagnetic substances. Permanent 
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(b) 


FIGURE 11.25 

(a) The relation of B, H, and M at a point inside the 
magnetized cylinder of Fig. 11.21b. (b) Relation of 
vectors at point P. 


magnets quite commonly have fields in the range of a few thousand 
gauss. A more characteristic quantity is the limiting value of the mag- 
netization, the magnetic moment per unit volume, which the material 
acquires in a very strong field. This is called the saturation magne- 
tization. We can deduce the saturation magnetization of iron from the 
data in Table 11.1. In a field with a gradient of 1700 gauss/cm, the 
force on 1 gm of iron was 4 X 10° dynes. From Eq. 19, which relates 
the force on a dipole to the field gradient, we find 


u F 4X 10° dynes 
dB/dz 1700 gauss/cm (59) 
= 235 ergs/gauss (for 1 gm) 


To get the moment per cubic centimeter we multiply m by the density 
of iron, 7.8 gm/cm’. The magnetization M is thus 


M = 235 X 7.8 = 1830 ergs/gauss-cm? (60) 


It is 447M, not M, that we should compare with field strengths in 
gauss. 

It is more interesting to see how many electron spin moments 
this magnetization corresponds to. Dividing M by the electron 
moment given in Fig. 11.14, 0.93 X 107” erg/gauss, we get about 2 
X 10” spin moments per cm?. Now 1 cm? of iron contains about 107 
atoms. The limiting magnetization seems to correspond to about two 
lined-up spins per atom. As most of the electrons in the atom are 
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paired off and have no magnetic effect at all, this indicates that we 
are dealing with substantially complete alignment of those few elec- 
tron spins in the atom’s structure that are at liberty to point in the 
same direction. 

A very suggestive fact about ferromagnets is this: A given fer- 
romagnetic substance, pure iron for example, loses its ferromagnetic 
properties quite abruptly if heated to a certain temperature. Above 
770°C, pure iron acts like a paramagnetic substance. Cooled below 
770°C, it immediately recovers its ferromagnetic properties. This 
transition temperature, called the Curie point after Pierre Curie who 
was one of its early investigators, is different for different substances. 
For pure nickel it is 358°C. 

What is this ferromagnetic behavior which so sharply distin- 
guishes iron below 770°C from iron above 770°C, and from copper at 
any temperature? It is the spontaneous lining up in one direction of 
the atomic magnetic moments, which implies alignment of the spin 
axes of certain electrons in each iron atom. By spontaneous, we mean 
that no external magnetic field need be involved. Over a region in the 
iron large enough to contain millions of atoms, the spins and magnetic 
moments of nearly all the atoms are pointing in the same direction. 
Well below the Curie point—at room temperature, for instance, in the 
case of iron—the alignment is nearly perfect. If you could magically 
look into the interior of a crystal of metallic iron and see the elemen- 
tary magnetic moments as vectors with arrowheads on them, you 
might see something like Fig. 11.26. 

It is hardly surprising that a high temperature should destroy 
this neat arrangement. Thermal energy is the enemy of order, so to 
speak. A crystal, an orderly arrangement of atoms, changes to a liq- 
uid, a much less orderly arrangement, at a sharply defined tempera- 
ture, the melting point. The melting point, like the Curie point, is dif- 
ferent for different substances. Let us concentrate here on the ordered 
state itself. Two or three questions are obvious: 


Question 1 What makes the spins line up and keeps them lined up? 


Question 2 How, if there is no external field present, can the spins 
choose one direction rather than another? Why didn’t all the moments 
in Fig. 11.26 point down, or to the right, or to the left? 


Question 3 If the atomic moments are all lined up, why isn’t every 
piece of iron at room temperature a strong magnet? 


The answers to these three questions will help us to understand, 
in a general way at least, the behavior of ferromagnetic materials 
when an external field, neither very strong nor very weak, is applied. 
That includes a very rich variety of phenomena which we haven’t even 
described yet. 
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FIGURE 11.26 

The orderliness of the spin directions in a small region 
in a crystal of iron. Each arrow represents the magnetic 
moment of one tron atom. 
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FIGURE 11.27 

An atom A and its nearest neighbors in the crystal 
lattice. (Of course, the lattice is really three- 
dimensional.) 


FIGURE 11.28 
In iron the energetically preferred direction of 
magnetization is along a cubic axis of the crystal. 
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Answer 1 For some reason connected with the quantum mechanics 
of the structure of the iron atom, it is energetically favorable for the 
spins of adjacent iron atoms to be parallel. This is not due to their 
magnetic interaction. It is a stronger effect than that, and moreover, 
it favors parallel spins whether like this tt or like this ~— (dipole 
interactions don’t work that way—see Problem 10.17). Now if atom 
A (Fig. 11.27) wants to have its spin in the same direction as that of 
its neighbors, atoms B, C, D, and E, and each of them prefers to have 
its spin in the same direction as the spin of its neighbors, including 
atom A, you can readily imagine that if a local majority ever develops 
there will be a strong tendency to “make it unanimous,” and then the 
fad will spread. 


Answer 2 Accident somehow determines which of the various equiv- 
alent directions in the crystal is chosen, if we commence from a dis- 
ordered state—as, for example, if the iron is cooled through its Curie 
point without any external field applied. Pure iron consists of body- 
centered cubic crystals. Each atom has eight nearest neighbors. The 
symmetry of the environment imposes itself on every physical aspect 
of the atom, including the coupling between spins. In iron the cubic 
axes happen to be the axes of easiest magnetization. That is, the spins 
like to point in the same direction, but they like it even better if that 
direction is one of the six directions +X, +9, +2 (Fig. 11.28). This 
is important because it means that the spins cannot easily swivel 
around en masse from one of the easy directions to an equivalent one 
at right angles. To do so, they would have to swing through Jess favor- 
able orientations on the way. It is just this hindrance that makes per- 
manent magnets possible. 


Answer 3 An apparently unmagnetized piece of iron is actually com- 
posed of many domains, in each of which the spins are all lined up 
one way, but in a direction different from that of the spins in neigh- 
boring domains. On the average over the whole piece of “unmagne- 
tized” iron, all directions are equally represented, so no large-scale 
magnetic field results. Even in a single crystal the magnetic domains 
establish themselves. The domains are usually microscopic in the 
everyday sense of the word. In fact they can be made visible under a 
low-power microscope. That is still enormous, of course, on an atomic 
scale, so a magnetic domain typically includes billions of elementary 
magnetic moments. Figure 11.29 depicts a division into domains. The 
division comes about because it is cheaper in energy than an arrange- 
ment with all the spins pointing in one direction. The latter arrange- 
ment would be a permanent magnet with a strong field extending out 
into the space around it. The energy stored in this exterior field is 
larger than the energy needed to turn some small fraction of the spins 
in the crystal, namely, those at a domain boundary, out of line with 
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their immediate neighbors. The domain structure is thus the outcome 
of an energy-minimization contest. 


If we wind a coil of wire around an iron rod, we can apply a 
magnetic field to the material by passing a current through the wire. 
In this field, moments pointing parallel to the field will have a lower 
energy than those pointing antiparallel, or in some other direction. 
This favors some domains over others; those that happen to have a 
favorably oriented moment direction? will tend to grow at the expense 
of the others, if that is possible. A domain grows like a club, that is, 
by expanding its membership. This happens at the boundaries. Spins 
belonging to an unfavored domain but located next to the boundary 
with a favored domain, simply switch allegiance by adopting the 
favored direction. That merely shifts the domain boundary, which is 
nothing more than the dividing surface between the two classes of 
spins. This happens rather easily in single crystals. That is, a very 
weak applied field can bring about, through boundary movement, a 
very large domain growth, and hence a large overall change in mag- 
netization. Depending on the grain structure of the material, however, 
the movement of domain boundaries can be difficult. 

If the applied field does not happen to lie along one of the “easy” 
directions (in the case of a cubic crystal, for example), the exhaustion 
of the unfavored domains still leaves the moments not pointing exactly 
parallel to the field. It may now take a considerably stronger field to 
pull them into line with the field direction so as to create, finally, the 
maximum magnetization possible. 

Let us look at the large-scale consequences of this, as they 
appear in the magnetic behavior of a piece of iron under various 
applied fields. A convenient experimental arrangement is an iron 
torus, around which we wound two coils (Fig. 11.30). This affords a 
practically uniform field within the iron, with no end effects to com- 
plicate matters. By measuring the voltage induced in one of the coils 
we can determine changes in flux ®, and hence in B inside the iron. If 
we keep track of the changes in B, starting from B = 0, we always 
know what B is. A current through the other coil establishes H, which 
we take as the independent variable. If we know B and H, we can 
always compute M. It is more usual to plot B rather than M, as a 
function of H. A typical B-H curve for iron is shown in Fig. 11.31. 
Notice that the scales on abscissa and ordinate are vastly different. If 
there were no iron in the coil, 1 oersted would be worth exactly 1 


tWe tend to use spins and moments almost interchangeably in this discussion. The 
moment is an intrinsic aspect of the spin, and if one is lined up so is the other. To be 
meticulous, we should remind the reader that in the case of the electron the magnetic 
moment and angular momentum vectors point in opposite directions (Fig. 11.14). 
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FIGURE 11.29 
Possible arrangement of magnetic domains in a single 
uniform crystal of iron. 


FIGURE 11.30 
Arrangement for investigating the relation between B 
and M, or B and H, in a ferromagnetic material. 


H= 4 uNI 
— c- circumference 
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FIGURE 11.31 

Magnetization curve for fairly pure iron. The dashed 
curve is obtained as H is reduced from a high positive 
value. 


FIGURE 11.32 

Alnico V is an alloy of aluminum, nickel, and cobalt, 
which is used for permanent magnets. Compare 
this portion of its magnetization curve with the 


corresponding portion of the characteristic for a ‘‘soft"’ 


magnetic material, shown in Fig. 11.31. 
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gauss. Instead, when the field H is only a few oersteds, B has risen to 
thousands of gauss. Of course B and H here refer to an average 
throughout the whole iron ring; the fine domain structure as such 
never exhibits itself. 

Starting with unmagnetized iron, B = 0 and H = 0, increasing 
H causes B to rise in a conspicuously nonlinear way, slowly at first, 
then more rapidly, then very slowly, finally flattening off. What 
actually becomes constant in the limit is not B but M. In this graph 
however, since M = (B — H)/4r, and H < B, the difference 
between B and 47M is not appreciable. 

The lower part of the B-H curve is governed by the motion of 
domain boundaries, that is, by the growth of “right-pointing” domains — 
at the expense of “wrong-pointing” domains. In the flattening part of 
the curve, the atomic moments are being pulled by “brute force” into 
line with the field. The iron here is an ordinary polycrystalline metal, 
so only a small fraction of the microcrystals will be fortunate enough 
to have an easy direction lined up with the field direction. 

If we now slowly decrease the current in the coil, thus lowering 
H, the curve does not retrace itself. Instead, we find the behavior given 
by the dashed curve in Fig. 11.31. This irreversibility is called hyster- 
esis. It is largely due to the domain boundary movements being par- 
tially irreversible. The reasons are not obvious from anything we have 
said, but are well understood by physicists who work on ferromagne- 
tism. The irreversibility is a nuisance, and a cause of energy loss in 
many technical applications of ferromagnetic materials—for instance, 
in alternating-current transformers. But it is indispensable for per- 
manent magnetization, and for such applications, one wants to 
enhance the irreversibility. Figure 11.32 shows the corresponding por- 
tion of the B-H curve for a good permanent magnet alloy. Notice that 
H has to become 600 oersteds in the reverse direction before B is 
reduced to zero. If the coil is simply switched off and removed, we are 
left with B at 13,000 gauss, called the remanence. Since H is zero, this 
is essentially the same as the magnetization M, except for the factor 
4r. The alloy has acquired a permanent magnetization, that is, one 
that will persist indefinitely if it is exposed only to weak magnetic 
fields. All the information that is stored on magnetic tapes and disks 
Owes its permanence to this physical phenomenon. 


PROBLEMS 


11.1 From the data in Table 11.1 determine the diamagnetic sus- 
ceptibility of water. 


11.2 In Chapter 6 we calculated the field at a point on the axis of 
a current ring of radius b. (See Eq. 41 of Chapter 6.) Show that for z 
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> b this approaches the field of a magnetic dipole, and find how far 
out on the axis one has to go before the field has come within 1 percent 
of the field that an infinitesimal dipole of the same dipole moment 
would produce at that point. 


11.3 How large is the magnetic moment of 1 gm of liquid oxygen 
in a field of 18 kilogauss, according to the data in Table 11.1? Given 
that the density of liquid oxygen is 0.85 gm/cm’ at 90 K, what is its 
magnetic susceptibility Xm? 


11.4 At the north magnetic pole the earth’s magnetic field is ver- 
tical and has a strength of 0.62 gauss. The earth’s field at the surface 
and further out is approximately that of a central dipole. 

(a) What is the magnitude of the dipole moment in ergs/gauss? 

(b) In joules/tesla? 

(c) Imagine that the source of the field is a current ring on the 
“equator” of the earth’s metallic core, which has a radius of 3000 km, 
about half the earth’s radius. How large would the current have to be? 


11.5 A solenoid like the one described in Section 11.1 is located in 
the basement of a physics laboratory. A physicist on the top floor of 
the building, 60 feet higher and displaced horizontally 80 feet, com- 
plains that its field is disturbing his measurements. Assuming that the 
solenoid is operating under the conditions described, and treating it as 
a simple magnetic dipole, compute the field strength at the location of 
the complaining physicist. Comment, if you see any grounds for doing 
so, on the merit of his complaint. 


11.6 A cube of magnetite 5 cm on an edge is magnetized to satu- 
ration in a direction perpendicular to two of its faces. Find the mag- 
nitude in amperes of the ribbon of bound-charge current that flows 
around the circuit consisting of the other four faces of the cube. The 
saturation magnetization in magnetite is 4.8 X 10° joules/tesla-m°. 
Would the field of this cubical magnet seriously disturb a compass 2 
meters away? 


11.7 A sphere of radius R carries the charge Q which is distributed 
uniformly over the surface of the sphere with the density o = 
Q/4r R°. This shell of charge is rotating about an axis of the sphere 
with the angular velocity w, in radians/sec. Find its magnetic moment. 
(Divide the sphere into narrow bands of rotating charge; find the cur- 
rent to which each band is equivalent, and its dipole moment, and 
integrate over all bands.) 

Ans. QR°w/3c. 


11.8 Show that the work done in pulling 1 gm of paramagnetic 
material from a region where the magnetic field strength is B to a 
region where the field strength is negligibly small is 4yB’, x being the 
specific susceptibility. Then calculate exactly how much work, per 
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PROBLEM 11.12 


gram, would be required to remove the liquid oxygen from the position 
referred to in Sec. 11.1. (Of course, this only applies if x is a constant 
over the range of field strengths involved.) 


11.9 A cylindrical solenoid has a single-layer winding of radius rp. 
It is so long that near one end the field may be taken to be that of a 
semi-infinite solenoid. Show that the point on the axis of the solenoid 
where a small paramagnetic sample will experience the greatest force 
is located a distance rp/ V15 in from the end. 


11.10 In the case of an electric dipole made of two charges Q and 
—Ọ separated by a distance s, the volume of the near region, where 
the field is essentially different from the ideal dipole field, is propor- 
tional to $°. The field strength in this region is proportional to Q/s’, 
at similar points as s is varied. The dipole moment p = Qs, so that if 
we shrink s while holding p constant, the product of volume and field 
strength does what? Carry through the corresponding argument for 
the magnetic field of a current loop. The moral is: If we are concerned 
with the space average field in any volume containing dipoles, the 
essential difference between the insides of electric and magnetic 
dipoles cannot be ignored, even when we are treating the dipoles oth- 
erwise as infinitesimal. 


11.11 Write out Maxwell’s equations as they would appear if we 
had magnetic charge and magnetic charge currents as well as electric 
charge and electric currents. Invent any new symbols you need and 
define carefully what they stand for. Be particularly careful about + 
and — signs. 


11.12 We want to find the energy required to bring two dipoles 
from infinite separation into the configuration shown in (a) below, 
defined by the distance apart r and the angles 6, and 6. Both dipoles 
lie in the plane of the paper. Perhaps the simplest way to compute the 
energy is this: Bring the dipoles in from infinity while keeping them 
in the orientation shown in (b). This takes no work, for the force on 
each dipole is zero. Now calculate the work done in rotating m; into 
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its final orientation while holding m, fixed. Then calculate the work 
required to rotate m; into its final orientation. Thus show that the total 
work done, which we may call the potential energy of the system, is 
(sin 6, sin 6. — 2 cos 6, cos 6,)m\m,/Pr°. 


11.13 Two opposite vertices of a regular octahedron of edge length 
b are located on the z axis. At each of these vertices, and also at each 
of the other four vertices, is a dipole of strength m pointing in the z 
direction. Using the result for Problem 11.12, calculate the potential 
energy of this system. 


11.14 Let us denote by x,, the magnetic susceptibility defined by 
Eq. 39, to distinguish it from the susceptibility Xm of the conventional 
definition, Eq. 56. Show that 


Xm = Xm/(1 — 42xm) 


11.15 In magnetite, Fe;0,, the saturation magnetization Mo, in 
CGS units, is 480 erg/gauss-cm’. The magnetic bacteria discovered 
in 1975 by R. P. Blakemore contain crystals of magnetite, approxi- 
mately cubical, of dimension 5 X 10~° cm. A bacterium, itself about 
1074 cm in size, may contain from 10 to 20 such crystals strung out 
as a chain. This magnet keeps the whole cell aligned with the earth’s 
magnetic field, and thus controls the direction in which the bacterium 
swims. See “Magnetic Navigation in Bacteria” by R. P. Blakemore 
and R. B. Frankel, Scientific American, December 1981. Calculate the 
energy involved in rotating a cell containing such a magnet through 
90° in the earth’s field, and compare it with the energy of thermal 
agitation, kT. 


11.16 A remarkable new permanent magnet alloy of samarium 
and cobalt has a saturation magnetization of 750 erg/gauss-cm’, 
which it retains undiminished in external fields up to 15 kilogauss. It 
is the nearest thing yet to rigidly frozen magnetization. Consider a 
sphere of uniformly magnetized samarium-cobalt 1 cm in radius. (a) 
What is the strength of its magnetic field B just outside the sphere at 
one of its poles? (b) At its magnetic equator? (c) Imagine two such 
spheres magnetically stuck together with unlike poles touching. How 
much force must be applied to separate them? 


11.17 An iron plate 20 cm thick is magnetized to saturation in a 
direction parallel to the surface of the plate. A 10-Gev muon moving 
perpendicular to that surface enters the plate and passes through it 
with relatively little loss of energy. Calculate approximately the angu- 
lar deflection of the muon’s trajectory, given that the rest mass of the 
muon is 200 Mev and that the saturation magnetization in iron is 
equivalent to 1.5 X 10” electron moments per cm’. 


11.18 Three magnetic compasses are placed at the corners of a 
horizontal equilateral triangle. As in any ordinary compass, each com- 
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pass needle is a magnetic dipole constrained to rotate in a horizontal 
plane. In this case the earth’s magnetic field has been precisely 
annulled. The only field that acts on each dipole is that of the other 
two dipoles. What orientation will they eventually assume? (Use sym- 
metry arguments!) Can your answer be generalized for V compasses 
at the vertices of an N-gon? 


11.19 The electric dipole moment of a polar molecule is typically 
107'8 esu-cm in order of magnitude (Fig. 10.14). The magnetic 
moment of an atom or molecule with an unpaired electron spin is 
107% erg/gauss. Although we are using different names for the units, 
the dimensions of electric dipole moment and magnetic dipole moment 
are actually the same. The numerical comparison is therefore signifi- 
cant (as it would not be in SI units) and provides another reminder 
that on the atomic scale magnetism is a relatively feeble effect. But 
consider large-scale polarization P and magnetization M. What limits 
the practically attainable ratio of P in a dielectric to M in a ferro- 
magnetic material, and how large do you think it could be? 


11.20 Imagine that a magnetic dipole of strength m is located at 
the center of every square on a chessboard, with dipoles on white 
squares pointing up, dipoles on black squares pointing down. The side 
of a square is s$. 

(a) Compute the work required to remove any particular one of 
the dipoles to infinity, leaving the other 63 fixed in position and ori- 
entation. Thus determine which of the dipoles are in this respect most 
tightly bound. 

(b) How much work must be done to disperse all 64 dipoles to 
infinite separation from one another? To answer these questions you 
will have to write and run a little program. 


11.21 The magnetic dipole m in the diagram oscillates at fre- 
quency w. Some of its flux links the nearby circuit C}, inducing in C, 
an electromotive force, &; sin wt. It would be easy to compute 6, if 
we knew how much flux from the dipole C, encloses, but that might 
be hard to calculate. Suppose that all we know about C, is this: If a 
current J, were flowing in C}, it would produce a magnetic field B, at 
the location of m. We are told the value of B,//,, but nothing more 
about Cı, not even its shape or location. Show that this information 
suffices to relate 6, to mọ by the simple formula 6 = (w//,)B,- mo. 
Hint: Represent m as a small loop of area A carrying current />. Call 
this circuit C2. Consider the voltage induced in C, by a varying current 
in C,; then invoke the reciprocity of mutual inductance which we 
proved in Section 7.7. (Note that this formula works in either CGS or 
SI units. In the former &/ is in ergs/sec and mp is in ergs/gauss; in 
the latter &/ is in watts and mp is in joules/tesla.) 


11.22 The direction of the earth’s magnetic field in geological ages 
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past can be deduced by studying the remanent magnetization in rocks. 
The magnetic moment of a rock specimen can be determined by rotat- 
ing it inside a coil and measuring the alternating voltage thereby 
induced. The two coils in the diagram are connected in series. Each 
has 1500 turns and a mean radius of 6 cm. The rock is rotated at 1740 
revolutions per minute by a shaft perpendicular to the plane of the 
diagram. 

(a) How large is the magnetic moment of the rock if the ampli- 
tude of the induced electromotive force is | millivolt? The formula 
derived in Problem 11.21 is useful here. 

(b) In order of magnitude, what is the minimum amount of fer- 
romagnetic material required to produce an effect that large? 


11.23 A magnetic dipole of strength m is placed in a homogeneous 
magnetic field of strength Bo, with the dipole moment directed oppo- 
site to the field. Show that, in the combined field, there is a certain 
spherical surface, centered on the dipole, through which no field lines 
pass. The external field, one may say, has been “pushed out” of this 
sphere. The field lines outside the sphere have been plotted in the fig- 
ure. What do the field lines inside the sphere look like? What is the 
strength of the field immediately outside the sphere, at the equator? 


PROBLEM 11.23 


PROBLEM 11.22 
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So far as its effect on the external field is concerned, the dipole could 
be replaced by currents flowing in the spherical surface, if we could 
provide just the right current distribution. What is the field inside the 
sphere in this case? Why can you be sure? (This is an important con- 
figuration in the study of superconductivity. A superconducting 
sphere, in fact, does push out all field from its interior.) 


11.24 An iron torus of inner diameter 10 cm, outer diameter 12 
cm, has 20 turns of wire wound on it. Use the B-H curve in Fig. 11.31 
to estimate the current required to produce a field in the iron of 12,000 
gauss. 


11.25 For deflecting a beam of high-energy particles in a certain 
experiment one requires a magnetic field of 16,000-gauss intensity, 
maintained over a rectangular region 3 meters long in the beam direc- 
tion, 60 cm wide, and 20 cm high. A suitable magnet might be 
designed along the lines indicated in parts (a) and (b) of the figure. 
Taking the dimensions as given, determine (1) the total amount of 
ampere-turns required in the two coils to produce a 16-kilogauss field 
in the gap; (2) the power in kilowatts that must be supplied; (3) the 
number of turns that each coil should contain, and the corresponding 
cross-sectional area of the wire, so that the desired field will be 
attained when the coils are connected in series to a 400-volt dc power 
supply. For use in (1), a portion of the B-H curve for Armco magnet 
iron is shown in part (d) of the figure. All that you need to determine 
is the line integral of H around a path like abcdea. In the gap, H = 
B. In the iron, you may assume that B has the same intensity as in 
the gap. The field lines will look something like those in part (c) of the 
figure. You can estimate roughly the length of path in the iron. This 
is not very critical, for you will find that the long path bcdea contrib- 
utes a relatively small amount to the line integral, compared with the 
contribution of the air path ab. (In fact, it is not a bad approximation, 
at lower field strengths, to neglect H in the iron.) For (2) assume the 
resistivity of copper p = 2.0 X 10°° ohm-cm, and let each coil contain 
N turns. You will find that the power required for a given number of 
ampere turns is independent of N; that is, it is the same for many turns 
of fine wire or a few turns of thick wire, providing the total cross sec- 
tion of copper is fixed as specified. The designer therefore selects N 
and conductor cross section to match the magnet to the intended 
power source. 


11.26 The water molecule H,O contains 10 electrons with spins 
paired off and, consequently, zero magnetic moment. Its electronic 
structure is purely diamagnetic. However, the hydrogen nucleus, the 
proton, is a particle with intrinsic spin and magnetic moment. The 
magnetic moment of the proton is about 700 times smaller than that 
of the electron. In water the two proton spins in a molecule are not 
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locked antiparallel but are practically free to orient individually, sub- 
ject only to thermal agitation. 

(a) Using Eq. 40, calculate the resulting paramagnetic suscep- 
tibility of water at 20°C. 

(b) How large is the magnetic moment induced in 1 liter of 
water in a field of 15 kilogauss? 

(c) If you wrapped a single turn of wire around a l-liter flask, 
about how large a current, in microamps, would produce an equivalent 
magnetic moment? 

Ans. (c). 800 microamp. 


11.27 Someone who knows a little about the quantum theory of 
the atom might be troubled by one point in our analysis in Section 
11.5 of the effect of a magnetic field on the orbital velocity of an 
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atomic electron. When the velocity changes, while r remains constant. 
the angular momentum mur changes. But the angular momentum of 
an electron orbit is supposed to be precisely an integral multiple of the 
constant h/2r, h being the universal quantum constant, Planck’s con- 
stant. How can mur change without violating this fundamental quan- 
tum law? The resolution of this paradox is important for the quantum 
mechanics of charged particles, but it is not peculiar to quantum the- 
ory. When we consider conservation of energy for a particle carrying 
charge q, moving in an external electrostatic field E, we always 
include, along with the kinetic energy 4mv?, the potential energy qo, 
where ¢ is the scalar electric potential at the location of the particle. 
We should not be surprised to find that, when we consider conserva- 
tion of momentum, we must consider not only the ordinary momen- 
tum My but also a quantity involving the vector potential of the mag- 
netic field, A. It turns out that the momentum must be taken as Mv 
+ (q/c)A, where A is the vector potential of the external field eval- 
uated at the location of the particle. We might call Mv the kinetic 
momentum and (q/c)A the potential momentum. (In relativity the 
inclusion of the gA/c term is an obvious step because, just as energy 
and momentum make up a “four-vector,” so do y and A/c, the scalar 
and vector potentials of the field.) The angular momentum which con- 
cerns us here must then be, not just 


r X (Mv) but r X (M + 14 

Go back now to the case of the charge revolving at the end of 

the cord, in Fig. 11.12. Check first that a vector potential appropriate 

to a field B in the negative z direction is A = (B/2) (Ky — ĵx). 

Then find what happens to the angular momentum r X [Mv + 
(q/c)A] as the field is turned on. 


We assume the reader has already been introduced to special relativ- 
ity. Here we shall review the principal ideas and the formulas that are 
used in the text beginning in Chapter 5. Most essential is the concept 
of an inertial frame of reference for space-time events and the trans- 
formation of the coordinates of an event from one inertial frame to 
another. 

A frame of reference is a coordinate system laid out with mea- 
suring rods and provided with clocks. Clocks are everywhere. When 
something happens at a certain place, the time of its occurrence is read 
from a clock that was at, and stays at, that place. That is, time is 
measured by a /ocal clock that is stationary in the frame. The clocks 
belonging to the frame are all synchronized. One way to accomplish 
this (not the only way) was described by Einstein in his great paper 
of 1905. Light signals are used. From a point A, at time t4, a short 
pulse of light is sent out toward a remote point B. It arrives at B at 
the time fg, as read on a clock at B, and is immediately reflected back 
toward A, where it arrives at t4. If tg = (t4 + t4)/2, the clocks at A 
and B are synchronized. If not, one of them requires adjustment. In 
this way, all clocks in the frame can be synchronized. Note that the 
job of observers in this procedure is merely to record local clock read- 
ings for subsequent comparison. 

An event is located in space and time by its coordinates x, y, z, 
t in some chosen reference frame. The event might be the passage of 
a particle at time ¢,, through the space point (x1, Yı, zı). The history 
of the particle’s motion is a sequence of such events. Suppose the 
sequence has the special property that x = vu,t, y = v,t, z = v-t, at 
every time f, with v,, v,, and v. constant. That describes motion in a 
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straight line at constant speed with respect to this frame. An inertial 
frame of reference is a frame in which an isolated body, free from 
external influences, moves in this way. An inertial frame, in other 
words, is one in which Newton’s first law is obeyed. Behind all of this, 
including the synchronization of clocks, are two assumptions about 
empty space: It is homogeneous; that is, all locations in space are 
equivalent. It is isotropic, that is, all directions in space are equivalent. 

Two frames, let us call them F and F’, can differ in several ways. 
One can simply be displaced with respect to the other, the origin of 
coordinates in F” being fixed at a point in F which is not at the F 
coordinate origin. Or the axes in F might not be parallel to the axes 
in F. As for the timing of events, if F and F’ are not moving with 
respect to one another, a clock stationary in F is stationary also in 
F”. In that case we can set all F clocks to agree with the F clocks and 
then ignore the distinction. Differences in frame location and frame 
orientation only have no interesting consequences if space is homoge- 
neous and isotropic. Suppose now that the origin of frame F” is moving 
relative to the origin of frame F. The description of a sequence of 
events by coordinate values and clock times in F can differ from the 
description of the same events by space coordinate values in F and 
times measured by clocks in F’. How must the two descriptions be 
related? In answering that we shall be concerned only with the case 
in which F is an inertial frame and F’ is a frame which is moving 
relative to F at constant velocity and without rotating. In that case F” 
is also an inertial frame. 

Special relativity is based on the postulate that physical phe- 
nomena observed in different inertial frames of reference appear to 
obey exactly the same laws. In that respect one frame is as good as 
another; no frame is unique. If true, this relativity postulate is enough 
to determine the way a description of events in one frame is related to 
the description in a different frame of the same events. In that relation 
there appears a universal speed, the same in all frames, whose value 
must be found by experiment. Sometimes added as a second postulate 
is the statement that a measurement of the velocity of light in any 
frame of reference gives the same result whether the light’s source is 
stationary in that frame or not. One may regard this as a statement 
about the nature of light rather than an independent postulate. It 
asserts that electromagnetic waves in fact travel with the limiting 
speed implied by the relativity postulate. Other things travel at that 
speed, too—neutrinos, for example—but we are accustomed to call 
the limiting speed the “speed of light.” The deductions from the rel- 
ativity postulate, expressed in the formulas of special relativity, have 
been precisely verified by countless experiments. Nothing in physics 
rests on a firmer foundation. 

Consider two events, A and B, observed in an inertial frame F. 
Observed, in this usage, is short for “whose space-time coordinates are 
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determined with the measuring rods and clocks of frame F.” (Remem- 
ber that our observers are equipped merely with pencil and paper, and 
we must post an observer at the location of every event!) The displace- 
ment of one event from the other is given by the four numbers 


XB T Xa, YB T Yas ZB — Z4, tgp — ly (1) 


The same two events could have been located by giving their 
coordinates in some other frame F”. Suppose F” is moving with respect 
to F in the manner indicated in Fig. A.1. The spatial axes of F’ remain 
parallel to those in F, while, as seen from F, the frame F” moves with 


FIGURE A.1 

Two frames moving with relative speed v. The "E” is 
stationary in frame F. The “L” is stationary in frame F”. 
In this example 6 = v/c = 0.866; y = 2. (a) Where 
everything was, as determined by observers in Fata 
particular instant of time t according to clocks in F. 

(b) Where everything was, as determined by observers 
in F’ at a particular instant of time t’ according to 
clocks in F’. 


Question: Suppose the clocks in the two frames 
happened to be set so that the left edge of the E 
touched the left edge of the L at t = 0 according toa 
local clock in F and at t’ = 0 according to a local 
clock in F’. Let the distances be in feet and take c as 1 
foot/nanosecond. What is the reading tof all the F 
clocks in (a)? What is the reading ť of all the F” clocks 
in (b)? 


Answer: t= 4.62 nanoseconds; t = 4.04 
nanoseconds. If you don’t agree, study the example 
again. 


(b) 
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speed v in the positive x direction. This is a special case, obviously, 
but it contains most of the interesting physics. 

Event A, as observed in F’, occurred at x4, Y4, Z4, t4, the last 
of these numbers being the reading of a clock belonging to (that is, 
stationary in) F’. The space-time displacement, or interval between 
events A and B in F’ is not the same as in F. Its components are 
related to those in F by the Lorentz transformation: 


Xp — X4 = Y(xsgs — Xa) — Byc(te — ta) 
yk — Ya = Yeg — Va (2) 
Zg — Z4 = Zg — Z4 


tb — th = Y(ts — ta) — BY( Xe — xa) c 


In these equations c is the speed of light, 8 = v/c, and y = 
1/V 1 — 8°. The inverse transformation has a similar appearance— 
as it should if no frame is unique. It can be obtained from Eqs. (2) 
simply by exchanging primed and unprimed symbols and reversing the 
sign of 8. 

Two events A and B are simultaneous in F if tg — t4 = 0. But 
that does not make tg — t4 = 0 unless xg = x4. Thus events that are 
simultaneous in one inertial frame may not be so in another. Do not 
confuse this fundamental “relativity of simultaneity” with the obvious 
fact that an observer not equally distant from two simultaneous explo- 
sions will receive light flashes from them at different times. The times 
t4 and tz are recorded by local clocks at each event, clocks stationary 
in Æ that have previously been perfectly synchronized. 

Consider a rod stationary in F’, which is parallel to the x’ axis 
and extends from x4 to xg. Its length in F’ is just xg — x4. The rod’s 
length as measured in frame F is the distance xg — x, between two 
points in the frame F that its ends pass simultaneously according to 
clocks in F. For these two events, then, tg — t, = 0. With this con- 
dition the first of the Lorentz transformation equations above gives us 
at once 


xg — X4 = (xg — x4)/Y (3) 


This is the famous Lorentz contraction. Loosely stated, lengths 
between fixed points in F’, if parallel to the relative velocity of the 
frames, are judged by observers in F to be shorter by the factor 1/y. 
This statement remains true if F’ and F are interchanged. Lengths 
perpendicular to the relative velocity measure the same in the two 
frames. 

Consider one of the clocks in F”. It is moving with speed v 
through the frame F. Let us record as t4 its reading as it passes one 
of our local clocks in F; the local clock reads at that moment t4. Later 
this moving clock passes another F clock. At that event the local F 
clock reads fg, and the reading of the moving clock is recorded as £3. 


A SHORT REVIEW OF SPECIAL RELATIVITY 


The two events are separated in the F frame by a distance xg — x4 
= v(tg — t4). Substituting this into the fourth equation of the Lorentz 
transformation, Eq. 2, we obtain at once 


th — t4 = y(tg — tal — 8’) = (tg — ta)/¥ (4) 


According to the moving clock, less time has elapsed between the two 
events than is indicated by the stationary clocks in F. This is the time 
dilation that figures in the “twin paradox.” It has been verified in 
many experiments, including one in which an atomic clock was flown 
around the world. 

Remembering that “moving clocks run slow, by the factor 
1/y,” and that “moving graph paper is shortened parallel to its motion 
by the factor 1/y,? you can often figure out the consequences of a 
Lorentz transformation without writing out the equations. This behav- 
ior, it must be emphasized, is not a peculiar physical property of our 
clocks and paper, but is intrinsic in space and time measurement 
under the relativity postulate. 

The formula for the addition of velocities, which we use in Chap- 
ter 5, is easily derived from the Lorentz transformation equations. 
Suppose an object is moving in the positive x direction in frame F with 
velocity u,. What is its velocity in the frame F”? To simplify matters 
let the moving object pass the origin at £ = 0. Then its position in F 
at any time ¢ is simply x = uxt. To simplify further, let the space and 
time origins of F and F” coincide. Then the first and last of the Lorentz 
transformation equations become 


x’ = yx — Byct and t = yt — Byx/c 


By substituting u,t for x on the right side of each and dividing the first 
by the second, we get 


x’ u, — Bec 
S=- (5) 
t 1 — Bu,/c 
On the left we have the velocity of the object in the F frame, uj. The 
formula is usually written with v instead of Gc. 


=a 6 
"x= u,v/c? (6) 
By solving Eq. 6 for u% you can verify that the inverse is 
us + vV 
= 7 
“x T+ ulve ) 


and that in no case will these relations lead to a velocity, either u, or 
uz, larger than c. 

A velocity component perpendicular to v, the relative velocity of 
the frames, transforms differently, of course. Remembering that y’ = 
y, but moving clocks are slow, we must get uw, = u,/y. The inverse 
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transformation is in this case u, = u;/y, and not u, = yu. Whether 
our frame is F or F’, it is always the other fellow’s clocks that are slow 
compared with clocks at rest in our frame. 

A dynamical consequence of special relativity can be stated as 
follows. Consider a particle moving with velocity u in an inertial frame 
F. We find that energy and momentum are conserved in the interac- 
tions of this particle with others if we attribute to the particle momen- 
tum p = ymou and energy ympoc’, where mp is a constant character- 
istic of that particle. We call mọ the rest mass of the particle. It could 
have been determined in a frame in which the particle is moving so 
slowly that newtonian mechanics applies—for instance, by bouncing 
the particle against some standard mass. The factor y multiplying mo 
is (1 — u?/c*)~'/*, where u is the speed of the particle as observed in 
our frame F. 

Given p and E, the momentum and energy of a particle as 
observed in F, what is the momentum of that particle, and its energy, 
as observed in another frame F”? As before, we'll assume F” is moving 
in the positive x direction, with speed v, as seen from F. The trans- 
formation turns out to be this: 


Pz = YPx — ByE/c 

Py = Py (8) 
Pz = P: 

EY = yE — Bycp, 


Note that 8c is here the relative velocity of the two frames, as it was 
in Eqs. 2, not the particle velocity. 

Compare this transformation with Eqs. 2. The resemblance 
would be perfect if we considered cp instead of p in Eqs. (8), and ct 
rather than ¢ in Eqs. 2. A set of four quantities that transform in this 
way is Called a four-vector. 

The meaning of force is rate of change of momentum. The force 
acting on an object is simply dp/dt, where p is the object’s momentum 
in the chosen frame of reference, and ¢ is measured by clocks in that 
frame. To find how forces transform, consider a particle of mass mo 
initially at rest at the origin in frame F upon which a force f acts for 
a short time At. We want to find the rate of change of momentum 
dp’ / dt’, observed in a frame F”. As before, we shall let F” move in the 
x direction as seen from F. Consider first the effect of the force com- 
ponent fy. In time At, p, will increase from zero to fy At, while x 
increases by 


Ax = 2) (At)? (9) 


2 mo 


and the particle’s energy increases by AE = ( fy At)?/2mp, the kinetic 
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energy it acquires, as observed in F. (The particle’s speed in F is still 
so slight that newtonian mechanics applies there.) Using the first of 
Eqs. (8) we find the change in px: 


Ap. = y Apx — By AE/c (10) 
and using the fourth of Eqs. (2) gives 
At’ = yAt — By Ax/c (11) 


Now both AE and Ax are proportional to (At)*, so when we take the 
limit At — 0, the last term in each of these equations will drop out, 
giving 

dp, _ Apr _ vf. 


YI x 
= | = — == f 12 
dt’ 1-0 At’ y Í. (12) 


Conclusion: the force component parallel to the relative frame 
motion has the same value in the moving frame as in the rest frame 
of the particle. 

A transverse force component behaves differently. In frame F, 
Ap, = f, At. But now Ap; = Ap,, and Ar’ = y At, so we get 


dps hah ay 


A force component perpendicular to the relative frame motion, 
observed in Z”, is smaller by the factor 1 /y than the value determined 
by observers in the rest frame of the particle. 

The transformation of a force from F to some other moving 
frame F” would be a little more complicated. We can always work it 
out, if we have to, by transforming to the rest frame of the particle 
and then back to the other moving frame. 

We'll conclude our review with a remark about Lorentz invari- 
ance. If you square both sides of Eq. 8 and remember that y? — 67" 
= |, you can easily show that 


(pe + py + pp?) — E’? = elp t+ pt pi) E (14) 


Evidently this quantity c*p* — E? is not changed by a Lorentz trans- 
formation. It is often called the invariant four-momentum (even 
though it has dimensions of energy squared). It has the same value in 
every frame of reference, including the particle’s rest frame. In the 
rest frame the particle’s momentum is zero and its energy E is just 
moc’. The invariant four-momentum is therefore — méc*. It follows 
that in any other frame 


E? = tp + moc" (15) 


The invariant constructed in the same way with Eqs. 2 is (xg — 
x4)’ + (vp — Va + (zg — z4} — ctg — ty)’. Two events, A and 
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B, for which this quantity is positive are said to havea spacelike sep- 
aration. It is always possible to find a frame in which they are simul- 
taneous. If the invariant is negative, the events have a timelike sepa- 
ration. In that case a frame exists in which they occur at different 
times, but at the same place. If this “invariant interval” is zero,:the 
two events can be connected by a flash of light. 


A particle with charge q has been moving in a straight line at constant 
speed Uo for a long time. It runs into something, let us imagine, and 
in a short period of constant deceleration, of duration 7, the particle is 
brought to rest. The graph of velocity versus time in Fig. B.1 describes 
its motion. What must the electric field of this particle look like after 
that? Figure B.2 shows how to derive it. 

We shall assume that Ug is small compared with c. Let t = 0 be 
the instant the deceleration began, and let x = O be the position of 
the particle at that instant. By the time the particle has completely 
stopped it will have moved a little farther on, to x = vor. That dis- 
tance, although we tried to indicate it on our diagram, is small com- 
pared with the other distances that will be involved. 

We now examine the electric field at a time t = T > 7. Observ- 
ers farther away from the origin than R = cT cannot have learned 
that the particle was decelerated. Throughout that region, region I in 
Fig. B.2, the field must be that of a charge which has been moving 
and is still moving at the constant speed Uo. That field, as we discov- 
ered in Section 5.7, appears to emanate from the present position of 
the charge, which for an observer anywhere in region I is the point x 
= vT on the x axis. That is where the particle would be now if it 
hadn’t been decelerated. On the other hand, for any observer whose 
distance from the origin is less than c(T — 7), that is to say, for any 
observer in region II, the field is that of a charge at rest close to the 
origin (actually at x = vor). 

What must the field be like in the transition region, the spherical 
shell of thickness cr? Gauss’s law provides the key. A field line such 
as AB lies on a cone around the x axis which includes a certain 
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FIGURE B.1 

Velocity-time diagram for a particle which traveled at 
constant speed v until f = 0. It then experienced a 
constant negative acceleration of magnitude a = Vo/7, Region I 
which brought it to rest at time £ = 7, We assume vo is 
small compared to c. 


FIGURE B.2 v= toT (where x = tol (where the 

Space diagram for the instant t = T > 7, a long time the particle is particle would be now 

after the particle has stopped. For observers in region now at rest.) if it hadn't stopped. ) 

/, the field must be that of a charge located at the 

position x = wT; for observers in region Il, it is that of | / 
a particle at rest close to the origin. The transition a “Ly 


region is a shell of thickness cr. 
amount of flux from the charge q. If CD makes the same angle @ with 


the axis, the cone on which it lies includes that same amount of flux. 
(Because vo is small, the relativistic compression of field lines visible 
in Fig. 5.13 and 5.17 is here negligible.) Hence AB and CD must be 
parts of the same field line, connected by a segment BC. This tells us 
the direction of the field E within the shell; it is the direction of the 
line segment BC. This field E within the shell has both a radial com- 
ponent E, and a transverse component £,. From the geometry of the 
figure their ratio is easily found. 
E; Vol sin 6 


E, E CT (1) 
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Now E, must have the same value within the shell thickness that it 
does in region II near B. (Gauss’s law again!) Therefore E, = q/R? 
= g/c’T’, and substituting this in Eq. 1 we obtain 
UgT sin 0 Up sin 0 
E, = p, = Toan? (2) 
CT clr 

But vo/r = a, the magnitude of the (negative) acceleration, and cT 
= R, so our result can be written 


_ qa sin 6 


És eR 


(3) 

A remarkable fact is here revealed: E, is proportional to 1/R, 
not to 1/R*! As time goes on and R increases, the transverse field E, 
will eventually become very much stronger than E,. Accompanying 
this transverse (that is, perpendicular to R) electric field will be a mag- 
netic field of equal strength perpendicular to both R and E. This is a 
general property of an electromagnetic wave, explained in Chapter 9. 

Let us calculate the energy stored in the transverse electric field 


above, in the whole spherical shell. The energy density is 
E; æ sin’ 0 
2 i— (4) 
Sir 8r Rc 


The volume of the shell is 4r R?cr, and the average value of sin? 6 over 
a spheret is %. The total energy of the transverse electric field is 
therefore 
2 gq’ a’ | q'ar 
= 4r R’cr —— = = 
3 S eRe 3 


To this we must add an equal amount for the energy stored in the 
transverse magnetic field: 
, ooo 2 q’a*r 
Total energy in transverse electromagnetic field = 3 2 (5) 
c 


The radius R has canceled out. This amount of energy simply travels 
outward, undiminished, with speed c from the site of the deceleration. 
Since 7 is the duration of the deceleration, and is also the duration of 
the electromagnetic pulse a distant observer measures, we can say that 
the power radiated during the acceleration process was 


2 qa’ 
Pra = 373 (6) 


+Our polar axis in this figure is the x axis: cos? 0 = x’/R*. With a bar denoting an 


average over the sphere, x? = y? = z? = 4R*. Hence cos’ 0 = %, and sin? @ = 1 — 
2 = 
cos’ 0 = %. 
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As it is the square of the instantaneous acceleration that appears 
in Eq. 6, it doesn’t matter whether a is positive or negative. Of course 
it ought not to, for stopping in one inertial frame could be starting in 
another. Speaking of different frames, Paq itself turns out to be 
Lorentz-invariant, which is sometimes very handy. That is because 
Paa IS energy/time, and energy transforms like time, each being the 
fourth component of a four-vector, as noted in Appendix A. 

We have here a more general result than we might have 
expected. Equation 6 correctly gives the instantaneous rate of radia- 
tion of energy by a charged particle moving with variable accelera- 
tion—for instance, a particle vibrating in simple harmonic motion. It 
applies to a wide variety of radiating systems from radio antennas to 
atoms and nuclei. 


PROBLEMS 


B.1 An electron moving initially at constant speed v is brought to 
rest with uniform deceleration a lasting for a time t = v/a. Compare 
the electromagnetic energy radiated during the deceleration with the 
electron’s initial kinetic energy. Express the ratio in terms of two 
lengths, the distance light travels in time t and the classical electron 
radius ro, defined as e*/ mc’. 


B.2 An elastically bound electron vibrates in simple harmonic 
motion at frequency w with amplitude A. 
(a) Find the average rate of loss of energy by radiation. 
(b) If no energy is supplied to make up the loss, how long will it 
take for the oscillator’s energy to fall to 1/e of its initial value? 
Ans. (b): 3mc? /2e*w”. 


B.3 A plane electromagnetic wave with frequency w and electric 
field amplitude Zo is incident on an isolated electron. In the resulting 
sinusoidal oscillation of the electron the maximum acceleration is 
Eye/m. How much power is radiated by this oscillating charge, aver- 
aged over many cycles? (Note that it is independent of the frequency 
w.) Divide this average radiated power by E$c/87, the average power 
density (power per unit area of wavefront) in the incident wave. This 
gives a constant o with the dimensions of area, called a scattering cross 
section. The energy radiated, or scattered, by the electron, and thus 
lost from the plane wave, is equivalent to that falling on an area o. 
(The case here considered, involving a free electron moving nonrela- 
tivistically is often called Thomson scattering after J. J. Thomson, the 
discoverer of the electron, who first calculated it.) 


B.4 Our master formula, Eq. 6, is useful for relativistically moving 
particles, even though we assumed Up < c in the derivation. All we 
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have to do is transform to an inertial frame F” in which the particle in 
question is, at least temporarily, moving slowly, apply Eq. 6 in that 
frame, then transform back to any frame we choose. Consider a highly 
relativistic electron (y > 1) moving perpendicular to a magnetic field 
B. It is continually accelerated perpendicular to the field, and must 
radiate. At what rate does it lose energy? To answer this, transform 
to a frame F moving momentarily along with the electron, find Æ’ in 
that frame, and Pig. Now show that, because power is energy/time, 
Paaa = Prag. This radiation is generally called synchrotron radiation. 
Ans. Pad = Y Btm e. 
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The metal lead is a moderately good conductor at room temperature. 
Its resistivity, like that of other pure metals, varies approximately in 
proportion to the absolute temperature. As a lead wire is cooled to 15 
K its resistance falls to about ṣo of its value at room temperature, and 
the resistance continues to decrease as the temperature is lowered fur- 
ther. But as the temperature 7.22 K is passed, there occurs without 
forewarning a startling change: the electrical resistance of the lead 
wire vanishes! So small does it become that a current flowing in a 
closed ring of lead wire colder than 7.22 K—a current which would 
ordinarily die out in much less than a microsecond—will flow for 
years without measurably decreasing. That has been directly demon- 
strated. Other experiments indicate that such a current could persist 
for billions of years. One can hardly quibble with the flat statement 
that the resistivity is zero. Evidently something quite different from 
ordinary electrical conduction occurs in lead below 7.22 K. We call it 
superconductivity. 

Superconductivity was discovered in 1911 by the great Dutch 
low-temperature experimenter Kamerlingh Onnes. He observed it first 
in mercury, for which the critical temperature is 4.16 K. Since then 
dozens of pure metals and alloys have been found to become super- 
conductors. Their individual critical temperatures range from a few 
hundredths of a degree up to the highest yet discovered, 23.2 K for a 
certain compound of niobium and germanium. Curiously, among the 
elements which do not become superconducting are some of the best 
normal conductors such as silver, copper, and the alkali metals. 

Only recently has superconductivity been satisfactorily 
explained. It is essentially a quantum-mechanical phenomenon, and a 
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rather subtle one at that. The freely flowing electric current consists 
of electrons in perfectly orderly motion. Like the motion of an electron 
in an atom, this electron flow is immune to small disturbances—and 
for a similar reason: A finite amount of energy would be required to 
make any change in the state of motion. It is something like the situ- 
ation in an insulator in which all the levels in the valence band are 
occupied and separated by an energy gap from the higher energy lev- 
els in the conduction band. But unlike electrons filling the valence 
band, which must in total give exactly zero net flow, the lowest energy 
state of the superconducting electrons can have a net electron velocity, 
hence current flow, in some direction. Why should such a strange state 
become possible below a certain critical temperature? We can’t 
explain that here. TIt involves the interaction of the conduction elec- 
trons not only with each other but with the whole lattice of positive 
ions through which they are moving. That is why different substances 
can have different critical temperatures, and why some substances are 
expected to remain normal conductors right down to absolute zero. 
In the physics of superconductivity magnetic fields are even 
more important than you might expect. We must state at once that 
the phenomena of superconductivity in no way violate Maxwell’s 
equations. Thus the persistent current that can flow in a ring of super- 
conducting wire is a direct consequence of Faraday’s law of induction, 
given that the resistance of the ring is really zero. For if we start with 
a certain amount of flux ®ọ threading the ring, then because 


| E - ds around the ring remains always zero, d®/dt must be zero. 


The flux cannot change; the current Z in the ring will automatically 
assume whatever value is necessary to maintain the flux at &p. Figure 
C.1 outlines a simple demonstration of this, and shows how a persis- 
tent current can be established in an isolated superconducting circuit. 

The magnetic field inside superconducting material itself 
(except very near the surface) is always zero. That is not a conse- 
quence of Maxwell’s equations but a property of the superconducting 
state, as fundamental, and once as baffling, a puzzle as the absence of 
resistance. The condition B = 0 inside the bulk of the superconductor 
is automatically maintained by currents flowing in a thin surface 
layer. 

A strong magnetic field destroys superconductivity. None of the 
superconductors known before 1957 could stand more than a few 
hundred gauss. That discouraged practical applications of zero-resis- 


+The abrupt emergence of a state of order at a certain critical temperature reminds 
us of the spontaneous alignment of electron spins which occurs in iron below its Curie 
temperature (mentioned in Section 11.11). Such cooperative phenomena always 
involve a large number of mutually interacting particles. A more familiar cooperative 
phenomenon is the freezing of water, also characterized by a well-defined critical 
temperature. 
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` Ring of solder (lead-tin 
alloy); normal conductor; 
current zero; permanent 
magnet causes flux By 
through ring. 


Ring cooled below its critical 
temperature. (Some helium 
has boiled away.) Flux through 
ring unchanged. Ring is now 

a superconductor. 


Magnet removed. Persistent 
current I now flows in ring 
to maintain flux at value ®,. 
HO Compass needle responds to 
field of persistent current. 


tance conductors. One could not pass a large current through a super- 
conducting wire because the magnetic field of the current itself would 
destroy the superconducting state. But then another type of supercon- 
ductor was discovered which can preserve zero resistance in fields up 
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FIGURE C.1 

Establishing a persistent current in a superconducting 
ring. The ring is made of ordinary solder, a lead-tin 
alloy. (a) The ring, not yet cooled, is a normal 
conductor with ohmic resistance. Bringing up the 
permanent magnet will induce a Current in the ring, 
which will quickly die out, leaving the magnetic flux 
from the magnet, in amount ®, passing through the 
ring. (b) The helium bath is raised without altering the 
relative position of the ring and the permanent magnet. 
The ring, now cooled below its critical temperature, is a 
superconductor with resistance zero. (c) The magnet is 
removed. The flux through the zero-resistance ring 
cannot change. It is maintained at the value by a 
Current in the ring which will flow as long as the ring 
remains below the critical temperature. The magnetic 
field of the persistent current can be demonstrated with 
the compass. 
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to 10° gauss or more. A widely used superconductor of this type is an 
alloy of niobium and tin, which has a critical temperature of 18 K and 
if cooled to 4 K remains superconducting in fields up to 200 kilogauss. 
Superconducting solenoids are now common which produce steady 
magnetic fields of 50 to 100 kilogauss without any cost in power other 
than that incident to their refrigeration. There are good prospects for 
the use of superconductors in large electrical machinery and in the 
long-distance transmission of electrical energy. 

At the other end of the scale, the quantum physics of supercon- 
ductivity makes possible electrical measurements of unprecedented 
sensitivity and accuracy—including the standardization of the volt in 
terms of an easily measured oscillation frequency. To the physicist, 
superconductivity is a fascinating large-scale manifestation of quan- 
tum mechanics. We can trace the permanent magnetism of the mag- 
net in Fig. C.1 (down to the intrinsic magnetic moment of a spinning 
electron—a kind of supercurrent in a circuit less than 107% in size. 
The ring of solder wire with the persistent current flowing in it is in 
some sense like a gigantic atom, the motion of its associated electrons, 
numerous as they are, marshaled into the perfectly ordered behavior 
of a single quantum state. 


The electron has angular momentum of spin, J. Its magnitude is 
always the same, h/4r, or 5.271 X 10°78 gm-cm?/sec. Associated 
with the axis of spin is a magnetic dipole moment u of magnitude 
0.9273 X 107” erg/gauss (Section 11.6). An electron in a magnetic 
field experiences a torque tending to align the magnetic dipole in the 
field direction. It responds like any rapidly spinning gyroscope: Instead 
of lining up with the field, the spin axis precesses around the field 
direction. Let us see why any spinning magnet does this. In Fig. D.1 
the magnetic moment u is shown pointing opposite to the angular 
momentum J, as it would for a negatively charged body like an elec- 
tron. The magnetic field B (the field of some solenoid or magnet not 
shown) causes a torque tending to rotate u into the direction of B. This 
torque is a vector in the negative X direction at the time of our picture. 
Its magnitude is given by Eq. 38 in Chapter 11; it is uB sin 6. Ina 
short time Aż the torque adds to the angular momentum of our top a 
vector increment AJ in the direction of the torque vector and of mag- 
nitude uB sin 6 At. The horizontal component of J, in magnitude 
J sin 6, is thereby rotated through a small angle Ay given by 


— As _ eB At 
 Jsing J 


Ay (1) 
As this continues the upper end of the vector J will simply move 
around the circle with constant angular velocity w,: 


_ a4 _ HB 


At J (2) 


Wp 
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FIGURE D.1 

The precession of a magnetic top in an external field. 
The angular momentum of spin J and the magnetic 
dipole moment u are oppositely directed, as they 
would be for a negatively charged rotator. 
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This is the rate of precession of the axis of spin. Notice that it is the 
same for any angle of tip; sin @ has cancelled out. 

For the electron u/J has the value 1.759 X 10 sec™' gauss~!. In 
a field of 1 gauss the spin vector precesses at 1.759 X 10’ radians/ 
sec, or 2.800 X 10° revolutions per sec. The proton has exactly the 
same intrinsic spin angular momentum as the electron, h/47, but the 
associated magnetic moment is smaller. That was to be expected since 
the mass of the proton is 1836 times the mass of the electron. As in 
the case of orbital angular momentum (Eq. 23 in Chapter 11) the 
magnetic moment of an elementary particle with spin ought to be 
inversely proportional to its mass, other things being equal. Actually 
the proton’s magnetic moment is 1.411 X 107” erg/gauss, only about 
660 times smaller than the electron moment, which shows that the 
proton is in some way a composite particle. In a field of 1 gauss the 
proton spin precesses at 4258 revolutions per sec. About 40 percent of 
the stable atomic nuclei have intrinsic angular momentum and asso- 
ciated magnetic dipole moments. 

We can detect the precession of magnetic dipole moments 
through their influence on an electric circuit. Imagine a proton in a 
magnetic field B, with its spin axis perpendicular to the field, and sur- 
rounded by a small coil of wire, as in Fig. D.2. The precession of the 
proton causes some alternating flux through the coil, as would the end- 
over-end rotation of a little bar magnet. A voltage alternating at the 
precession frequency will be induced in the coil. As you might expect, 
the voltage thus induced by a single proton would be much too feeble 
to detect. But it is easy to provide more protons—1 cm? of water con- 
tains about 7 X 10” protons, and all of them will precess at the same 
frequency. Unfortunately they will not all be pointing in the same 
direction at the same instant. In fact, their spin axes and magnetic 
moments will be distributed so uniformly over all possible directions 
that their fields will very nearly cancel one another. But not quite, if 
we introduce another step. If we apply a strong magnetic field B to 
water, for several seconds there will develop a slight excess of proton 
moments pointing in the direction of B, the direction they energeti- 
cally favor. The fractional excess will be uB/kT in order of magni- 
tude, as in ordinary paramagnetism. It may be no more than one ina 
million, but these uncanceled moments, if they are now caused to pre- 
cess in our coil, will induce an observable signal. A simple method for 
observing nuclear spin precession in weak fields such as the earth’s 
field, is described in Fig. D.3. Many other schemes are used to observe 
the spin precession of electrons and of nuclei. They generally involve 
a combination of a steady magnetic field and oscillating magnetic 
fields with frequency in the neighborhood of w,. For electron spins 
(electron paramagnetic resonance, or EPR) the frequencies are typi- 
cally several thousand megahertz, while for nuclear spins (nuclear 
magnetic resonance, or NMR) they are several tens of megahertz. The 
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FIGURE D.2 

A precessing magnetic dipole moment at the center of 
a coil Causes a periodic change in the flux through the 
coil, inducing an alternating electromotive force in the 
coil. Notice that the flux from the dipole m which links 
the coil is that which loops around outside it. See 
Problem D.1. 


FIGURE D.3 

Apparatus for observing proton spin precession in the 
earth's field B.. A bottle of water is surrounded by two 
orthogonal coils. With switch S open and switch S, 
closed, the large solenoid creates a strong magnetic 
field By. As in ordinary paramagnetism (Section 11.6) 
the energy is lowered if the dipoles point in the 
direction of the field but thermal agitation causes 
disorder. Our dipoles here are the protons (hydrogen 
nuclei) in the molecules of water. When thermal 
equilibrium has been attained, which in this case takes 
several seconds, the magnetization is what you would 
get by lining up with the magnetic field the small 
fraction 48)/kT of all the proton moments. We now 
switch off the strong field Bọ and close switch S; to 
connect the coil around the bottle to the amplifier. The 
magnetic moment m now precesses in the x-y plane 
around the remaining, relatively weak, magnetic field 
Be, with precession frequency given by Eq. 2. The 
alternating y component of the rotating vector m 
induces an alternating voltage in the coil which can be 
amplified and observed. From its frequency Be can be 
very precisely determined. This signal itself will die 
away in a few seconds as thermal agitation destroys 
the magnetization the strong field Bo had brought 
about. Magnetic resonance magnetometers of this and 
other types are used by geophysicists to explore the 
earth's field, and even by archaeologists to locate 
buried artifacts. 
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exact frequency of precession, or resonance, in a given applied field 
can be slightly shifted by magnetic interactions within a molecule. 
This has made NMR, in particular, useful in chemistry. The position 
of a proton in a complex molecule can often be deduced from the small 
shift in its precession frequency. 

Magnetic fields easily penetrate ordinary nonmagnetic mate- 
rials, and that includes alternating magnetic fields if their frequency 
or the electric conductivity of the material is not too great. A steady 
field of 2000 gauss applied to the bottle of water in our example would 
cause any proton polarization to precess at a frequency of 8.516 X 
10° revolutions per sec. The field of the precessing moments would 
induce a signal of 8.516 MHz frequency in the coil outside the bottle. 
This applies as well to the human body, which, viewed as a dielectric, 
is simply an assembly of more or less watery obejcts. In NMR imaging 
the interior of the body is mapped by means of nuclear magnetic res- 
onance. The concentration of hydrogen atoms at a particular location 
is revealed by the radiofrequency signal induced in an external coil by 
the precessing protons. The location of the source within the body can 
be inferred from the precise frequency of the signal if the steady field 
B, which determines the frequency according to Eq. 2, varies spatially 
with a known gradient. 


PROBLEMS 


D.1 At the center of the coil of radius a in Fig. D.2 is a single pro- 
ton, precessing at angular rate w,. Derive a formula for the amplitude 
of the induced alternating electromotive force in the coil in volts, for 
a in cm, and for w, in radians/sec, given that the proton moment is 
1.411 X 107” erg/gauss. 

Ans. 3.55 X 107” w/a volts. 


D.2 (a) If the bottle in Fig. D.2 contains 200 cm? of H,O at room 
temperature, and if the field By is 1000 gauss, how large is the net 
magnetic moment m? (b) Using the result of Problem D.1, make a 
rough estimate of the signal voltage available from a coil of 500 turns 
and 4-cm radius when the field strength B, is 0.4 gauss. 

Ans. (a) 2.5 X 10~* erg/gauss; (b) 10 microvolts. 


In 1983 the General Conference on Weights and Measures officially 
redefined the meter as the distance that light travels in vacuum in 
| /299,792,458 of a second. The second is defined in terms of a certain 
atomic frequency in a way that does not concern us here. The nine- 
digit integer was chosen to make the assigned value of c agree with 
the most accurate measured value to well within the uncertainty in 
the latter. Henceforth the velocity of light is, by definition, 
299,792,458 meters/sec. An experiment in which the passage of a 
light pulse from point A to point B is timed is to be regarded as a 
measurement of the distance from A to B, not a measurement of the 
speed of light. 

While this step has no immediate practical consequences, it does 
bring a welcome simplification of the exact relations connecting var- 
ious electromagnetic units. As we learn in Chapter 9, Maxwell’s equa- 
tions for the vacuum fields, formulated in SI units, have a solution in 
the form of a traveling wave with velocity c = (uoto) ~". The SI con- 
stant uo has always been defined exactly as 4m X 107’, whereas the 
value of é has depended on the experimentally determined value of 
the speed of light, any refinement of which called for adjustment of 
the value of «9. But now eo acquires a permanent and perfectly precise 
value of its own, through the requirement that 


(uoco)? = 299,792,458 meters/sec (1) 


In our CGS system no such question arises. Wherever c 1s 
involved, it appears in plain view, and all other quantities are defined 
exactly, beginning with the electrostatic unit of charge, the esu, whose 
definition by Coulomb’s law involves no arbitrary factor. 
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With the adoption of Eq. 1 in consequence of the redefinition of 
the meter, the relations among the units in the systems we have been 
using can be stated with unlimited precision. These relations are given 
in Table E.1 for the principal quantities we deal with. In the table the 
symbol “3” stands for the precise decimal 2.99792458; the symbol “9” 
stands for the 17-digit square of that number, 8.9875517873681764. 

The exact numbers are uninteresting and for our work quite 
unnecessary. That “3” happens to be so close to 3 is sheer luck, an 
accidental consequence of the length of the meter and the second. 
When 0.1 percent accuracy is good enough we need only remember 
that “300 volts is a statvolt” and “3 X 10° esu is a coulomb.” Much 
less precisely, but still within 12 percent, a capacitance of 1 cm is 
equivalent to 1 picofarad. 

An important SI constant is (4/¢)'/’, which is a resistance in 
ohms. Its precise value is stated below the table. One tends to remem- 
ber it, and even refer to it, as “377 ohms.” It is the ratio of the electric 
field strength E, in volts/meter, in a plane wave in vacuum, to the 
strength in amperes /meter of the accompanying magnetic field H. For 
this reason the constant (o/€) '/ * is sometimes denoted by Zo and 
called, rather cryptically, the impedance of the vacuum. In a plane 
wave in vacuum in which E,ms is the rms electric field in volts /meter, 
the mean density of power transmitted, in watts/m?, is E7,./Zo. 

The logical relation of the SI electrical units to one another takes 
on now a slightly different aspect. Before the redefinition of the meter 
it was customary to designate one of the electrical units as primary, 
in this sense: Its precise value could, at least in principle, be estab- 
lished by a procedure involving the SI mechanical and metrical units 
only. Thus the ampere, to which this role has usually been assigned, 
was defined in terms of the force in newtons between parallel currents, 
using the relation Eq. 7’ of Chapter 6. This was possible because the 
constant uo in that relation has the precise value 4x X 107’. Then 
with the ampere as the primary electrical unit, the coulomb was 
defined precisely as 1 ampere-second. The coulomb itself, owing to the 
presence of «é in Coulomb’s Taw, was not eligible to serve as the pri- 
mary unit. Now with ¢ as well as uo assigned an exact numerical 
value, the system can be built up with any unit as the starting point. 
All quantities are in this sense on an equal footing, and the choice of 
a primary unit loses its significance. Never a very interesting question 
anyway, it can now be relegated to history. 


TABLE E.1 


Energy 

Force 

Electric charge 
Electric current 
Electric potential 
Flectric field E 
Vagnetic field B 
Magnetic field H 
capacitance 
nductance 
łesistance 


to = 4r X 1077 ohm-sec/m 
o/€)? = 40r X “3” ohms = 376.73 - - 
"Q” = 


EXACT RELATIONS AMONG Si AND CGS UNITS 


In SI units 


1 joule 

1 newton 

1 coulomb 

1 ampere 

”3” X 10? volts 


r3” X 10% volts/m 


1 tesla 

1 ampere/m 
1 farad 

1 henry 

1 ohm 


‘3? = 2.9979245800000 - - - 


In CGS units 


10’ erg 

10° dyne 

"3" X 10° esu 

”3” X 10° esu/sec 

1 statvolt (1 erg/esu) 

1 statvolt/cm (1 dyne/esu) 
10* gauss (10* dynes/esu) 
4r X 107° oersted 

"9” X 10" cm 

(“9° & 10")—' sec?/cm 
(“9° X 10')-' sec/cm 


& = (4r X “9” X 10%)~' sec/ohm-m 


- ohms 
Eg xX 13”? 
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Addition of velocities, relativistic, 455 
Additivity of interactions, 9, 12 
Admittance, 313-315, 317 
Alnico V, B-H curve for, 442 
Alternating current, 303-318 
representation of, by complex number, 
311-312 
Alternating-current circuit, 310-315 
power and energy in, 315-317 
Alternating electromotive force, 304 
Aluminum, doping of silicon with, 147- 
148 
Ammonia molecule, dipole moment of, 
365 
Ampère, André-Marie, 2, 170, 172, 193, 
405 
Ampere (SI unit of current), 2, 124, 212, 
474 
Angular momentum: 
conservation of, in changing magnetic 
field, 450 
of electron spin, 418-419 
orbital, relation to magnetic moment, 
414 
precession of, 470 
Anode of vacuum diode, 127 
Antimatter, 4 
Antineutron, 3 
Antiparticle, 3 
Antiproton, 3 
Atlantic telegraph cable, Prob. 4.4 
Atom, electric current in, 413 
Atomic polarizability, 362-363 


B, magnetic field, 173, 208 

and M, and H inside magnetized 

cylinder, 438 
B-H curves, for iron and Alnico V, 442 
Battery, storage, lead-sulfuric acid, 155- 
157 

Biot-Savart formula, 226, 328 
Blakemore, R. P., 445 
Bohr radius ao, 362, 418, Prob. 1.21 
Boltzmann factor, 145 
Boltzmann’s constant k, 146, 385 
Bound and free charge, 380 

arbitrariness of the distinction, 389 
Bound-charge current, 387-389 
Bound-charge density, 380 
Bound currents, 431-432 
Boundary of dielectric, change in E at, 377 
Boundary-value problem, 95, 111-113 
Bridge network, 152, Prob. 4.27 


Capacitance, 103-107 
of cell membrane, Prob. 10.7 
coefficients of, 109 
of prolate spheroid, Prob. 3.20 
units of, 103 

illustrated, 104 

Capacitor, 103 
dielectric-filled, 371-373 
energy stored in, 110-111 
parallel-plate, 105, 348 
vacuum, 348 

Capacitor plate, force on, 111, Prob. 3.16 
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Carbon monoxide molecule, dipole moment 
of, 365 
Cathode of vacuum diode, 127 
Cavendish, Henry, 10 
Centimeter (unit of capacitance), 103 
illustrated, 104 
CH;0OH (methanol) molecule, dipole 
moment of, 365 
Charge: 
electric (see Electric charge) 
magnetic, absence of, 404 
in motion (see Moving charge) 
Charge density, linear, 26 
Charge distribution: 
cylindrical, field of, 62 
electric, 20-21 
moments of, 352-355 
spherical, field of, 25-26 
on a surface, 28 
Charged balloon, 31 
Charged disk, 51-53 
field lines and equipotentials of, 55 
potential of, 51 
Charged wire, potential of, 50 
Circuit element, 149 
Circuits: 
alternating-current, 310-317 
direct-current, 148, 151, 152 
equivalent, 151 
LR, 282-284 
RC, 159-160 
resonant, 298-303 
RLC, 298, 309, 315 
Circulation, 68 
Clausius-Mossotti relation, 384n. 
CO (carbon monoxide) molecule, dipole 
moment of, 365 
Coefficients: 
of capacitance, 109 
of potential, 109 
Coil: 
cylindrical (solenoid), magnetic field of, 
227-231, Prob. 6.17 
toroidal: energy stored in, 286 
inductance of, 281-282 
Compass needle, 173 
Complex-number representation of 
alternating current, 311-312 
Conduction, electrical, 130-148 
ionic, 134-135 
in metals, 142-144 
in semiconductors, 144-148 
Conduction band, 145-146 
Conductivity, electrical, 128-133 
anisotropic, 128 


INDEX 


Conductivity: 
of metals, 142-144 
of various materials, 133 
units for, 132 
Conductors, electrical, 88-103 
charged, system of, 91 
field at surface of, 92 
spherical, field around, 94 
Conformal mapping, 111 
Conservation of electric charge, 4-5, 126- 
127 
distinguished from charge invariance, 
178 
Conservative forces, 11 
Copper, resistivity of, 133, 139, 141 
Copper chloride, paramagnetism of, 400, 
402 
Coulomb, Charles de, 10 
Coulomb (SI unit of charge), 8, 45, 474 
Coulomb’s law, 7-11, 193 
tests of, 10-11 
Critical damping, 302-303 
Cross product (vector product) of two 
vectors, 173n. 
Curie, Pierre, 439 
Curie point, 439 
Curl, 68-76 
in cartesian coordinates, 71-74, 78 
physical meaning of, 74-76 
Curlmeter, 75 
Current density, J, 124, 128 
Current loop: 
magnetic dipole moment of, 407—408 
magnetic field of, 405 
torque on, 419 
Current ring, magnetic field of, 227 
Current sheet, 231-235 
magnetic field of, 221-223 
Currents: 
alternating, 303-318 
bound and free, 431-432 
bound-charge, 387-389 
displacement, 328-330 
electric (see Electric currents) 
fluctuations of, random, 139 
Cylinder, magnetized, compared with 
cylinder polarized, 429 


Damped harmonic oscillator, 298 

Damped sinusoidal oscillation, 301 

Damping of resonant circuit, 300, 302 
critical, 302-303 

Davis, L., Jr., 11n. 

Decay of proton, 6 


Decay time for Earth’s magnetic field, 
Prob. 7.28 
“Del” notation, 63, 74, 78 
Deuterium molecule, 176 
Diamagnetic substances, 400 
Diamagnetism, 413, 418 
of electron orbits, 417 
Diamond: 
crystal structure of, 144 
wide band gap of, 147 
Dielectric constant «, 350 
of various substances, 350 
Dielectric sphere in uniform field, 378 
Dielectrics, 348-352 
Diode: 
silicon junction, Prob. 4.13 
vacuum, 127 
Dipole: 
comparison of electric and magnetic, 410 
electric: potential and field of, 356-358 
torque and force on, in external field, 
358-360 
magnetic (see Magnetic dipole) 
Dipole moment: 
electric, 355 
induced, 361 
permanent, 63 
magnetic: associated with electron spin, 
419 
of current loop, 407-408 
of electron orbit, 413-414 
Disk: 
charged, 51-53, 55 
conducting, field of, 102 
Displacement, electric, D, 381, 432-433 
Displacement current, 328-330 
Distribution of electric charge, 20-21 
Divergence, 57 
in cartesian coordinates, 59-62, 78 
Domains, magnetic, 440 
Doping of silicon, 147-148 
Dot product of two vectors, 12 
Dynamo, Probs. 7.31, 7.32 
Dyne (CGS unit of force), 8 


Earth’s magnetic field, 210, Prob. 11.4 
decay time of, Prob. 7.28 
possible source of, 296 

Einstein, Albert, 2, 170, 241 

Electret, 429 

Electric charge, 2-29 
additivity of, 9, 12 
conservation of, 4-5, 126, 178 
distribution of, 20-21 


Electric charge: 
free and bound, 380, 389 
fundamental quantum of, 8 
invariance of, 176-178 
quantization of, 5-6, 177 
sign of, 4 
Electric currents, 124-132 
and charge conservation, 126-127 
energy dissipation in flow of, 153 
parallel, force between, 211-212 
variable: in capacitors and resistors, 159- 
160 
in inductors and resistors, 282-284 
Electric displacement D, 381, 432-433 
Electric dipole: 
potential and field of, 356-358 
torque and force on, in external field, 
358-360 
Electric dipole moment, 355 
induced, 361 
permanent, 63 
Electric field: 
definition of, 16 
in different reference frames, 178-181 
of dipole, 357 
energy stored in, 32 
of a flat sheet of charge, 28 
flux of, 21-25 
Gauss’s law, 22-25 
inside hollow conductor, 96-97 
of line charge, 26 
line integral of, 42-44 
macroscopic, 370, 371 
in matter, spatial average of, 369 
microscopic, 370 
of point charge with constant velocity, 
182-185 
SI unit for, 16 
of stationary charges, 180 
transformation of, 239 
visualization of, 17-20 
Electric field lines, 19 
Electric potential (see Potential, electric) 
Electric quadrupole moment, 355 
Electric susceptibility Xe, 372, 383, 422 
Electrical conduction (see Conduction, 
electrical) 
Electrical conductivity (see Conductivity, 
electrical) 
Electrical conductors, (see Conductors, 
electrical) 
Electrical insulators, 88-89 
Electrical potential energy, 13-15 
of a system of charges, 32, 46 
Electrical shielding, 96 


INDEX 


Electromagnet, design of, Prob. 11.25 
Electromagnetic field components, 
transformation of, 238-240 
Electromagnetic force, range of, 10 
Electromagnetic induction, 256-273 
Electromagnetic wave, 190, 331-343 
in dielectric, 389, 391 
in different inertial reference frames, 342 
energy transport by, 338 
general properties of, 334 
reflection of, 339, 341, Prob. 10.24 
standing, 336-337 
traveling pulse, 335 
Electromotive force, 155-157, 274 
alternating, 304 
Electron motion, wave aspect of, 143 
Electron orbit, 413-417 
diamagnetism of, 417 
magnetic moment of, 413-414 
Electron paramagnetic resonance (EPR), 
470 
Electron radius, classical, 417, Prob. 1.10 
Electron spin, 418-421 
angular momentum of, 418-419 
Electrons, 3, 5, 6, 143-147, 413-421 
charge of, 8 
magnetic moment of, 419 
valence, 144 
Electrostatic field, 44 
equilibrium in, 65 
transformation law for, 181 
(See also Electric field) 
Electrostatic unit (esu) of charge, 8 
Energy: 
in alternating-current circuit, 315-317 
dissipation of, in resistor, 153 
of electric field, 31-33 
electrical, of ionic crystal, 14 
stored: in capacitor, 110-111 
in electric field, 32 
in magnetic field, 285-286 
of system of charges, 10 
(See also Potential energy, electrical) 
Energy gap, 145 
Equilibrium of charged particle, 65 
Equipotential surfaces, 54-55, 92 
in field of conducting disk, 102 
in field of uniformly charged disk, 55 
Equivalence of inertial frames, 171, 452 
Equivalent circuit, 151 
for voltaic cell, 157 


Faller, J. G., 10n. 
Farad (unit of capacitance), 105-106, 160 
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Faraday, Michael, 2, 240 
discovery of induction by, 256-258 
reconstruction of experiment by, Prob. 
7.10 
Waterloo Bridge experiment by, Prob. 
7.27 
Faraday’s law of induction, 272-273 
Ferromagnetic substances, 400 
Ferromagnetism, 437 
Field: 
electric (see Electric field) 
magnetic (see Magnetic field) 
meaning of, 180 
Fluctuations of current, random, 139 
Flux: 
of electric field, definition of, 21-25 
magnetic, 263-265 
Flux tube, 265 
Force(s): 
on capacitor plate, 111, Prob. 3.16 
conservative, 11 
on dipole in external field, 369 
electromotive, 155—157, 274, 304 
with finite range, 66 
on layer of charge, 29 
magnetic, 171-173 
on moving charged particle, 189-192, 
195, 199, 208 
between parallel currents, 211-212 
Force components, Lorentz transformation 
of, 457 
application of, 191-192 
Frankel, R. B., 445 
Franklin, Benjamin, 10, 391, 404n. 
Free and bound charge, 380 
arbitrariness of the distinction, 389 
Free currents, 431-432 


Galvani, Luigi, 154, 170 
Galvanic currents, 170 
Gauss, C. F., 214 
Gauss (unit of magnetic field strength), 
210 
Gauss’s law, 22-25, 66 
applications of, 65, 179-180, 187, 195, 
198, 370, 459 
and fields in a dielectric, 379-380 
Gauss’s theorem, 58 
Germanium, 147 
crystal structure of, 144 
resistivity of, 133, 139 
Gilbert, William, 170 
Goldhaber, A. S., 11n. 
Gradient, 46 
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Graphite: 
anisotropic conductivity of, 128 
diamagnetism of, 418 
Gravitation, 3, 34, Prob. 3.2 
Gravitational field and Gauss’s law, 25 
Gray, Stephen, 88 
Gyromagnetic ratio, 414n. 


H, magnetic field, 432-437 
and B, and M inside magnetized 
cylinder, 438 
relation to free current, 434 
HO molecule, dipole moment of, 364, 365 
Hadron, 6 
Hall, E. H., 245 
Hall effect, 241, 244, Prob. 6.35 
Harmonic functions, 64, 112 
Harmonic oscillator, 298 
HCl (hydrogen chloride) molecule, dipole 
moment of, 363, 365 
Helical coil, magnetic field of, 231 
Helium atom, neutrality of, 176 
Helix, handedness of, 210 
Henry, Joseph, 278 
Henry (unit of inductance), 278 
Hertz, Heinrich, 170, 241, 304 
Hertz (unit of frequency), 304 
Hill, H., 10n. 
Hole, 145 
Hughes, V. W., 5n. 
Hydrogen atom: 
charge distribution in, 361 
polarizability of, 362 
Hydrogen chloride molecule, dipole 
moment of, 363, 365 
Hydrogen ions, 134 
Hydrogen molecule, 175 
Hydrogen negative ion, Prob. 6.23 
Hysteresis, magnetic, 442 


Ice, dielectric constant of, 387 
Image charge, 99 
Impedance, 313-315, 317 
Index of refraction, 391 
Inductance: 
mutual, 276 
reciprocity theorem for, 279-281 
self-, 281-282 
Circuit containing, 282-284 
Induction, electromagnetic, 256-273 
Faraday’s law of, 272-273 
Inductive reactance, 305 
Insulators, electrical, 88-89 
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Internal resistance of electrolytic cell, 156 
Interstellar magnetic field, Prob. 7.23 
Invariance of charge, 176-178 
distinguished from charge conservation, 
178 
evidence for, 176 
Ionic crystal, energy of, 14 
Ions, 133-142 
in air, 134 
in gases, 134 
in water, 133, 134, 139 
Iron, B-H curve for, 442 


Joule (SI unit of energy), 44 
Junction, silicon diode, Prob. 4.13 


King, J. G., 5 


Laplace’s equation, 64-65, 94-96 
Laplacian operator, 63-64 
Lead: 
conductivity of, 139, 141 
superconductivity of, 141 
Lead-sulfuric acid cell, 155~157 
Lenz’s law, 267, 275, 278 
Leyden jar, 391 
Light, velocity of, definition of, 473 
Line charge density, 26 
Line integral: 
of electric field, 42-44 
of magnetic field, 215-218 
Linear physical system, 109 
Lodestone (magnetite) 170, 400, 401, 437 
Long straight wire, magnetic field of, 209 
Loop of a network, 151 
Lorentz, H. A., 2, 170 
Lorentz contraction, 195, 454 
Lorentz invariants, 457-458 
Lorentz transformation: 
applications of, 182, 183, 191-192, 195, 
196 
of electric and magnetic field 
components, 238-240 
of force components, 457 
of momentum and energy, 456 
of space-time coordinates, 454 
LR circuits, 282-284 
time constant of, 284 


M, magnetization, 422 


and B, and H inside magnetized cylinder, 


438 


Macroscopic description of matter, 351 
Macroscopic electric field in matter, 370, 
371 
Magnetic charge, absence of, 404 
Magnetic dipole: 
field of, 409 
compared with electric dipole field, 
410 
force on, 411-412 
torque on, 419 
vector potential of, 407, 408 
Magnetic dipole moment: 
associated with electron spin, 419 
of current loop, 407-408 
of electron orbit, 413-414 
Magnetic domains, 440 
Magnetic field, 173, 208 
of current loop, 405 
of current ring, 227 
of current sheet, 221-223 
of cylindrical coil, 227-231, Prob. 6.17 
energy stored in, 285-286 
of helical coil, 231 
interstellar, Prob. 7.23 
line integral of, 215-218 
of long straight wire, 209 
(See also Earth’s magnetic field) 
Magnetic field B, 173, 208, 438 
Magnetic field H (see H, magnetic field) 
Magnetic flux, 263-265 
Magnetic forces, 171-173 
Magnetic monopole, 404 
Magnetic permeability u, 437 
Magnetic polarizability of electron orbit, 
417 
Magnetic pressure, 234 
Magnetic susceptibility, 422, 435 
Magnetite (lodestone), 170, 400, 401, 437 
Magnetogyric ratio, 414n. 
Magnetohydrodynamics, 235 
Magnetomechanical ratio, orbital, 414 
Maxwell, James Clerk, 2, 10, 102, 103, 
170, 242, 330 
Maxwell’s equations, 330-331 
Mermin, N. David, 1717. 
Methane, structure and polarizability of, 
363 
Methanol molecule, dipole moment of, 365 
Method of images, 102 
Microscopic description contrasted with 
macroscopic description of matter, 
351 
Microscopic electric field in matter, 370 
Moments of charge distribution, 352-355 
Momentum (see Angular momentum) 


Moving charge: 
force on, 189-192, 195, 199, 208 
interaction with other moving charges, 
192-199 
measurement of, 174-175 
Muon, trajectory in magnetized iron, Prob. 
11.17 
Mutual inductance, 276 
reciprocity theorem for, 279-281 


n-type semiconductor, 147-148 
Network: 
alternating-current, 310-313 
bridge, 152, Prob. 4.27 
direct-current, 151 
ladder, Prob. 4.32 
Neutron, 3 
Newton Isaac, 26 
Newton (SI unit of force), 8 
NH; (ammonia) molecule, dipole moment 
of, 365 
Nickel, Curie point of, 439 
Nickel sulfate, paramagnetism of, 401 
Nieto, M. M., lin. 
Niobium, 465, 467 
Nitric oxide, paramagnetism of, 420 
Nitrogen negative molecular ion, 134 
Node of a network, 151 
North pole, definition of, 210, 404 
Nuclear magnetic resonance (NMR), 470 
Nucleus, atomic, 4 


Octupole moment, 355 
Oersted, Hans Christian, 170, 193 
Oersted (unit of field H), 433 
Oersted’s experiment, Prob. 6.9 
Ohm (SI unit of resistance), 132 
Ohmmeter, Prob. 4.19 
Ohm’s law, 128-129, 137 
breakdown of, 141 
deviations from, in metals, 144 
Onnes, H. Kamerlingh, 465 
Orbital magnetic moment, 413-414 
Oscillator, harmonic, 298 
Oxygen, paramagnetism of, 399-400, 
420 
Oxygen negative molecular ion, 134 


p-type semiconductor, 147-148 

Page, Leigh, 171n. 

Pair creation, 4 

Parallel currents, force between, 211-212 
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Parallel-plate capacitor, 105 
filled with dielectric, 348, 371-373 
Parallel RLC circuit, 315 
Paramagnetic substances, 400 
Paramagnetism, 413, 420 
Partial derivative, definition of, 46n. 
Permanent magnet, field of, 429 
Permeability, magnetic, u, 437 
pH value of hydrogen ion concentration, 
134n. 
Phase angle in alternating-current circuit, 
310, 313 
Phosphorus, doping of silicon with, 147- 
148 
Photon, 4 
Picofarad (unit of capacitance), 106 
Pion, 33 
Planck, Max, 2 
Planck’s constant h, 419 
Point charge, 20-21 
accelerated, radiation by, 459-462 
moving with constant velocity, 181-185 
near conducting disk, 100 
starting or stopping, 185-189 
Poisson’s equation, 64, 66 
Polar molecules, dipole moments of, 365 
Polarizability: 
magnetic, of electron orbit, 417 
of various atoms, 362-363 
Polarization, frequency dependence of, 386 
Polarization density P, 366, 377, 381, 383 
Polarized matter, 365-370 
Polarized sphere, electric field of, 374-377 
Positron, 3 
Potential: 
electric, ¢, 44-56, 64-67 
of charged disk, 51 
of charged wire, 50 
derivation of field from, 48 
of electric dipole, 356-358 
of two point charges, 49 
vector, 220-223 
of current loop, 407 
Potential coefficients, 109 
Potential energy, electrical, 13-15 
of a system of charges, 32, 46 
Power: 
in alternating-current circuit, 315-317 
radiated by accelerated charge, 461 
Precession of magnetic top, 469-470 
Priestly, Joseph, 10 
Proton, 3, 4 
decay of, 6 
and electron charge equality, 5 
magnetic moment of, 470 
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Q of resonant circuit, 300 
Quadrupole moment, 355 
Quantization of charge, 5-6, 177 
Quantum electrodynamics, 2 
Quark, 6, 33 


Radiation by accelerated charge, 459- 
463 
Random fluctuations of current, 139 
Range of electromagnetic force, 10 
RC circuit, 159 
time constant of, 160 
Reactance, inductive, 305 
Reciprocity theorem for mutual inductance, 
279-281 
Recombination of ions, 135 
Refractive index, 391 
Relaxation of field in conductor, 160 
Relaxation method, 112, Prob. 3.30 
Relaxation time, 161 
Remanence, magnetic, 442 
Resistance, electrical, 129-131 
Resistances in parallel and in series, 151 
Resistivity, 132 
for various materials, 133, 139-141 
Resistor, 150, 151, 153 
Resonant circuit, 298-303 
damping of, 300, 302 
critical, 302-303 
energy transfer in, 301 
Resonant frequency, 308 
RLC circuit: 
parallel, 315 
series, 298, 309 
Rowland, Henry, 193, 241, 242, 245 
Rowland’s experiment, 242 


Samarium-cobalt permanent magnet, Prob. 
11.16 

Saturation magnetization, 438 
Scalar product of two vectors, 12 
Seawater, resistivity of, 134, 140 
Second (CGS unit of resistivity), 132 
Self-energy of elementary particles, 33 
Self-inductance, 281-282 

circuit containing, 282-284 
Semiconductors, 89, 139-148 

n-type, 147-148 

p-type, 147-148 
Series RLC circuit, 298, 309 
Sheets of charge, moving, field of, 180 
Shielding, electrical, 96 
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Silicon, 139, 147-148 
band gap in, 145 
crystal structure of, 144 
Sodium and chlorine ions in water, 134, 
139 
Sodium chloride crystal: 
diamagnetism of, 400-401 
electrical potential energy of, 14-15 
free and bound charge in, 388 
Sodium metal, conductivity of, 142-143 
Solenoid (coil), magnetic field of, 227-231, 
Prob. 6.17 
Spherical conductors, concentric, 97 
Spin of electron, 418-421 
Standing wave, electromagnetic, 336-337 
Stationary charges, field of, 180 
Statvolt (CGS unit of electrical potential), 
44 
Stokes’ theorem, 70, 78, 218, 325 
Storage battery, lead-sulfuric acid, 155- 
157 
Superconductivity, 141, 465 
Superposition, principle of, 9, 336 
applications of, 108, 152, 336 
Surface charge density, 92 
Surface charge distribution, 28 
Surface current density, 232 
Surface integral, definition of, 22 


Surfaces, equipotential (see Equipotential 
surfaces) 
Susceptibility: 
electric Xe, 372, 383, 422 
magnetic, Xm, 422, 435 
Synchrotron radiation, 463 
Systéme International (SI), 8 


Temperature: 
effect of, on alignment of electron spins, 
421 
effect of, on conductivity, 140-141 
Tesla, Nikola, 214 
Tesla (SI unit of magnetic field strength), 
209-210 
Thévenin’s theorem, 158 
Torque: 
on current loop, 419 
on electric dipole, 359 
Transformation (see Lorentz 
transformation) 


Uniqueness theorem, 94 


Vacuum capacitor, 348 


Valence band, 145-146 
Valence electrons, 144 
Van de Graaff generator, 154, 157 
Vector potential, 220-223 
of current loop, 406-407 
Vector product (cross product) of two 
vectors, 173n. 
Volt (SI unit of electric potential), 44 
Volta, Alessandro, 154, 170 
Voltaic cell, 154 
equivalent circuit for, 157 


Water: 
dielectric constant of, 387 
ions in, 133, 134, 139 
pure, resistivity of, 133, 140 
Water molecule, dipole moment of, 364, 
365 
Watt (SI unit of power), 153 
Wave, electromagnetic (see 
Electromagnetic wave) 
Weber (SI unit of magnetic flux), 274 
Whittaker, Edmund, 3827. 
Williams, E. R., 10n. 
Wire: 
charged, potential of, 50 
magnetic field of, 209 


distance S 
mass m 
time t 
velocity U 
momentum p 
force F 
energy, work W 
power P 
electric charge q 
charge density p 
electric potential p 
electric field E 
electric current I 
current density J 
resistance R 
resistivity p 
magnetic field B 
magnetic field H 
magnetic flux p 
capacitance C 
inductance L,M 


1 coulomb = 3 x 10° esu 
300 volts = 1 statvolt 

1 tesla = 10° gauss 

l farad = 9 x 10" cm 


centimeter 
gram 
second 


cm sec” 
gm cm sec” 


(gm cm sec”) 
(dyne cm) 


dyne 
erg 
erg sec” 


esu 
esu cm” 
statvolt (erg esu”’) 
statvolt cm™ (dyne esu") 
esu sec” 


esu sec” cm” 


cm™ sec 
sec 

gauss (dyne esu") 
oersted (dyne esu’) 


gauss cm’ 


cm 
cm” sec? 


1 ampere = 3 x 10° esu sec” 


meter 
kilogram 
second 


m sec” 
kg m sec” 

(kg m sec’) 
(newton m) 
(joule sec“) 


newton 
joule 
watt 
coulomb (amp sec) 
coulomb m> 


volt (joule coulomb") 
volt m` (newton coulomb”) 
ampere (coulomb sec”) 
amp m”? 

ohm (volt amp“) 

ohm m 

tesla (newton m`“ amp") 
amp m“ 

weber (tesla m°) 

farad (ohm sec) 

henry (ohm sec) 


3 x 10° volt m” = 1 statvolt cm“ 
1ohm = 1.113 x 10° cm" sec 
1 henry = 1.113 x 10” cm" sec’ 


statvolt cm 7! 
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